CLASSICAL AND p-ADIC MODULAR FORMS ARISING FROM THE
BORCHERDS EXPONENTS OF OTHER MODULAR FORMS

JAYCE GETZ
SENIOR THESIS

ABSTRACT. Let f(2) = ¢" [[°2,(1—¢")*™ be a modular form on SLy(Z). Formal logarith-
mic differentiation of f yields a g-series g(z) :==h — > >, >_djn c(d)dg™ whose coefficients
are uniquely determined by the exponents of the original form. We provide a formula, due
to Bruinier, Kohnen, and Ono for ¢g(z) in terms of the values of the classical j-function at
the zeros and poles of f(z). Further, we give a variety of cases in which g(z) is additionally
a p-adic modular form in the classical sense of Serre. As an application, we derive some
p-adic formulae, due to Bruinier, Ono, and Papanikolas, in which the class numbers of a
family of imaginary quadratic fields are written in terms of special values of the j-function
at imaginary quadratic arguments.

1. INTRODUCTION

Suppose f is a function on the upper half plane H. For each positive integer k, define an
action |, of GL3 (Q) on the set of such f by

(1) Py = det(m)2(cz + d) (jj) |

Here v = (2%) € GL3 (Q) (with the exception of the proof of Theorem 2, in this thesis
we always use the symbol v in this sense). Suppose IV C I" := SLy(Z) is a congruence sub-
group. Let M (1) (resp., MP°(I")) denote the space of holomorphic (resp., meromorphic)
functions on the upper half plane H that satisfy the functional equation

(1.2) @)y = f(2)

for all v € I'" and additionally are meromorphic at the cusps of I'" (for a precise description
of this “meromorphic at the cusps” condition, see [18, §I11.3, p. 125]). Such a function will
be called a weakly modular form of weight k (resp., meromorphic modular form of weight k)
following J-P. Serre’s convention [28, §VIL.2]. We further define M (I") € M3°(I") to be
the space of weakly modular forms that, additionally, are holomorphic at the cusps of I".
Such a form will be called a holomorphic modular form, or, simply, a modular form. For any
congruence subgroup I containing the element (}1), meromorphicity of f at the cusps of
IV implies that f can be identified with a Fourier, or g-series, expansion

(1.3) f(z) = Z anq"
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where here, and throughout this thesis, ¢ := ¢*™*. In the case I = T, this is in fact equivalent
to meromorphicity at the cusps. Holomorphicity at the cusps in the case of I = I' (which
are all in the same orbit as oo under the action of I') is equivalent to the statement that
ng > 0. Finally, a holomorphic modular form over I is said to be a cusp form if it vanishes
at the cusps of I; we denote the space of cusp forms of weight k over IV by Si(I"”). In the
case f € M(I"), this is simply the assertion that in the expansion (1.3) we have ny > 0. For
convenience we define MP := MpPeo(I"), My := MP(I') and M;, := M ().

We take the opportunity now to introduce the only congruence subgroup we will explicitly
use in this thesis, namely the following level N subgroup:

To(N) :{(Z Z) €ET:c=0 (modN)}.

By convention, I'g(1) =T
Remark. If (' %) € I, then from (1.2) we have (—1)*f(z) = f(z) for all f € Mpeo(I”),

from which it follows that M5, (I') = 0 for all integers m. Thus, in particular, M3, = 0.

For examples of modular forms on M, for even k > 4, we may take the classical Eisenstein
series of weight k:

(1.4) Ep(z) =1— — Zak,l(n)q”

where By, is the kth Bernoulli number and oy_1(n) == >, d*1. We can formally define

E5 using (1.4), and though it is not a modular form, it satisfies the following transformation
law for (¢4) e I":

az+b P 12¢

This transformation law turns out to play a role in many arguments; a proof of it in this
form is given in [27, p. 68].
Other useful examples of modular forms are the discriminant function

(16) A= B BE T gy

n=1
which is of weight 12, and the j-function, which is a weakly modular form of weight zero:

E 3
(1.7) j(z) = A“E'z; = ¢ ' + 744 + 196884q + 21493760¢> + - - - .

We note that any element of Mg° is a polynomial in j(z). If we wish to emphasize for a
proof that we are regarding Ej, A, j as g-series (which can be either viewed formally or as
functions holomorphic in the punctured disc 0 < |g| < 1), we write them as Ex(q), A(q),
and J(q), respectively.

It is easy to see that M°(I") is a vector space over C for all congruence subgroups
[. There exists an important class of linear operators on these spaces, namely, the Hecke
operators T}, ,. These can be defined (in an admittedly ad-hoc manner) by

(18) FT, = 3 ()

ad=n, d>0
0<b<d-1
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or, equivalently,

(1.9) F)|Ten = Z Z d"a (%) q".

neZ \0<d|(m,n)

If we define, for positive integers d, the V- and U-operators V(d) and U(d) on formal g-series
in C[[q]] by

(1.10) (Z c(n)qn> V(d) =Y eln)g™

n>ng n>ng

and

(1.11) (Z C(n)q”> U(d) ==Y e(dn)q"
n>ng n>ng

then we may write

(1.12) Tim =Y _d*7'V(d) o U(n/d).

dln

Note that if we identify a meromorphic modular form f with its g-expansion, we have

(1.13) d 2 fIV(d) = flx (49) .

For more natural definitions of these operators and a discussion of their basic properties,
see, for example, [18, §IIL.5] or [28, §VTI].

If we consider M := @, , M, it is straightforward to see that we have something better
than a collection of vector spaces, we have a graded algebra, where the grading is given by
weight and the multiplication operation is multiplication of functions (for proof of this, see
28, §VII]). A question naturally suggests itself: are there natural operators on this algebra?
As one possible answer to this question, we define Ramanujan’s theta operator:

1 d d
" 2midz qdq'
It is perhaps speaking loosely to call © an operator, but

k

1)~ ©1(2) = ()35 Fal)

is a derivation on M. In particular, we have the following:
Proposition 1. If f is in M™(I") then
k mero
(1.14) o) = Of — F(2) 1y € My (D).
The same statement is true with M°(I") replaced by M (I") or My(I'") throughout.

Proof. By noting its affect on g-expansions, we see that applying the © operator does not
affect meromorphicity (resp., holomorphicity) at the cusps. Thus we need only check the
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functional equation. For v = (2%) € I', upon differentiating the functional equation (1.2)
we have

OF(12)(ez +d) ™ = Of(2) + oo f(y2)(ez + )+
— Of(z) + %f(z)(cz +d)L.
Using (1.5), for v € I" C T" we have
Of Dt — 5 (Bal2an) (F2)y)
= 05+ e flE)es ) = BB - (15) g f
= Of() ~ B,

O

Remark. 1t is worth mentioning that there exists a family of “Rankin-Cohen” brackets on
Doy M (defined using O), one of which gives this algebra the structure of a graded Lie
algebra. For their definition and basic properties see [33], and for references to recent work,
see [5].

Now, given a modular form f € M (I"), normalized so that its first nonzero g-expansion
coefficient is 1, we can write

fE) =" =g

for some complex numbers ¢(n), in some neighborhood of co. Ignoring convergence issues for
a moment (which will be dealt with carefully in Lemma 8), some easy manipulations with
g-series yield

(1.15) % =h=>Y_> c(d)dg"
n>1 dln

In the next section, we will prove the following characterization of this logarithmic derivative:

Theorem 2 (Bruinier, Kohnen, Ono, [7], [24]). If f(z) = > .~ a(n)q" € M7 is normal-
ized so that a(h) = 1, then

OF(x) _ k. | Eu2E2) ¢ erords(f)
IO TN R Dy e eut

Remark. This formula has been generalized to several genus zero congruence subgroups in
[1] (see §2 of this thesis) and Hecke subgroups of SLy(R) (see [10]). The author has also
received a preprint [9] giving a generalization to I'g(/N) for squarefree N.

T €S

This formula alone is of interest in that it explicitly relates, via equation (1.15), the product
expansion exponents of f to special values of j, namely, j(7) where 7 is a zero or pole of f.
Further, it has been used to provide recursive formulas for the coefficients of any modular
form over I (see [7]), to provide infinite families of systems of orthogonal polynomials divisible
by the supersingular locus as polynomials over F, (see [4]), (generalizing work of Atkin
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described in [16]), and also to provide a characterization of the characteristic polynomials
of the Hecke operators over I' (again in [7]). We will not discuss these applications in this
thesis. We will, however, give one additional application, which we defer for a moment in
order to introduce the concept of a p-adic modular form.

Following Serre, we define a p-adic modular form to be the p-adic limit of a sequence of
elements of &2 M. (a precise definition is given in §3). It turns out that in many cases of
interest, the logarithmic derivative of a modular form is a p-adic modular form of weight 2.
In particular, we have the following theorem of Bruinier and Ono:

Theorem 3 ([8]). Let f(z) = ¢"(1+ .07, a(n)q") € ¢"Okl[q]] N MP(To(1)), where O
is the ring of integers of a number field K. Moreover, let ¢(n) € K denote the algebraic
numbers defined by the formal infinite product

(1.16) fE) =" [Ja=a)™.

If f(z) is good at a prime p, then the formal power series

(_) (o.9]
% =h=Y_> c(d)dg"

n=1 djn

15 a weight two p-adic modular form.
We offer a brief proof of this result, mainly as motivation for the following generalization:

Theorem 4. Suppose p > 5 is prime. Let f(z) = ¢"(1 4+ Y77 a(n)q") € ¢"Okl[q]] N
Mer(Ty(p)) where O is the ring of integers of a number field K. Moreover, let ¢(n) € K
denote the algebraic numbers defined by the formal infinite product (1.16) for f. If f is good
at p, then the formal power series

@ o0
% =h=Y_> c(d)dg"

n=1 djn
s a weight two p-adic modular form.

The proofs of both of these theorems appear in §5.

Remark. In theorems 3 and 4, we allow h to be negative. The fact that the ¢(n) are elements
of K (implicitly identified with an embedding K < C) will be obvious from the proof of
Lemma 8.

The definition of “good” in the preceding two theorems is given in §5 and discussed in
some detail in §7. As one example, the form F,_; is good at p. In general, whether or
not a form is good at p is intimately related to the question of whether or not the value
of the j-function at the zeros and poles of the form reduces to a supersingular j-invariant
in characteristic p (which should come as no surprise to those familiar with overconvergent
p-adic modular forms). Through this connection we are able to relate these p-adic modular
forms to class numbers of imaginary quadratic fields. In particular, for small primes, we
obtain p-adic class number formulae involving sums of special values of the j-function.

Before we can state this result, we must recall the notion of a Heegner point. A complex
number 7 of the form 7 = =Ykvb-—dac ”222_4“ with a,b,c € Z, ged(a,b,c¢) = 1 and b* — dac < 0 is
known as a Heegner point of discriminant d, := b?> — 4ac. Heegner points are discussed at
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some length in §6. Denote by hy the class number of the number field K. We have the
following;:

Corollary 5 (Ono and Papanikolas, [25]). Suppose that d < —4 is a fundamental discrim-
inant of an tmaginary quadratic field and that T is a Heegner point of discriminant d. If
K =Q(j(r)), then the following are true:

(1) If d=5 (mod 8), then as 2-adic numbers we have

n 2%-1
A a7'+b
hQ(\f ~70 hm TrK/@<ZZ ( ))

a=0 b=0

(2) If d =2 (mod 3), then as 3-adic numbers we have

n 3%—1
. b
e EEY)

a=0 b=0

(3) If d = 2,3 (mod b5), then as 5-adic numbers we have

n 5%—1
1 . T Ab
h@(x/ﬁ) - _ﬁnh—»rgo Tric/e (Z Z ( )> '

a=0 b=0

(4) If d=3,5,6 (mod 7), then as T-adic numbers we have

n 7%-1
1 . [
hQ(\/E) - _mnlggo Tricre (Z Z ( )> ‘

a=0 b=0

In §7, we also use Theorem 4 to provide formulae of the same general form of those in
Corollary 5, with a weight zero modular form in I'g(p) taking the place of the j-function (see
Theorem 33).

Before we begin the body of this work, we make a few remarks about its structure. Sections
2, 5, and 7 contain results that have only been published recently, if at all, and the primary
purpose of this thesis is to collect their content into one place. Sections 3 and 4, on the
other hand, are mostly derived from two well-known papers ([29] and [3], respectively). The
author has provided proofs of most of the results in these sections that are necessary for the
proof of theorems 2, 3, and 4. The notable exceptions are theorems 12 and 16 which are
proven in [32] and [21], respectively.

In contrast, providing applications of theorems 2, 3 and 4, including Corollary 5 and
Theorem 33, requires results for which we will not provide proofs; it would simply take us
too far afield. In particular, §6 is intended to give a brief survey of the relevant definitions
and theorems in the theory of complex multiplication, but we omit the proofs of results
usually proven using class field theory and reduction theory (we refer the reader to [31, §II]
or [20] for a more complete account). Ergo, §6 can be skipped without interrupting the flow
of ideas, especially if one is familiar with complex multiplication and elementary calculations
involving elliptic curves.
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2. A CHARACTERIZATION OF RAMANUJAN’S THETA OPERATOR

As indicated above, in this section we will prove a useful characterization of the derivative
of a modular form. First we require some preparation. Let

1 1
S::{z:—§§Re(z)§Oand|z]21}U{z:O<Re(z)<5&nd|z]>1}

be the standard fundamental domain for the action of SLy(Z) on the upper half plane H,
and let

% if 7 =1,
(2.1) er =193 if 7 =e/3
1 otherwise.

The purpose of this section is to prove the characterization of the logarithmic derivative
of a modular form given by Theorem 2. The proof of the theorem requires two steps. The
first is an identity due to Asai, Kaneko, and Ninomiya [2]. To introduce this result, define
Jo(2) :=1, and, for m > 1, define j,,(2) to be the unique weight zero meromorphic modular
form with g-expansion

(22) Jm(2) = Jm(q) == "+ ) am(n)g" € ¢ "Z][q]

We note that j,,(z) is a polynomial in j(z) for all m. In fact, it is a polynomial in j with
integral coefficients, for J,,(¢) can be formed by subtracting suitable integer multiplies of
the g-series J(q)* € ¢ *Z|[[q]] from J(q)™ (where 0 < k < m). The first few j,,(z) follow:

83) = Jo(q) = 1,

(24) = Ji(q) = j(2)—T44=q ' +196884q + - - -,

(25) = Jo(q) = j(2)* — 14885(2) + 159768 = ¢ > + 42987520q + - - - ,

{26) = Js(q) = j(2)* —22325(2)* + 10699565 (z) — 36866976 = ¢ > 4 2592899910q + - - - .
We may equivalently define Jo(q) := jo(2) := 1, Ji(q) := j1(2) := j(z) — 744, and

(2.7) Jm(q) = Jm(2) = mj1(2)|Tom

for m > 1. The equivalence of this definition to the g-series definition (2.2) follows from (1.9)
and the fact that a weakly modular form, being a polynomial in j, is uniquely determined
by the coefficients of non-positive exponent in its g-series expansion. Indeed, from this fact

we see that the J,,(q) form a basis for M.
We have the following:

Theorem 6 (Asai, Kaneko, Ninomiya). As an identity of formal power series in p,q, we
have

S . Eu(9)’Es(q) 1
(28) 2 = = T TGy

Remark. Asai, Kaneko, and Ninomiya show in [2] how Theorem 6 implies the famous de-
nominator formula for the Monster Lie algebra, namely

Jp)=J@=p" ] @=prgm)em,

m>0 and n€Z
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where the coefficients F(n) are defined by

iz = 3 Bln)g

n=-—1

Proof of Theorem 6. We require a companion set of functions g,,(p) indexed by positive
integers m, the mth of which can be defined in analogy with (2.2) as the unique weight 2
weakly modular form with p-expansion

(2.9) Gm(p) =P+ bu(n)p" € M5”.

Ey(0)Es(0) o114

Alternately, we may define g;(p) := Alp)

9m(p) :=m " g1(p)|Tom.

As before, the equivalence of these two definitions follows from the definition of the 75,
and the fact that any weight 2 weakly holomorphic form is uniquely determined by the
coefficients in its g-expansion of negative order. We note that this fact follows from the
well-known “k/12 valence formula” (see, for example, [18, §1I1.2]), as does the corresponding
fact for weight zero weakly holomorphic forms. In fact, as in the weight zero case, this
implies that the g¢,,(p) form a basis for the space M. Further, from (1.14), if f € M
then ©f € M3, and by simply looking at the bases {J,,},{gm} we have just written down
we see that every element of M3 can be written as © f for some f € M. In particular, it
follows from this observation and the definition of © that the constant term of any element
of M3 is identically zero (which justifies the indexing of (2.9)).
Now we note that

(2.10) In(q) = m ()| Tom =q ™ + may(m)g+ - --
and
(2.11) gm(p) = m " g1 (p)|Ton = p~™ + bi(m)q + - --

for m > 1 simply by (1.9) and the fact that b;(0) = 0. Further, by noting that the constant
term of J,(q)g1(q) € M must be zero by the comments in the preceding paragraph and
using (2.9) and (2.10), we have that

(2.12) b1(m) = —may(m)

for m > 1. Now J(p)Jm(p) € Mo and J(q)gm(q) € M3° are uniquely determined by their p-
(resp., g-) expansion coefficients of non-positive exponent, as we’ve remarked before. Define
p-expansion coefficients ¢(n) by

J(p)=p~" + > c(n)p"

By comparing coefficients using equalities (2.10), (2.11), (2.12) and the observation that
b1(0) = 0, we obtain the recurrence relation

(2.13) J(0)Jm(p) = Jmia(p) + Y c(m —i)Ji(p) — by (m)

=0
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for all m > 0. Thus, multiplying both sides of (2.13) by ¢ and summing over m > 0 we
obtain

- 1 o 1 1
(2.14)  J(p) Y Imlp)g™ = 5(2 Tn(p)d™ = 1)+ (J(g) = ) > Tmp)d™ = 91(q) + p
m=0 m=0 m=0
Noting that g;(q) = %, we see that (2.14) is a rewriting of (2.8). O

Corollary 7. Fiz 7 € H. Then

Ey(2)E4(2) 1 . e
AG) G 2

as meromorphic functions in z on §.

Proof. Compare Fourier (g-series) coefficients in a deleted neighborhood of infinity using
Theorem 6. O

Remark. The main result of [2] is the statement that the zeros of j,,(z) in § are simple and
are all contained in the intersection of the unit circle with §. The technique they use is
analogous to that used by Rankin and Swinnerton-Dyer to prove that the “nontrivial” zeros
of Ex(z) have the same property, see [26]. For yet another family of modular forms whose
zeros have the same property, see [12].

We also require the following proposition, which follows from basic complex analysis:

Proposition 8 ([7]). Let f =3 """, ar(n)q" be a meromorphic function in a neighborhood
of ¢ =0, normalized so that ag(h) = 1. Then there are complex numbers c(n) such that

F=a TJa = a,
n=1
where the product converges in a sufficiently small neighborhood of ¢ = 0. Moreover,
(—) o
(2.15) Tf 1= eldydg

n=1 d|n

Remark. We will refer to the c¢(n) associated to a given meromorphic modular form f by
Proposition 8 as the Borcherds exponents of f.

Proof. As usual, we understand that complex powers are defined by the principle branch of
the complex logarithm. Write F'(¢) := f(z), and then note that ¢F’(q)/F(q) is holomorphic
at ¢ = 0. We may therefore write its Taylor expansion around ¢ = 0, valid in |¢| < e for
some € > 0, as

(2.16) ¢F'(q)/F(g) =h =) a(n)q".

For n > 1 define
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where p is the Mobius function. By Mobius inversion we have
(2.17) a(n) = c(d)d.
d|n

If we fix go with |go| < €, then by absolute convergence of (2.16) we have a(n) = O(|qo|™")
for all n. Thus the double sum

(2.18) Z c(n)ng™

converges absolutely in |¢| < |go| and hence in |g| < €.
Suppose for the remainder of the proof that |¢| < e. From (2.16) and (2.17) we have

d e P h
d—qlog(F(q)q M = o g
- g (0]
-
- d—q(zcmmg(l—qn)).

The interchange of summation and integration can be justified by using local uniform con-
vergence as we did in proving the absolute convergence of (2.18).
Upon integrating, we obtain

log(F(q)g ") = ¢(n)log(1—q").
n>1
Here we use the normalization a;(h) = 1. Now c(n)log(1 — ¢") and log(1 — ¢")*™ differ by
integer multiples of 27i. Since ¢(n)log(1 — ¢") — 0 as n — oo, we have log(1 — ¢")“™ — 0
as well. Thus, as n — oo, these two quantities differ in value only finitely many times; it
follows that there exists an integer N such that

log(F Z log(1 —q") ") 4+ 2miN.
n>1
Taking the exponential on both sides finishes the proof of the proposition. U

We now prove Theorem 2.

Proof of Theorem 2. Choose C' > 0 large enough so that all poles of f in § (excluding any
at the cusp at infinity) have imaginary part less than C. Let L := {t + iC : —% <t< %}
and consider the contour in H formed from the part of 0F of imaginary part less than C'
and L. Modify this contour as in the proof of the classical k/12 valence formula (see, for
example, [18, §II1.2, p. 115]), specifically, if there are poles of f at i or w := €2™/3 (which, by
modularity, implies the existence of a pole at €™/3), form half and “sixth” circles of radius
r > 0 around them, and if there are poles of f on the boundary, form two half circles of
radius r > 0 around them, one enclosing the pole on one side of the fundamental domain,
one not enclosing the pole which must exist on the other side (given that f is modular).
Call the left vertical side of this contour 7;(r), the right vertical side v(r), and the bottom
v3(r). Take the modified contour 7 (r) U LU~s(r) Uvs(r) to have positive (counterclockwise)
orientation.
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If we integrate

1 f'(2) .
LR
27 f(z)
along this full contour and let » — 0, by holomorphicity of j,, on H the integral will be equal
to

(2.20) > ord,(f)jnl7).

TeF—{w,i}

(2.19)

We can also integrate (2.19) in pieces, from which we see that (2.20) is equal to
1 1 l /
(2.21) ~3 ordy, (f)jn(w) — 5 ord,( / MG / f

- —%ordw(f)jn(w)—%ord (f)yn(H / fzz

21 L

Here L' is a simple loop around ¢ = 0. By Propositlon 8 we have

qFI(Q) _ G(f) :h_izc(d)dqn

F(q) f =
and thus, applying the residue theorem, we have
1 [ Fq)

Jn(q)dg = Z c(d)d.

dln

27 J F(q)

We now deal with the last term in (2.21). By Proposition 1, if the weight of f is k, there
exists a weight k£ 4+ 2 modular form ¢ such that

&' z) = 2m % z)dz
(2.22) ¥3(r) f(z)jn() ’ /Y3(T) f jn( )d

) @ z)dz e K
27”/%(” f(z>‘7"< 2 /73(7") phEREE

Now let 3 denote the path along the unit circle from i to w, taken with positive orientation,
and S the fractional linear transformation defined by S(z) = —1/z. Then v3 = —3 + Sp3,
and thus the right hand side of equation (2.22) is equal to

(/5 ?EZ; n(2)dz / fE ; n(2)d > 1k2 (/Bjn(Z)EQ(Z)dZ—f-/sﬁjn(Z)Ez(Z)dZ)
k

= ([, d”/ o)

_ % (/:jn / dz+/ﬁ%jniz>dz)

= i jn(Z)dz.

27m'ﬁ z

To obtain the first equality we used the functional equation for elements of M$° along with
a standard change of variables (which introduces a factor of 1/2%). To move from the second
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line to the third we used the functional equation for elements of M3°, a change of variables,
and the functional equation (1.5) for Ey(z).

Now, instead of trying to evaluate % fﬁ in(2) g, directly, we plug f = A into (2.21), notice

z

that ) . ord,(f)jn(7) = 0, and thereby obtain

1 [gu(2) A'(q)
i ), - dz = —75 ﬁmjn(Q)dq
1
= —E - C(d)d
= —20(n)

where ¢(d) = 24 are (just for the purposes of the preceding equation) the product expansion
exponents of A(z) = q[[72,(1 — ¢™)*.
Thus, collecting all of this, equation (2.21) implies that

> erord, (f)ja(T) = c(d)d — 2koy (n)
TEF dn
Now we recall that by Theorem 6, it is sufficient to show that

% _ @ _ (Z e, ordT(f)jn(T)> q".

f 12 n=1 TEF

To prove this identity, we apply Proposition 8, note

k k > .
() = 15~ 2 ol

and argue coefficient by coefficient. The only coefficient that might be unclear is the constant
n = 0 term. In this case, on the left we have h, which is the order of f at infinity, and on
the right we have % — D reg € ord.(f), which is precisely ord..(f) = h by the k/12 valence
formula (for example, see [18, SITLIL, p. 115]).

O

We remark here that the derivative formula of Theorem 2 explicitly relates, via Proposition
2.15, the coefficients c¢(n) of the product expansion of a modular form to a specific weight
2 meromorphic modular form. This relationship is in the spirit of the work of Borcherds
on the product expansion exponents of Jacobi forms with Heegner divisors. See [6] for the
details of this theory.

As we mentioned in the introduction, Ahlgren, in [1], has proven a generalization of
Theorem 4 to certain genus zero congruence subgroups. We will state his theorem after
fixing some notation. Define Dedekind’s eta-function

n(z) =g [J(1—q")
n=1

as usual. For p =2,3,5,7 or 13, let
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This j®)(z) is a modular form with a simple pole at oo and a simple zero (with respect to
local coordinates) at 0. Additionally, its restriction to a fundamental domain for the action of
Lo(p) on H forms a bijection from that fundamental domain to C. In analogy with (2.2), we
now define a sequence of modular functions { 5P (2)}o°_,. Let j(p )( ) :=1 and for m > 0 let

iP(z) € M (To(p)) be the unique modular function which is holomorphic on H, vanishes

at the cusp 0 and whose Fourier expansion at infinity has the form
(2.23) iP(2) = ¢ ™+ ¢(0) + c(1)g + c(2)g* + -+ - .
Because I'y(p) is genus zero, each of these functions can be written as monic polynomials in

](p )( ) = j®)(2) with constant term equal to zero. For example, we have
“”(z) = 1,

D2) = jO2) =" —6+9g+ 104> — 304> + - --

(2) F9(2)2 41250 (2) = ¢7% — 18 + 20q 4 214> + 192¢° + - - -

y§5’( ) = O +18j0)(2)2 + 815 (2) = ¢~ — 24 — 90q + 288¢> + 144¢® + - - -

In analogy with our definition of §, we define §, to be a fundamental domain for the action
of I'g(p) on H, taking the convention that §, does not include the two cusps co and 0. If

7 € H, then (in analogy with (2.1)) we define e € {1,5,5} by

(s) s

elP) .= (the order of the isotropy subgroup of 7 in I'y(p)/{£I})~"

T

We can now state the following theorem:

Theorem 9 ([1]). Suppose thatp € {2,3,5,7,13} and that f(z) = > ., a(n)g" € MP(Ly(p)),
normalized so that a(h) = 1. Then

0 = . \  h—k/12 pk/12 — h
Tf = - Z (egp) Z]ép)(T)q > + pf/l - pEL|V(p) + ]/OT - Es.
n=1

TESp

We will not provide a proof of this theorem; it is entirely analogous to the proof of Theorem
2 except for some difficulties which naturally arise when dealing with congruence subgroups.
We note that a formula analogous to Corollary 7 holds in the I'g(p) case for p € {2,3,5,7,13}
as well (see [1]).

3. SERRE’S p-ADIC MODULAR FORMS

We begin with the notion of congruent ¢-series. Two g-series f(z) = Zflo:no a(n)q" €
¢"Z[[q]] and g(z) = >_>7_ b(m)q™ € ¢"Z[[q]] are said to be congruent modulo N if

a(k) =b(k) (mod N)

for all k. For primes p, we say that a g-series f(z) with integral coefficients is a weakly modular
form modulo p™ if it is congruent modulo p™ to a modular form g(z) € M> N ¢ ™Z[[q]].
This is written as

f(z) =g(z) (mod p")
We note here that the theory of modular forms modulo prime powers is quite well developed;
for a basic introduction, see [19, §IV.X], and for a variety of interesting number-theoretic
applications, see [24].
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We begin by establishing some well-known congruences involving the Eisenstein series
Ex(z). First we recall two classical Bernoulli number congruences (see [15, p. 233-238]).
Let D,, be the denominator of the nth Bernoulli number, written in lowest terms. The von
Staudt-Clausen congruences state

(3.1) D,=6 [] »

where the p;’s are prime. Let p > 5 be prime. Now suppose m > 2 is even and m’ = m
(mod ¢(p")) where ¢ is the Euler ¢-function. Then the Kummer congruences state
(L=p""")Bw _ (1=p""")Bn
3.2 = dp").
32 — e
Using these congruences, we prove the following lemma:
Lemma 10. Forr >1 and p > 5,
(3.3) (E,—1(2))P =1 (modp").

Proof. We have

0o p'r‘fl oo p'rfl
r—1 2 p - 1 n 2 p - ]_ D — n
By = (1- 222050 ) = (1= 22D s )
Bp_l n=1 Up_l n=1
where U,_; is an integer coprime to D,_;. From (3.1) we have p|D,_; which implies (3.3)
after an application of the binomial theorem. 0

We also record here the following congruences, which will be useful in §7:
Lemma 11. Suppose k > 4 is even. Then
Er(z) =1 (mod 24),
and, if p > 5 is a prime such that (p — 1) | k,
Er(z) =1 (mod p).
Proof. These both follow immediately from the von Staudt-Clausen equation (3.1). O

Before we can proceed any farther, we must generalize the notion of congruent modular
forms introduced above. Let K be a number field with ring of integers Ok, and m C Ok an
ideal. We define the order of f modulo m by

Ordy,(f) := min{n : a(n) ¢ m}

with the convention that Ord,,(f) := +o0 if a(n) € m for all n. Though this is certainly not
obvious a priori, given a modular form with coefficients in Ok, one need only check finitely
many g¢-series coefficients to calculate ord,(f). The following theorem of Sturm (see [24,
§2.9] or [32]) makes this precise:

Theorem 12. Suppose k > 0 is an integer and K is a number field with ring of integers

Ok. Moreover let f =" ja(n)g" € My(Lo(N))NOk(lg]]. If m C Ok is an ideal for which
k
Ordta(f) > 2o To(1) : Tu(V)]

then Ordy(f) = 4o0.
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Remark. We will not prove this theorem in this thesis. We will only require it for the proofs
of theorems 3 and 4, and there we only invoke it briefly to prove that we can normalize certain
forms so that they have coefficients in a ring of integers. To see how this works, consider
some form f € My (Ty(NV)) with p-integral algebraic coefficients. Then we can pick an integer
M =1 (mod p) such that the first £ [To(1) : To(IN)] coefficients of M f are contained in the
ring of integers of some number field O. Applying Theorem 12, it follows that all of the
coefficients of M f are in O, in other words, we have produced a form M f = f (mod p)
with algebraic integer coefficients.

Elements of M (I'") have the extremely useful property that they determined by their first
few g-series coefficients. Though, as noted above, we will not need Theorem 12 until §5, we
included it at this point to call the reader’s attention to the fact that a similar statement is
true when working with modular forms congruent modulo ideals in a number field.

We are now in a position to justify the title of this section. Let K be a number field and
let O, be the completion of its ring of integers at a finite place v with residue characteristic
p. Moreover, let A be a uniformizer for ©O,. Finally, for a, € K,, let

ordy (Z anq”> := inf{ord,(an)}.

n=ng

We make the following:

Definition. A formal power series
f= 3 atna" € O[]
n=0
is a p-adic modular form of weight k € O, if there is a sequence f; € O,l[[q]] of
holomorphic modular forms on T with weights k; for which ordy(f; — f) — +o0 and ord,(k —
ki) — +o0.

Remark (1). This is Serre’s original definition of a p-adic modular form [29]. The notion of
a p-adic modular form has been substantially generalized by Katz; for an introduction and
an explanation of how the two definitions relate, see [13, §I].

Remark (2). Note that the ord, here is different from the Ord introduced above.

Thus we observe, with the help of Lemma 10 and Lemma 11, that 1 is a p-adic modular
form for all primes p, or, more precisely, is a p-adic modular forms when identified with its
g-expansion considered as an element of O,[[¢]] (the g-expansion of 1 is just 1+0q+0g?+- - ).
Further, any element of M, NO,[[¢]] is trivially a p-adic modular form. As another example,
we have the following:

Proposition 13. The g-series Es(z) is a p-adic modular form for all p.

Proof. We have
Bypr)+2 By By
—— = Fyr =_:F —p==FE r+1
(") + 2 o) (2) 5 2(2) —p 5 2(2)|V(p) mod p

for all » > 1 by examining g-series using the Kummer congruences (3.2) and Euler’s theorem.
The proposition then follows by inverting the formal operator (1—pV (p))~!, which preserves
the space of p-adic modular forms. For details, see [29, §2.1]. O
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The only nontrivial result we will require from the theory of p-adic modular forms is a
theorem, due to Serre, which allows us to compute the constant term of a p-adic modular
form in terms of a p-adic limit of its other coefficients for small primes p. Let C;(S) be the
Kubota-Leopoldt p-adic zeta function. We have

Theorem 14 (Theorem 7, [29]). If p < 7 is prime and

f=Y an)q"

s a p-adic modular form of weight k # 0, then

G —k)
0)=2— 2. 1 .
a(0) 5 - hm a(p”)

This theorem is proven by decomposing the vector space M of p-adic modular forms into
M = E @ N, where N is a space on which the U operator (defined exactly as in (1.11)) acts
nilpotently and E is a space on which U acts bijectively. It turns out that for 2 < p < 7 prime,
E' is spanned by the reductions of Eisenstein series, and N is spanned by the reductions of
cusp forms. By analyzing each subspace, the theorem follows. For a complete proof, see
29, §2.3]. Incidentally, [29] is a beautiful paper, and provides an interesting counterpoint to
Katz’s geometric approach to p-adic modular forms.

Also mentioned in [29, §1.6] is the fact that ¢*(1—k) = (1—p"')((1—k) for even integers
k > 2, where ((s) is the usual characteristic zero Riemann zeta function. In the sequel we
will only be interested in the special case k = 2, in which we have:

Gl =2)=(1-p)(-1)= TR
Thus we immediately have the following corollary of Theorem 14:

Corollary 15. If p < 7 is prime and

f=Y a(n)q"

is a p-adic modular form of weight k # 0, then

-1 .
a(0) = pT - lim a(p”).

4. VARYING THE LEVEL

Given a modular form f € My (To(M)) (resp., f € Sp(I'o(M))) and recalling (1.10) and
(1.13), it is not hard to verify using the functional equation (1.2) that f|V (d) € My(I'o(dM))
(resp., fIV(d) € Sg(T'o(dM))). These forms are holdovers from lower levels; they’re nothing
new, which justifies the notation

Si(To(N)) D SP4(To(N)) := @D Sk(To(M))|V(d).
dM|N

We define the space of newforms SP¢(T'y(N)) to be the orthogonal complement to S¢4(To(N)
with respect to a certain inner product, called the Petersson inner product (see [19, §II1.4]
or [18, §IIL.3]). As a first example, for p > 3 prime, we have

(4.1) Ms(To(p)) = (E2(2) — pEx(pz)) @ S5 (To(p))
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because Ms(I') = 0. One can check that Ey(z) — pEy(pz) satisfies the requisite functional
equation using (1.5). For arbitrary weights, the space of newforms has the useful property
that it is preserved under the action of the Hecke operators. It is also invariant under another
operator, the Atkin-Lehner involution, which we now define.

Definition. For a prime divisor p of N with ord,(N) = ¢, let Q, := p*. We define the
Atkin-Lehner operator | ,W(Q,) on My(Lo(N)) by any matriz

W(@) = (% ) € Mana(2)
with determinant Q),,, where a,b,c,d € Z. Further, define the Fricke involution |, (N)

on My(T'o(N)) by the matriz
0 -1
W(N) = (N . ) .

Well-definition of | W (Q),) follows from the functional equation of f € M (I'y(N)) and the
fact that W (@Q),) is unique up to left multiplication by elements of I'((N). We note here that
for f € My(Ty(p)) we have f|,W(Q,) = flxW (p). By abuse of language, we will call W(p)
an Atkin-Lehner operator in this setting.

We now are in a position to make the following:

Definition. A newform in S;*(I'o(N)) is a normalized cusp form that is an eigenform
for all the Hecke operators, all of the Atkin-Lehner involutions |, W (Q,) for p|N, and the
Fricke involution [ W (N).

Newforms enjoy remarkable properties. We recall a few such properties on the more
utilitarian side of things:

Theorem 16. Suppose that k is a positive even integer. Then

(1) The space SP*(I'o(N)) has a basis of newforms.

(2) If f(2) =37 a(n)g™ € Spe*(To(N)) is a newform, then there is a number field K
with the property that for every integer n we have a(n) € Ok, the ring of algebraic
integers of K.

(3) If f € Spe(Lo(N)) is a newform then there is an integer Ay € {£1} for which

FIeW(@Qp) = Apf-

For the statements of a collection of results, including the above, on newforms, see [24,
§2.4,82.5]. For proofs, see [3], and for generalizations, see [21] and [23].

We began this section by discussing how one can raise the level of an element of My (I'g(N))
to obtain an element of Mj,(Io(MN)). We now discuss the trace operator Try™ , which lowers
the level. For coprime M, N, define

TriY + My(To(MN)) — My(To(N))
by

Ty N () = flwv
=1

where {~,...,7,} is a complete set of coset representatives for I'o(NM)\I'o(V). The fact
that Try ™ (f) € My (Io(N)) is immediate; acting on Trd/™ () by an element of ['y(N) simply
permutes the ~; by the invariance of f under the action of T'o(NM). We have the following
explicit formula for Trév b
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Lemma 17 ([22]). Suppose that p is an odd prime and that pt N. If f € Mi(I'o(Np)) then

TN (f) = |+ 0" W () U (p)
Proof. A complete set of coset representatives for I'o(Np) in T'o(V) is given by

LO\Y  f(L 0\ (L ot
0 1 N 1)\o 1) -
7=0
1 0\ /1 4\ (1/p O P a 1 j—a
N 1)\0 1) L0 1/p)\Np pb)\0O »p
p a
Np pb
is a matrix for W (p). Since scalar matrices act trivially on My (T'o(Np)),

TV () = f + zf\kva) (6 1)

We also have

where

0 p

By considering g-expansions, we have

S (;J ) — pglUB))(2)

J=0

which completes the proof of the lemma. 0

It is well-known that if p is prime with p { N, then Tri?(f) = 0 for f € SP¥(I'o(Np)) (see
[21]). Combining this observation with Lemma 17 yields the following:

Proposition 18 ([3]). If f € S (Iy(p)), then
FleW () = =p' 2 F|U(p).
Proof. First suppose that f is a newform. From Lemma 17, we have

0="T(f) = f+p 2 f,W(p)U(p).
Thus

(4.2) f==p"" W)U (p).

Note that U(p) = T}, because the level is p (see (1.12)). Now note that f, being a newform,
is an eigenform both for the Hecke operators and W (p) (by Theorem 16). Thus the actions
of W(p) and U(p) on f commute. With all this in mind, applying W (p) to both sides of
(4.2), we have

feW(p) = —p" W (p)U(p)W (p)
= —p W (p)*U (p)
—p M2 fU (p).
To derive the last equality, we used the fact that the action of W (p)? is trivial, which

can be seen from directly from a matrix representation of W(p): (, o') (, o) = (& ,Op).

Since U(p) and W(p) are both linear operators, the proposition now follows for all f €
Sp° (To(p)) .
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5. p-ADIC PROPERTIES OF BORCHERDS EXPONENTS

We begin with the following:

Definition. Let f be a meromorphic modular form of weight k over I' or I'g(p) whose poles
and zeros, away from z = 0o, are at the points z1, ..., zs € H. We say that f(z) is good at
p if there is a holomorphic modular form E¢(z) € My(T") with p-integral algebraic coefficients
for which the following are true:

(1) As g-series, Ef(z) =1 (mod p).
(2) For each 1 < i <s we have E¢(z;) = 0.

Remark (1). Tt follows immediately that if f and g are good, then fg is good.

Remark (2). As mentioned in the introduction, we will provide several families of good forms
in §7; other families are provided in [8]. Unfortunately, the author has not thought carefully
about interesting examples of forms which are not good.

In view of the observations we made in sections 1 and 2, it is now straightforward to prove
Theorem 3:

Proof of Theorem 3. By examining the proof of Proposition 1.14, we see that if f is a mero-
morphic modular form of weight k£ over I'; then

(5.1) f=120f(2) — kEx(2)f(2)

is a meromorphic modular form of weight k + 2 over I'. Further, from (5.1) we see that the

poles of f(z) are supported at the poles of f(z).

Now consider
of 1 (2
7 = E <m + ]CEQ(Z)) .

By 10, Es is a p-adic modular form of weight 2 with integer coefficients. Thus it suffices
to show that f/f is as well. If b is the weight of £¢(z), then note E¢(2)P f/f € Myipyo. If

E f(Z)pj ]7/ f does not have algebraic integer coefficients, then multiply it by a suitable integer
tiv1 =1 (mod p*) so that the resulting series does. Thus we have

tinE(2)” (mod p/*).

|
e A8

If we define Fjiq(z) = thS(z)pj]?(z)/f(z), then we have that {Fj11} is a sequence of
holomorphic modular forms whose coefficients p-adically converge to F'(z)/F(z) and whose
weights p-adically converge to 2. 0

We will devote the rest this section to proving Theorem 4, a generalization of Bruinier and
Ono’s result to forms of prime level p > 5. We require two lemmas before we start on the
main body of the proof. The first is most naturally proven using the notion of the divisor
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polynomial of a modular form, which we now recall. If & > 4 is even, then define E’k(z) by

¢

1 if k=0 (mod 12),
E4(2)*Egs(2) if k=2 (mod 12),
(5.2) Fu(z) = Ey(z) ?f k=4 (mod 12),
Es(2) if k=6 (mod 12),
Ey(2)? if k=8 (mod 12),
| Ea(2)Es(2) if k=10 (mod 12),
and polynomials hy by
(1 if k=0 (mod 12),
r?(x — 1728) if k=2 (mod 12),
if k=4 d 12
(5.3) hi(z) =4 " ' (mod 12),
r — 1728 if k=6 (mod 12),
z? if k=8 (mod 12),
| z(z —1728) if k=10 (mod 12).

Further, define m(k) by

1y o ) LK/12] if k#£2 (mod 12),
MR =21 k=2 (mod 12)

With this notation, if f(z) € M) and F (f,z) is the unique rational function in z for which
(5.4) f(2) = A()"WEL(2)F(f,j(2)),

then F (f,x) is a polynomial; this follows from the familiar fact that any element of Mg is
a polynomial in j. We will refer to

(5.5) F(f,x) = h(a)F(f, )

as the divisor polynomial for f. From (5.2), (5.4) and the classical k/12 valence formula
(again, see [18, §II1.2]) the polynomial F(f,z) will have a zero of order ny precisely at j(zy)
for all zeros zj of f, where ny := ord,, (f). For a discussion of divisor polynomials, see [24,

§2.6].

Lemma 19. Suppose f = ¢"[[32,(1 — ¢")*™ € M(To(p)) N ¢"Ok|[q]] for some number
field K and some prime p > 5, and further that f is good at p. Then
(@(f) — k(12)"'E,
S

) BV € M)
18 p-integral.

Proof. Note that F/(y, j) has p-integral algebraic coeflicients as a g-series and as a polynomial
because £ has p-integral algebraic coefficients. Thus, if 2, ..., 2, are the zeros and poles of
f as before (written without multiplicity),

G(i(2) == (J(2) —j(z1)) -+ (G(2) — g (zn))
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has p-integral algebraic g¢-series coefficients. Because no prime above p divides the ¢-
expansion coefficient of lowest exponent in G(j(z)), we also have that (G(j))~! is p-integral
(again as a g-series). Thus we may write

O(f) — k(12)"' F; g
f G(j)

where g € My(To(p)) N Q[[q]] has p-integral algebraic coefficients. We have
O(f) — k(12)71E, 1
W) = (—— W W(p).
(2O=H 0 = (G ) b el o)
We will prove that each of the factors on the right hand side is p-integral. First,

(agen) @ = (agen) o o)~ ()b G 0) ()

= (ege) (6 1)~ awimy

which is evidently p-integral. Now note that we can write g = ¢1(Es(z) — pEa(p2)) + h(2),
where h(z) € S5 (I'o(p)) has p-integral algebraic coefficients and ¢; is a p-integral algebraic
number. From Proposition 18 we have h(z)|2W (p) = —h(2)|U(p), which is p-integral by the
g-series definition (1.11) of the U(p) operator. Using (1.5), we also have

B2 - B )W) = B () 3) (5 )) e aeu

_ (% + E2(2>> ’ (g (1)> - o~ By()
= pEsy(pz) — Ex(2).
which is also p-integral. Since we have dealt with both factors, the lemma follows. O
Remark. If restrict to the case k = 0, this lemma is also true for p = 3; the proof is the same.
Define
(5.6) Es(2) := Ey(2) — 3Ex(32) € My(T(3))
(see 4.1) and
(5.7) E, = Ep 1(2) = p* V(B 1 (2) ], W (D) € My1(To(p))
for primes p > 5. We have following;:
Lemma 20. If p is an odd prime, then

(5.8) E,(z) =

1 (mod p)
(5.9) (Ey(2)|p-1W () = 0 (mod p~ /2
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Proof. For p = 3, the first claim is obvious, and the second follows from the end of the proof
of Lemma 19. For p > 5 we compute

0 —1
Byl W) = y( )

p 0

0 —1\ (p 0
= Byl (1 0) (0 1)

= VB,V ()

From Lemma 10, we know that F,_; is p-integral. Thus we have the congruence Ep =FE,

(mod p), which yields Ep =1 (mod p) for all odd primes p after an application of Lemma
10.
For the second claim, we have

ElpiW(p) = BEpalpa W) — pPV2E, 1|, . W ()W (p)
= EprlpW(p) —p" VPE,_
p(p 1)/2Ep | ( ) p 1)/2Ep_1

We note the p-integrality of £, 1 and E, 1|V (p) and again apply Lemma 10 to finish the
proof of the lemma. [l

We now prove Theorem 4. The two main inputs into this proof are the ideas behind the
proof of Theorem 3 and Serre’s proof that a newform in SP*¥(I'g(p)) is a p-adic modular
form (see [22] and [29]).

Proof of Theorem 4. By (1.14), there exists a meromorphic modular form g on I'g(p) so that

C) k
OF _9, kg
f f 12
Because E, is a p—adlc modular form of weight two, it suffices to show that the same is true
of Of—k(12)~ 1Ezf
f
Fix a positive 1nteger r. Then (using the fact that f is good at p), we have

1 Of — k(12)" By f
f

where b is the weight of £;. Further, this form is congruent modulo p" to g/f. Now consider

(gf)prfl @f - k’(12) 1E2f — g

f f
We clearly have f, € Moy pr—1p4pr—pr—1(Fo(p)). We now take the trace of these f,. to lower their
level. We certainly have Tr{(f.) € My pr—1p4pr—pr—1, and we will prove shortly that Tri(f,) =
fr = % (mod p"). Now, as in the proof of Theorem 3, choose a suitable integer ¢, = 1
(mod p") such that ¢, Tr(f,) has coefficients in the ring of integers O, of some number field
Ok, (this normalization may or may not be necessary depending on ;). Then {¢,Tr7(f.)}
forms a sequence of holomorphic modular forms over I whose coefficients converge p-adically
to g/ f and whose weights converge to 2, thus g/ f is a p-adic modular form of weight 2.

(&P

€ My ypr—15(To(p))

r—1

fr(2) = (BE,)” (mod p").
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We now prove that Tr{(f.) = f, (mod p"). By Lemma 17, we have

_ r—1 r_r—1
T (f,) = frtp O TR 1y 2 W (P)U (p)
= f, 4 plm Gt )2

(2D o ) B e W E V0 ) U

Because f is good, applying Lemma 19 implies that (W) |oW (p) is p-integral,
which, together with the definition of U(p), implies that

Of — k(12)"'Eof
( 7 ) 2W (p)U (p)

is p-integral. Using (5.9), we also compute

EP |y W (p)U (p)

(5.10)

(5.11) = (Ep|p—1W(p))pT_1|U(p) =0 (mod p(p_l)l’r_l/%p“l)’
and, just from the definitions,
(5.12) (E) W (p)U (p)

= " REN) o (B U(p) =0 (mod pP Y?).

The inequalities (5.10), (5.11) and (5.12) together imply (as claimed) that Tri(f.) = f.
(mod p"). O

Remark. As with Lemma 19, Theorem 4 is true in the case k = 0 for p = 3 as well. We will
use this fact without further comment in the proof of Theorem 33.

6. CM ELLIPTIC CURVES AND SUPERSINGULARITY

As indicated in the introduction, the construction of explicit families of good forms will
require a discussion of complex multiplication and supersingularity, which we now begin.
Recall that for an elliptic curve E/C, there exists a lattice L C C such that

(6.1) C/L = E

2€L = (p(zL),¢(2 L)1)
ze€L +— (0:1:0)

is an analytic isomorphism. Here @ is the classical Weierstrass g-function. Conversely,
given any lattice L C C, one can show that there exists an elliptic curve E for which an
analytic isomorphism of the form (6.1) holds. Under this correspondence between lattices
and elliptic curves, isomorphism classes of elliptic curves over C correspond to equivalence
classes of lattices, where the equivalence is given by L ~ L' if L = ¢L’ for some ¢ € C*. By
way of terminology, the map L' — L given by multiplication by ¢ € C* is called a homothety,
and two lattices related in such a way are called homothetic. Note that we may choose a
lattice L, with basis {7, 1} with 7 € H in each homothety class. Different bases of L, are
given by applying elements of I' to the basis {r,1}; it follows that we may take 7 € §F.
With this stipulation, the basis {7,1} is uniquely determined. We will denote by E, the
corresponding elliptic curve under the map

C/L, — FE,.
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We call this map (which is induced by (6.1)) an analytic representation of E..

We now wish to make this analytic representation more explicit; additionally, because it
will be useful later, we work in a slightly more general context. Let E/K be an elliptic curve
over a field K of characteristic not equal to 2 or 3. Up to isomorphism, we can assume that
E' is given in affine coordinates by

(6.2) E:y? =42 — gux — gg

(see, for example, [17, §II1.2]). If we restrict to the case K = C, with the normalizations
given above, the map (6.1) just formalizes the parametrization

E:(¢'(2,L))* = 4(p(z, L))’ — gap(z, L) — gs.
that exists for some lattice L C C.

We now wish define the j-invariant of E., and show how it relates to j(7). First, the
discriminant A(F) of the elliptic curve E/k is defined as

(6.3) A(E) = (2m) (i — 274).

Remark. 1t is important to observe that the discriminant function A(E) is not equal to
the discriminant of the cubic polynomial defining the curve. Since the discriminant of the
polynomial defining an elliptic curve F is not an isomorphism invariant of E, there are a
variety of essentially equivalent ways to define the discriminant; the reason for our particular
definition will soon be apparent.

We define the j-invariant of E¥ to be the quantity

172843
(2m)PA(E)

One can show by elementary means over any field K of characteristic not equal to 2 or 3 that
J(E) is indeed an invariant of the isomorphism class of F, and, further, given any j(E) € K,
there exists a curve of j-invariant j(F) (see [17, §II1.2]).

Note the similarity of (6.4) and (1.7). This is no accident. Let C/L, — E. be an
analytic representation. It turns out that, with the normalizations given above, we have
g2 = 37 E4(7), g3 = 570 Eg(7). Hence, we have
(Ea(7)* — Eg(7)?)
1728

(6.4) J(E) =

A(E) =

= A(7)
and

(6.5) J(Ez) = j(7).
Thus the coincidence of the “j” in j-function and j-invariant is really no coincidence. Indeed,
noting the fact that as the j-invariant varies over K it parameterizes isomorphism classes of
elliptic curves over K (at least if we continue to assume that the characteristic of K is not 2
or 3), and recalling that the j-function is a bijection between § and C, we have a bijective
map

§ <« {isomorphism classes of E/C}.

For proofs of the statements we just made on the equality of the various definitions of j and
A, see [18, 81 and p. 112]. For a basic introduction to the theory of elliptic curves, see [17].

Later we will be giving examples of elliptic curves in the form E : y? = 23+ az + b for some
a,b € k. It is easy to see that given any elliptic curve over k with defining affine equation
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y? = 423 + cx + d, if the characteristic of k is not 2, then this curve is isomorphic to a curve
with defining affine equation y? = 23 + ¢x + d for some c, d € K. We shall call an elliptic
curve written in this form an elliptic curve in Weierstrass form. We now write formally as

a proposition some elementary properties of curves written in Weierstrass form; for a proof,
see [17, §III1.2]

Proposition 21. Suppose a,b € K, where K is a field with characteristic not equal to 2 or
3. Then the discriminant of 23+ ax + b is —4a® — 27b%. If the discriminant is nonzero, then
E :y? = x + ax + b is nonsingular. Further, the j-invariant of E : y* = 2 + ax + b is

1728 45" o 4a 3—|—27b2

Now that we have (6.1) and the isomorphism invariant j(FE) in hand, we completely
understand isomorphism classes of elliptic curves over C considered as analytic objects; they
are explicitly parameterized by @(z, L) (considered as a function of 7 € §). For example,
define E[N], the N-division points of E, to be the points of E of order dividing N. Viewing
E/C as C/L., it is evident that E[N] is simply the group ~L,/L., that is,

E[N] ~Z/NZ x Z/NZ.
The ring of endomorphisms of E, or End(F), can also be understood in a relatively straight-
forward manner using analytic representations. To begin, we have the following:

Lemma 22. Let L, M be two lattices in C, and let
A:C/L—-C/M
be a complex analytic homomorphism. Then there exists a complex number o so that the
following diagram commutes:
a: C — C

! )
C/L — C/M.

Here the top map is multiplication by o and the bottom s the homomorphism A.
Proof (compare [21]). In a neighborhood of zero, A can be expressed by a power series
Mz) =ag+arz +agz® +-- -,
On the other hand, A is a homomorphism, so ¢y = 0 and additionally we have
AMz+2)=A2)+A(Z)  (mod M).
If we choose a small enough neighborhood U of zero, we must have that this congruence is
an equality in U; thus
ANz) = a1z
for z € U. But for any z € C, z/n is in U for sufficiently large integers n, and from this we
conclude that, identifying z with its reduction modulo L,

o =03 (2)) = () = () =

Remark. Abusing notation, we will often denote the complex number « and the homomor-
phism A by the same symbol A\. We will also only be considering the special case L = M of
Lemma 22.

O
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It is clear that any A € Z will induce an endomorphism of C/ L., which we can then identify
with an element of End(E,). We will call these endomorphisms the trivial endomorphisms
of E-. We have the following:

Definition. If E/C is an elliptic curve with nontrivial elements in its endomorphism ring

End(E/C), then we say E is a curve with complex multiplication, or, briefly, E has
CM.

The complex numbers A inducing a nontrivial endomorphism of a lattice L turn out to
be algebraic numbers; more specifically, they are quadratic over Q. Before we formalize and
prove this as a proposition, we offer another definition, which will also be useful in §7:

Definition. Suppose 7 € H is the root of a quadratic equation with integer coefficients; that
is, T = —bkvbi—dac V;f"lac with a,b,c € Z and ged(a,b,c) = 1. We say that 7 is a Heegner point
and that d, = b* — 4ac is the discriminant of .

Proposition 23. Suppose E/C is an elliptic curve. Then

(1) Ewvery nontrivial endomorphism of E/C is induced (in the sense of Theorem 22) either
by a Heegner point A € H or by —\ for a Heegner point \ € H.

(2) The curve E/C has CM if and only if j(E) = j(7) for some Heegner point 7 € §.

(3) The curve E/C has CM if and only if End(E) = O, where O is an order in an

imaginary quadratic number field K.

Proof. The endomorphism ring of F is unchanged if we replace it with another elliptic curve
isomorphic to it, so we assume without loss of generality that £ = E,, 7 € §. Thus we have
an analytic representation

C/L, — E..
As we proved in Lemma 22, a nontrivial automorphism of E, can now be realized as a
A € C* — Z such that

AL, C L,
or, equivalently, for some (¢ %) € GLy(Q) N Mayo(Z),
AT = ar+b

A = cT+d.

This implies that A is a root of the quadratic equation

r—a —b
—c x—d

=0.

Thus A is a quadratic irrational algebraic integer. Now note that 7 cannot be real; other-
wise L, would not be a lattice, and ¢ # 0, for then A would be an integer. Thus Q(7) = Q(\),
and, further, both A and 7 are imaginary quadratic numbers. This proves (1).

We've also proven the “only if” implication of (2), just by recalling that j is an isomorphism
invariant. The other direction follows similarly: note that if j(E) = j(7) with 7 a Heegner
point, then F, ~ F, and E; is evidently CM.

Finally, for (3), note that if £ is CM, as proven above, there is an isomorphic curve
E, where 7 is a Heegner point. Thus End(E) ~ End(L,), and, again as proven above, any
complex number inducing a nontrivial endomorphism of L, is an element of Og(,), the ring of
integers of Q(7), but not an element of Z. With this observation in mind it is easy to see that
the evident map End(L,) — Og(r) is a homomorphism of rings with identity, and, further,
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the image of this homomorphism is not contained in Z C Og(;). Thus End(L;) ~ End(E:)
is isomorphic to an order in Og). Conversely, note that if End(E) ~ O, with O an order
in a quadratic imaginary field, then End(E) is not isomorphic to Z, so E must be CM. [

By way of terminology, if 7 € H is a Heegner point, then j(7) € C is called a singular
modulus. In view of parts (3) and (4) of the last proposition, one might guess that these
singular moduli would be of interest in the study of the arithmetic of imaginary quadratic
number fields. This is indeed the case, but before we can explain anything in any more
detail we must briefly explore the connection between the CM elliptic curves and quadratic
imaginary fields. The content of our discussion is derived mostly from [31, §II].

We’ve seen in Proposition 23 that every CM elliptic curve has endomorphism ring isomor-
phic to an order in a quadratic number field. We now work in an opposite direction. Fix an
imaginary quadratic number field K, and let Ok be its ring of integers. We wish to study
the following sets:

{elliptic curves E/C with End(F) = Ok}
isomorphism over C

{lattices L with End(L) = Ok}
homothety '

(6.6) ELL(OK): =

I

We now show that these sets are nonempty for any imaginary quadratic number field
K. Fix an embedding K — C. Given any nonzero fractional ideal a C K, we know from
elementary algebraic number theory that the image of a under our chosen embedding (which
we will also denote by a) is a lattice in C. Denote by E, the elliptic curve associated to this
lattice. We have

End(E,) = {ae€C:aacCa}
= {a€ K :oaaCa}sinceaC K,

= (g since a is a fractional ideal.

Thus given O, we can find an elliptic curve F with End(F) ~ Og. Further, since homo-
thetic lattices give rise to isomorphic elliptic curves, if ¢ € K, then E(, ~ E;. In other
words, multiplying a fractional ideal by a principal ideal in Ok does not change the elliptic
curve that arises from that ideal. In particular, if we denote by CL(K) the ideal class group
of K, that is,

_ {nonzero fractional ideals of K}

CLIK):

~ {nonzero principal ideals of K}’

then we have a map

CLIK) — ELL(Ok)
a —

where @ is the ideal class of a € CL(k). More generally, if L is any lattice and a any nonzero
fractional ideal of K, then define the product

al = {al)\1+"'+ar)\rl()éi Ea,/\iEL}.
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Now fix a lattice L with E € ELL(Ok) its associated elliptic curve. One can show in an
elementary manner that the map

(6.7) CL(k) — ELL(OK)

a — Fyap

defines a simply transitive action of CL(K) on ELL(Ok) (see Proposition 1.2, [31, §I1.2]).
In particular, because CL(K) is finite, ELL(Ok) is as well. This observation is the main
input into Proposition 24 below. Fix the notation

hi = |CL(K)].

For o € Aut(C), let ¢” denote o(c) for all ¢ € C, and let E“ denote the elliptic curve formed
by letting o act on the coefficients of the defining affine equation of F. Further, if ¢ : £ — F
is an endomorphism of F, then denote by ¢? : E7 — E? the induced endomorphism (i.e.
isogeny from E° to itself) of E7.

Remark. We are implicitly identifying the ring of analytic endomorphisms of F, thought of
as a lattice, with the ring of algebraic endomorphisms of E, thought of as group. It is a fact
that these two rings are indeed isomorphic; see [30, §VI.4, Theorem 4.1].

Then we have the following:

Proposition 24. Let E/C be an representative of a class of elliptic curves in ELL(O) for
Ok the ring of integers of an imaginary quadratic field K. We have
(1) j(E) e Q.
(2) Let Ex, ..., By, be a complete set of representatives for ELL(Orc). Then j(Er), ..., j(Eny)
are the Gal(K/K) conjugates for j(E).

Proof. Let 0 : C — C be a field automorphism of C. First note that End(E£?) ~ End(FE),
simply because if ¢ : £ — FE is any endomorphism of E, then ¢° : £ — FE7 is an
endomorphism of E?. Thus End(E?) ~ End(E). In particular, as o varies, E? varies
over only finitely many C-automorphism classes of elliptic curves with endomorphism ring
isomorphic to Ok because the action (6.7) is simply transitive and the class group is finite.

Now E? is obtained from E by letting ¢ act on the coefficients of the affine equation
defining E. The invariant j(E) is just a rational combination of those coefficients, so we
have

J(E7) = j(E).
Since the isomorphism class of an elliptic curve is determined by its j-invariant, and, as
we’ve noted above, there are only finitely many C-isomorphism classes in {E£7}oecaut(c), it
follows that j(FE)? takes on only finitely many values as o ranges over Aut(C). Therefore
[Q(j(F)) : Q] is finite, so j(FE) is an algebraic number. This completes the proof of (1).

To prove (2), first note that the action of CL(K) on ELL(Ok) induces a simply transitive
action ¥ : CL(K) — {j(E1), ..., j(En, )} if we identify an isomorphism class of elliptic curves
with its j-invariant. One then defines a surjective homomorphism ® : Gal(K/K) — CL(K)
such that the canonical action of Gal(K/K) on the set {j(E}),...,j(En,)} is just ¥ o ®.
See [31, §I1.2] for the construction of this homomorphism; the proof of Theorem 4.3, [31,
§11.4] shows that it has the desired property. The fact that (6.7) is simply transitive then
immediately yields the desired result. 0J
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Actually, the j(E) for E as in the previous proposition are integral, which can be proven by
constructing certain polynomials related to n-isogenies of elliptic curves. This proof requires
no more machinery than that which we have already developed (and in fact many of the
ideas behind it will be used in the proof of Theorem 33), but it is rather long, and the reader
would do just as well to read it in [31, §I1.6]. We state this fact as a theorem:

Theorem 25. Let E/C be an elliptic curve with complex multiplication. Then j(E) is an
algebraic integer.

We now wish to restate Proposition 24 using the language of Heegner points. Recall that
an integer d # 1 is a fundamental discriminant if it is not divisible by the square of any
odd prime and satisfies either d = 1 (mod 4) or d = 8,12 (mod 16). We prove the following
lemma:

Lemma 26. Let d < 0 be a fundamental discriminant, and K = Q(v/d). Then there are
precisely hyi Heegner points of discriminant d in §.

Proof. Notice that if 7 = =ivb—dac V;f““” € § with a,b,c € Z, ged(a, b,¢) = 1, and b* — 4ac = d,
then ax? + bxy + cy? is a primitive positive definite quadratic form of discriminant d. Since
d is fundamental, the number of such forms is precisely |[CL(K)| = hg. O

We now have the following corollary of Proposition 24:

Corollary 27. Letd < 0 be a fundame@al discriminant and 11, ..., T, be the Heegner points
of discriminant d in §. Then j(r;) € Z for all i, and j(11),...,3(Tn,) is a complete set of
Galois conjugates under the action of Gal(K/K).

Proof. First note that the map

5 {lattices L C C}
homothety
(6.8) z +— [L,]

is a bijection. Suppose 7 € § is a Heegner point of discriminant d. Using (6.5), we have that
J(E;) = j(7), which implies by part (2) of Proposition 23 that E, has endomorphism ring
isomorphic to an order in an imaginary quadratic number field. This implies that the same
is true of L,. By the proof of Proposition 23, we may take this imaginary quadratic number
field to be K. In fact, End(L,) = Ok, the full ring of integers. To see this, we observe that
Ok = Z[%g] if d is odd (resp., O = Z[‘/Ta] if d is even), hence one need only check that

_1+2\/a -7 € L; (resp., \/73 -7 € L;). We omit this calculation.

With this claim in hand, (6.8) yields an injection

{lattices L C C with End(L) = Ok}
homothety

{Heegner points in § of discriminant d}

(6.9) T — [L;].

The set on the left hand side of (6.9) has cardinality hx by Lemma 26 as does the set on the
right hand side by (6.6) and the fact that the action (6.7) is simply transitive. Thus (6.9) is
a bijection.

We now identify the set on the right of (6.9) with (6.6). Applying Proposition 24 then
yields the corollary. O
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We close our discussion of the connection between the j-invariants of CM elliptic curves
over C by noting that the propositions and lemmas we have proven above are really the
elementary preliminaries to a discussion of the class field theory of imaginary quadratic
fields. This is one of two cases in which the class field theory of an extension of Q has been
explicitly worked out (the other is the class field theory of Q itself). It would take us too
far afield to prove the following theorem, but it seems important to state for the reader
the main result in the class field theory of imaginary quadratic extensions of @, namely a
characterization of the Hilbert class field of such an extension. The connection with the CM
theory of elliptic curves will be evident.

Theorem 28. Let E be an elliptic curve representing an isomorphism class in ELL(Ok).
Then K(j(E)) is the maximal unramified abelian extension of K, that is, K(j(E)) is the
Hilbert class field of K.

For a proof of this result, see either [31, §I11.4] or [20, §10.1].

It should come as no surprise that in order to apply our discussion of CM to the con-
struction of p-adic modular forms, we will have to understand at some level what happens
when we move from elliptic curves defined over Q to those defined over a field of prime
characteristic greater than or equal to 5. We begin with the notion of good reduction:

Deﬁnition Let K be a number field, and let B C Ok be a prime ideal. An elliptic curve
E/Q : y? = 2® + ar + b with B- mtegml coeﬂiczents a,b is said to have good reduction

at P if the reduced elliptic curve E: y? =23+ ax + b is nonsingular. Here a denotes the
reduction of a in Ok /P.

Remark (1). For ease of exposition, we have restricted our definition of good reduction so
as only to include elliptic curves written in Weierstrass form. With this definition, whether
or not an elliptic curve F has good reduction at a particular prime is not an invariant of
the isomorphism class of the curve. For a more general (and natural) discussion of good
reduction, see [30, §VIL5].

Remark (2). Suppose ‘B is a prime ideal above a prime integer p ¢ {2,3}. From Proposition
21, we have an easy way to determine whether or not the elliptic curve £/Q : y* = 23 +ax+b
has good reduction at P; this is the case if and only if ordg(—4a® — 276%) = 0.

We discussed two algebraic objects attached to an elliptic curve defined in characteristic
zero, namely, its group of N-division points and its endomorphism ring. The corresponding
objects for elliptic curves defined over fields of positive characteristic are a good deal more
subtle; a proper treatment of them would be a thesis in itself. In the remainder of this section
we indicate some of what is true about them as motivation for the concept of supersingularity.

First, suppose F is the reduction of an elliptic curve or an elliptic curve defined over a
field K of prime characteristic p > 5. It is natural to ask for a description of the groups
E[N]. For N coprime to p, we have the same answer as before, namely

E[N] ~ Z/NZ x Z/NZ
(see, for example, Corollary 6.4 of [30, §II1.6]). The behavior is quite different at p; we have
E[p°] =~ {0} for all e € N

or

E[p¢] = Z/p°Z for all e € N.
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Again, see [30, §II1.6]. In the first case, we say that E is supersingular.

The endomorphism rings, which we completely described for elliptic curves over C using
analytic parameterizations, also behave in a much less straightforward manner upon reduc-
tion of the curve. In particular, let & be a number field, and let £/Q have good reduction
at P C Og. Then one can show that the natural reduction map

End(E) — End(FE)

is injective (see [30, §VIIL.3] and Proposition 4.4, [31, §11.4]). If £ has CM, and this map is not
surjective, then it turns out that End(E), instead of being an order in a quadratic imaginary
field, is an order in a quaternion algebra (see Corollary 9.4, [30, §IIL.9 |). Whether or not F
has CM, the condition that End(E) is an order in a quaternion algebra is in fact equivalent
to supersingularity of the curve as defined above; sometimes it is said that a supersingular
elliptic curve has “extra” endomorphisms. We write the two definitions of supersingularity
we have encountered as a displayed definition so they are not lost in the text:

Definition. Let K be a number field, B C Of an prime ideal above p > 3. An elliptic curve
E/Q with good reduction at P is said to be supersingular at P if one of the following
equivalent conditions holds:

(1) E[p?| =0 for all e > 0.

(2) End(FE) is an order in a quaternion algebra.

Remark. In fact, if E[p*] = 0 for some k > 0, then E[p¢] = 0 for all e > 0.

For a discussion of the equivalence of these two definitions, see [30, §V.3]. Essentially every-
thing proven therein is derived from the classical results of Deuring in [11].

Recalling that j(£) is an isomorphism invariant of F, and given the central role that
the study of j-invariants plays in CM theory, it should come as no surprise that it enters
the discussion here as well. We note first that if £/Q has good reduction at a prime ideal
B C Ok above p > 5, then j(F) is p-integral. This follows trivially for any curve written in
Weierstrass form by Proposition 21 (and we are restricting our discussion of good reduction
to curves in Weierstrass form). Thus we can make the following:

Definition. Let K be a number field, and suppose E/Q is supersingular at a prime ideal S C
Ok above a prime p > 5. Then the reduction of j(E) in F, is said to be a supersingular
Jj-tnvariant over I,.

Using the dictionary between Heegner points and CM elliptic curves we have developed,
we can state the following theorem, which yields a particularly nice method of deciding
whether or not a CM curve is supersingular at a particular prime:

Theorem 29. Let 7 be a Heegner point of discriminant d., and E, be an elliptic curve with
j-invariant j(7). Fiz a prime p > 5, and suppose that p is inert or ramified in Q(\/d,).
If E. has good reduction at p for all primes p above p in Q(j(7)), then j() reduces to a
supersingular j-invariant in Fp.

See [20, §13.4, p. 182] for a proof of this result.
We are now almost ready to state the theorem which will be the main tool used in the
construction of a family of good forms. We fix the notation

(6.10) Q, = {jE . jE is a supersingular j-invariant over Fp}
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and
(6.11) gp = |-

Further, define the supersingular locus &,(z) as

(6.12) &,(x) = [[ (= i) € Fpla].

JEEQ

We have swept under the rug the assertion that |€2,| is finite and &,(z) € F,[z]. For proofs
of these assertions, see either [16] or [30, §V.4]. We have the following result of Deligne:

Theorem 30 (Deligne). If p > 5 is prime, then
&,(x) = F(Ey1,z) (mod p).

Note that the “F” in Theorem 30 is a divisor polynomial (see §5). An elementary proof
of Theorem 30 using only basic properties of Hasse invariants and complex analysis can be
found in [16].

In this section we have asked the reader to accept many results without proof. An explicit
example could be enlightening:

Example. Consider the elliptic curve E : y? = 23 +2. Using Proposition 21, we calculate that
the discriminant of this curve is —4 and conclude that it has good reduction at any prime
p > 3. We then use Proposition 21 to calculate that the j-invariant is 1728. It is a standard
fact from the theory of modular functions that j maps the arc from e?™/? = —% + ‘/Tj?’
to i along the unit disc {z : |z| = 1} bijectively onto the interval [0,1728]; in particular,
j(i) = 1728. It follows that from Proposition 23 that £ has CM with endomorphism ring an
order in K = Q(1).

It is a fact from elementary number theory that a prime p > 5 splits in K if and only
if p =1 (mod 4). Therefore, by Theorem 29, we should expect that E : y* = 2% + z is
supersingular when considered as a curve in F, for primes p > 5 with p = 3 (mod 4). We
prove this in an elementary manner by demonstrating that |E/F,| = p + 1. This implies
E/F, has no p-torsion, which is one of our definitions of supersingularity.

Let () denote the typical Legendre symbol. We have

(5)-G)(57)

Because p = 3 (mod 4), <’71) =—1, so

() -G-GO ) -G 57

By pairing x and —z for = € F;, we can conclude that exactly half the p —1 elements x € I},
have the property that 23 + x is a quadratic residue. Each such z yields two solutions to the
equation y? = 23 + x over [, corresponding to +y. Adding in the point (z,y) = (0,0) and
the point at infinity, we have |E/F,| =p + 1.
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7. GOOD FORMS

As promised, in this section we now provide several families of good forms. Before we
begin, however, we recall the following congruences involving singular moduli:
Proposition 31 (Gross and Zagier). Let p < 12 be a prime and T be a Heegner point of

discriminant d < —4. If (}%) = —1 we have

j(r) =0 (mod2P) ifp=2
j(r) =12° (mod 3%) ifp=3
j(r) =0 (mod5®) ifp=5
j(r) =12 (mod 7%) ifp="1.

Proof. 1If p # 2, then this proposition follows from elementary manipulations of elliptic curves
and Theorem 29. The case p = 2 is more complicated. For a proof, see [14, Corollary 2.5].

We can now state and prove the following:

Theorem 32. Let K be a number field and Ok be its ring of integers. Suppose that f(z) =
T, (1 — g™ € Mmeo(To(p)) N ¢"Okllq]] has poles and zeros at the Heegner points
Ti, .., Ts € 3§, all of fized discriminant d < —4. Then the following are true:

(1) If p > 5 is a prime for which (%) € {0,—1} and

Hj(ﬁ)(j(ﬂ') —1728) 0 (mod p)

then f is good at p.
(2) If p€{2,3,5,7} and (%) = —1 then f is good at p.

Remark (1). The work of Gross and Zagier on differences of singular moduli [14] provides a
simple description of those primes p which do not satisfy the congruence condition given in
part (1) of Theorem 32.

Remark (2). In [8], Bruinier and Ono provide several additional families of good modular
forms. The proof that these forms are good requires the classical work of Deuring on singular
moduli (see [11]) as well as further results from [14], but the method of proof is essentially
the same.

Remark (3). The proof of (2) was given by Ono and Papanikolas in [25].

Proof. By the definition of good, we must produce a holomorphic modular form £ on I' with
algebraic p-integral coefficients for which £;(7;) = 0 for 1 < ¢ < s that additionally satisfies
the congruence

Er(z) =1 (mod p).
We first prove (1). For each 1 <1i < s let A; be the curve

(7.1) Ap P =2® — 1085 (1) (5 (1) — 1728)x — 4325 () (4 () — 1728)%
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This curve is defined over the number field Q(j(7;)). Let p be a prime ideal of Ogj(,)) lying
above a prime p > 5. By assumption,

J(7:)(i(7;) — 1728) 20 (mod p).
We check that the discriminant of the cubic defining A; is nonzero modulo p. Applying
Proposition 21 and the definition of good reduction, this will simultaneously show us that
A; is an elliptic curve (i.e. it is nonsingular) and that it has good reduction at p. The
discriminant of the cubic defining A; is

—4(—108;i(7:)(j(m:) — 1728))" — 27(—432j(7:) (j(7:) — 1728)*)*

(7.2) = 2M3'25(1;)?(j() — 1728)3
By assumption, j(7;)(j(7:) — 1728) # 0 (mod p), so (7.2) is nonzero modulo p; in other
words, A; is an elliptic curve that has good reduction at p.

Using Proposition 21 and (7.2) (the discriminant of the cubic defining A;), we compute
that

, 4(=1085(7:)(j(m;) — 1728))%

A;) = 1728 ‘ , — = j(7).
JA) = 128 e ) — trasp
Thus we have a CM curve A; with good reduction at p for all primes p C Ogyj(r)) above an
integer prime p > 5. The condition (g) € {0, —1} implies that p does not split in Q(v/d),
ergo, applying Theorem 29, we have that j(7;) reduces to a supersingular j-invariant in F,.

Since j(7;) is supersingular, Theorem 30 implies that there exists some @); € § such that
E, 1(Q;) =0 and j(Q;) = j(r) (mod p), which implies

(4(2) = (@Qi)) = (§(2) — (7)) (mod p).
Recalling from Lemma 10 that £, ;(2) =1 (mod p), we may take
- j(z) — j(m) )
Er(2) = (E () ——=.
& =BG =R,

For (2), we claim that we may take
E(z) = HA(Z)(J(Z) —Jj(7)) € Miay(I)

Because j(7;) is an algebraic integer, the weight 12s holomorphic modular form &; has
coeflicients in the ring of integers of some fixed number field K. It is evident that £(7;) =0
for all 1 <7 < s. In view of the fact that

_ Ey(2)  Eg(2)?
AE =50 T i) - s

the congruences in Lemma 11 and Proposition 31 yield the desired result. 0

With the machinery we have now developed, it is straightforward to prove Corollary 5:

Proof of Corollary 5. Let 71(:= 7), 7o, ...
(see Lemma 26). Define

» Theyay € $ be the Heegner points of discriminant d

hovay

faz) = [ G(z) =ii(m).

s=1
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Our assumptions on d guarantee, via part (2) of Theorem 32, that f; is good at p for all
relevant pairs of p and d. Therefore,
@fd(z)

Jfa(2)
is a weight two p-adic modular form by Theorem 3. On the other hand, applying Theorem
2, we have

O fa(2) Ey(2)?Eg(2) Z e, ord,(fq)

LG AR i -0
which, by Corollary 7, yields
h h
OFf,(z Q(Vd) 00 » 00 Q(Vd) .
ffgi)> == 2 (20" | = ~howa - Z > dnlm) | @
s=1 n=0 n=1 s=1

Recall that from (2.7) that ji(2) := j(z) — 744, and j,,(2) := mj1(2)|Tom. From (1.8) (the
definition of T ,,) we have the first of the two following equalities:

hg)jpm(n) ) %? (ipi( ( 7'5—|-b>_744>>

= a=0 b=0
744h Vd (1 _pm+1) m p*—1 ) pm—a,,_ + b
(73) = — Qo 1)_ +TI‘K/Q Z ] (+) .
p a=0 b=0 p

The second equality follows from Corollary 24 and the observation that j,,(7) is a polynomial
in j(7) with integer coefficients.

The computation in (7.3), when restricted to m = p”, gives us the p"th coefficient of
the p-adic modular form ©f,(2)/fa(z). The constant term of this p-adic modular form is
precisely —hQ( va)» SO, by Corollary 15, we have

n n p%—1
p—1 . T4dhg (1 —p") g PO+ b
o = gt (PSP e (35

a=0 b=0

as p-adic numbers. Simplifying this expression yields the corollary. O

Recall the weight zero modular forms j®(z) € M5 (I'y(p)) introduced in §2. We now
provide formulae involving j®(z) similar to those in Corollary 5:

Theorem 33. Suppose that d < —4 is a fundamental discriminant of an imaginary quadratic
field and that T is a Heegner point of discriminant d. Then the following are true

(1) Let K = Q(j®(7),4(7)). If d=2 (mod 3), then

n 3%—1
3" a7'+b
ILm (TrK/@ <Z Z] ( ))) =
el a=0 b=0
3-adically.

(2) Let K =Q(5°(7),j(7)). If d=2,3 (mod 5), then

n 5%—1
r—a b
i (e (35575 (20 ) ) <o
a=0 b=0
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5-adically.
(3) Let K = Q(j7(7),4(7)). If d=3,5,6 (mod 7), then

e (55 ()

We will see in the course of the proof of Theorem 33 that j®)(7) is an algebraic integer of
degree (p+1) - hg(ya) for p and 7 as in the statement of the theorem. Before we begin the
main body of the proof, we require the following lemma:

T-adically.

Lemma 34. Suppose p € {3,5,7,13} and 0 < n < p. Let y1,...,p+1 be a complete set of
coset representatives for To(p) in I, and further let s, ,(z) be the nth symmetric polynomial

in {5 (y; - 2) 122 p+ . Then the q-series expansion of s, ,(z) has integer coefficients, that is,

snp(2) € ¢ "Z[[q]].

Proof. As we recalled in Lemma 17, a complete set of coset representatives for I'g(p) in T is

o (ol 96 o)
COED-Cr o)E 26

( )
p pb
is a matrix for W (p).

Now fix n and p for the remainder of this proof. Let P(xy,...,xp11) € Z[z1, ..., xp41] be
the homogeneous polynomial such that s, ,(z) = P(1® (71 - 2), ..., i (p41 - 2)). From the
calculation above and the definition of W (p), we have

(74)  saplz) = P(iP(2),iP)eW k) (39) .. u’”( >|oW<>(é”;1))
= P(J“”(zm Ao (570) (60) @b (57) (671))-

Recall that j®)(2) = ("(Z > by definition, and n(—1/2) = (\/2/i)n(z) (see, for example,

n(pz)
[18, §I11.2, p. 121]). Thus

D0y () ()|
3@ (570') (n(—l/z)) ((\/Z_/i)n(z)>

) R

and we have

where

o0

= Y a(n)g" € ¢Z][q]].

n=-—1
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For ease of notation, following [31, §I1.6] we define ¢ := €?>™/? and Q := ¢'/P = ™/,

Then we have
]

dlo (3) =™ =dQ,
which implies that

n=-—1 n=-—1

(Z a(”)Q”) o(o]) = Z a(n)"Q".

Thus each of the arguments of P in (7.4) is a )-series with coefficients in Z[(]. Let o €
Gal(Q(¢)/Q), and write (7 = (" for some 1 < r(0) < p— 1. Letting ¢ act on Q-series
coefficients we note that

((Z a(n)qn> o (é;)) =Y an)¢r Q.
n=—1 n=-—1
Thus, comparing ()-series coefficients, we have

((f: a<n>qn) o} z>)a - (i a<n>q") b (4797).

n=-—1 n=-—1

Because the value of f|g ((1);)) depends only on the residue class of j modulo p for f €
M (To(p)), this calculation, along with the fact that j®(z)|o (3 3') € ¢ 'Z[[¢]], implies
that

P (5%(2), j2) W (p) (§9) .. iP) W () (57,1))
=P (("(2)7, G @)W (D) (§5))7, ., GP )W (p) (7,))7)

for all o € Gal(Q(¢)/Q). Recalling that P has coefficients in Z, this implies that s, ,(z) has

Q-series coefficients in Z. Because the action of I' just permutes the set {j®(y; - Z)}fill , it

follows that s, ,(z) € M§°(I'). Thus, in particular, if p { n, the @) series coefficient of Q" is
zero. This completes the proof of the lemma. U

Proof of Theorem 33. First note that there are precisely
[To(1) : To(p)] - hgyay = @+ 1) - hgva

Heegner points 71(:= 7), 7o, ... (r+1) of discriminant d in §, because there are hQ(\/g)

» Th
Q(vd)
Heegner points of discriminant d in §. Without loss of generality, we may assume 74, ..., Theya €

V)
$. With this in mind we form the product

(erl)'h@(\/E)

(7.5) faz) = I (GP() —iPm)

k=1

By our assumptions regarding d, it is evident that fy(z) satisfies all the hypotheses of The-
orem 32, with the possible exception of the hypothesis that

(7.6) fa(z) € ¢ P Pavd O [[g])

for some number field L. We claim that this hypothesis is also satisfied (in particular, we
will see that we can take L = Q).
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Let 71, ..., 7p+1 be a complete set of coset representatives for I'g(p) in I'g(1) as in Lemma
34 (without loss of generality we assume v; = ({{)). We have

howa) p+1
(7.7 = 11 [16“) -6
Consider
(7.8) gar(2) =[P (2) = i (i - 7)) € MF(To(1)).

i=1

Let s,,,(2) be as in Lemma 34. As noted in the proof of Lemma 34, s, ,(2) € M (Io(1)).
Hence s, ,(2) is a polynomial in j(z), that is, it can be regarded as an element of C[j(z)].
The ¢-series expansion of s, ,(2) has integral coefficients by Lemma 34, from which it follows
that

(7.9) Snp(2) € Z[j(2)].
Thus $,,,(7x) € Z[j(7%)]. Theorem 25 tells us that j(7;) is an algebraic integer. Thus, since

9a,6(2) € ¢ Ogjinen )],

we have that fy(z) has a g-expansion with algebraic integer coefficients. If we now apply
Corollary 27 we have that fy(z) has a g-series with integral coefficients, which establishes
(7.6) with L = Q as claimed. In particular, this proves that f;(z) is a good modular form.
We will return to this point in a moment.

Write gqr(2) = Gd7k(j(p)(z)) with Ggr(z) € Oggj(rylx]. We now show that Gg(z) is
irreducible over Q(j(73)). The roots of Gyx(z) are P (v - 1), ..., 1P (Yp11 - 7); they are
distinct because

jP(2):§p — C
is a bijection. Therefore, it suffices to exhibit a field automorphism of
K = Q(m), i (71 - k)5 -, i (Y1 - 7))

taking j® (v, - 1) to 7@ (v; - ) for arbitrary i that additionally fixes Q(j(%)). Choose
B € I'y(1) such that 5y, = 7;. Then one can check that the linear map ¢; : K — K defined
on a basis for K as a vector space over (Q by

</5i(j(7k)) =j(B- ) = J(Tk)

G (s 7)) == P((Brs) ) 1<s<p+1
induces a well-defined field automorphism with the desired characteristics.

Now we return to fy(z). From above, f4(z) is good, so G}ﬁg) is a p-adic modular form.

Applying Theorem 9 we have

. 1) - hey s
R - Z( S ) P P v )~ (o)

fa(2)

(f) p+1

(7100 = => Z Z] q" + (pH)_'h@(‘@ (PEs(2)[V (p) = Ea(2)).
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Recall from the discussion before the statement of Theorem 9 that 5 )( ) is a polynomial in
§®)(z) with integer coefficients for all positive m. Combining this observation with the fact
that j)(v; - 1) is a root of the irreducible polynomial Gy () € Ogyj(r) ], We have

p+l
Z]m = Tri g (Tk))]fn)(% - 71) = Tr/Qeien) jr(ff)(Tk)
(recall our convention that v, = (§9)). Because {j(7%)}, @(f) is the set of Galois conjugates
of j(7), we have
h(vay
> Trrsate 318 (1) = Trageoye (Trsogen 38 (7)) = Trigg iE (7).
k=1
On the other hand, the p™th coefficient of w(pE (2)|V(p) — Ea(2)) is equal to

(p+1) - hgrva B 24(p+1) - hyya
A () — () = ——

Note that the constant term of Qﬁff )) is (p+1)-hgva) In view of (7.10) and the calculations

above, we apply Corollary 15 to conclude that

p—1 oy, AP+ 1) hywa
1)-h = — -1 T "
(p+1) Q(Vd) 24 o ( Ti/Q Jpn (T) + p—1
1 n R pPrTT + b
= (p‘i‘l)'h(\/’)‘{'j hm (TrK/Q<ZObZO]p)( )))
p-adically. Rewriting this expression completes the proof of the theorem. 0
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