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ABSTRACT. Let E be an elliptic curve defined over Q. The aim of this paper is to make it possible
to compute Heegner L-functions and anticyclotomic A-adic regulators of E, which were studied by
Mazur-Rubin and Howard.

We generalize results of Cohen and Watkins, which enable us to compute Heegner points of
non-fundamental discriminant. We then prove a relationship between the denominator of a point
of E defined over a number field and the leading coefficient of the minimal polynomial of its x-
coordinate. Using this, we recast earlier work of Mazur, Stein, and Tate, which then allows us to
produce effective algorithms to compute p-adic heights of points of E defined over number fields.
These methods make it possible for us to give the first explicit examples of Heegner L-functions
and anticyclotomic A-adic regulators.

1. INTRODUCTION

Let E/Q be an elliptic curve defined over the rationals, p an odd rational prime of good ordinary
reduction, and K/Q an imaginary quadratic extension satisfying the Heegner hypothesis. We consider
the anticyclotomic Z,-extension K, /K. Denote by K,, C K, the intermediate extension of degree
p" over K. Following Mazur and Rubin [I1] we define the anticyclotomic universal norm module

U= I%nE(Kn) ® Zp,
where the transition maps are the trace maps. Note that ¢/ is a module over A = Z,[Gal(K . /K)].
The complex conjugation 7 € Gal(K,/Q) acts on U and on Gal(Ku/K): Tor~1 =71 for every
o € Gal(K./K). We now consider the A-module &™) where U™ is equal to U as an abelian group
but o - u = 7o (u) for all ¢ € Gal(K+/K). Then we have the cyclotomic p-adic height pairing

h:U@AUT = Teya @z, A Rz, Qp,

where 'y denotes the Galois group of the cyclotomic Zy-extension K eyl /K. Under the assumptions
that the elliptic curve E//Q has ordinary non-anomalous reduction at p and that p does not divide the
product of the Tamagawa numbers, we have that the p-adic height pairing takes values in I'cye1 ®7, A.
By work of Cornut [4] and Vatsal [I7] we know that ¢ is free of rank one over A. This implies that the
image of the cyclotomic p-adic height pairing is generated by an element R € I'cyel ®z, A, the A-adic
requlator of E. Our main motivation for this paper was to compute examples of the A-adic regulator
of E. In order to do this we use Heegner points under conditions which ensure that Heegner points
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give rise to the full module of universal norms, then compute modulo powers of p the coefficients of
the Heegner L-function, which in this case is equal to the A-adic regulator of E (see Section .

To explicitly compute coefficients of Heegner L-functions, one needs to compute p-adic heights of
Heegner points of non-fundamental discriminant defined over ring class fields. We begin by giving a
rigorous construction of these Heegner points (see Section , generalizing various results of Watkins
[18] and Cohen [3| §8.6]. This allows us to give algorithms that construct Heegner points in E(K,,), as
well as the full set of conjugates under the action of the Galois group Gal(K,,/K); see Section Then,
since these Heegner points are defined over number fields, we discuss how to adapt the techniques
of Mazur, Stein, and Tate [12] to this situation. In particular, [12] gives an algorithm to compute
the cyclotomic p-adic height of a rational point P € E(Q) on an elliptic curve E defined over Q, in
terms of two functions: (1) the p-adic sigma function associated to £ and (2) the denominator of
P. They also give similar formulas to handle the case when E and the point P are defined over a
number field.

We discuss effective methods to compute p-adic heights, following [12], when F is defined over Q
but the point P is defined over a number field F. In particular, since our elliptic curve is defined
over Q, no generalization of their p-adic sigma function algorithm is needed. However, obtaining a
fast generalization of the denominator algorithm is more subtle, especially when the class number of
F is not one; see Sections [p] and [6] The naive generalization of the denominator algorithm involves
the factorization of several ideals in the ring of integers Op which becomes infeasible as the degree
of the number field grows. In Section [7| we present an alternative approach which merely involves
knowing the minimal polynomial of the z-coordinate of P. Then in Section [§] we build on these
improvements and discuss the computation of p-adic height pairings of Galois conjugates of Heegner
points. With these algorithms in hand, in Section [9] we provide the first explicit examples of Heegner
L-functions and hence A-adic regulators.

Remark 1.1. We do not give explicit bounds on the necessary precision of our numerical computa-
tions, so we do not obtain “provably correct” computational results. Instead, we apply consistency
checks on the results, which suggest that they are very likely correct. “Highly likely” results are
sufficient for our main goal, which is to numerically investigate a question of Mazur and Rubin about
A-adic regulators to clarify what should be conjectured and proved via theoretical methods.

2. HEEGNER POINTS AND BINARY QUADRATIC FORMS

In this section, we generalize various aspects of Watkins [I8], and Cohen [3, §8.6] to nonfunda-
mental discriminant. Because these basic facts are crucial to the rest of this paper, we give precise
statements with well-defined notation and proofs, instead of leaving the details to the reader.

Let 7 be a quadratic irrational in the complex upper half plane H. Let

fr = (A, B,C) +— A2?* + Bxy + Cy?
be the associated integral primitive positive definitive binary quadratic form, so that Ar2+B7+C = 0

with A > 0 and ged(A, B,C) = 1. The discriminant A(7) is A(f;) = B2 — 4AC, which is negative.
We do not assume that A(7) is a fundamental discriminant.

2.1. Heegner points. A Heegner point of level N and discriminant D is a quadratic irrational in
the upper half plane such that A(7) = D = A(NT). Let HY be the set of Heegner points of level
N and discriminant D. We will assume the Heegner Hypothesis: the primes dividing N split in

Q(vD)/Q.

Proposition 2.1. Let 7 € H be a quadratic irrational with fr = (A, B,C) of discriminant D. Then
7 € HE if and only if N | A and gcd(A/N,B,CN) = 1.
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Proof. First note that 7 = 73%57 so Nt = %ﬁ.
( = ) Suppose 7 € HR, so A(r) = A(N7). Writing fy, = (A, B’,C’), we have N7 =
732’2\/5 = =NBEN VD oquating real and imaginary parts yields A = NA’ and B = B/, so

C=E2-D (B/)Z_,D = C'/N. Then ged(A’, B’,C’") = 1, which holds by definition, is equiva-
IA INA

lent to gcd(A/N,B,CN) = 1.
(<) Let A =A/N, B =B and ¢’ = NC. Under our hypothesis, A", B’,C" € Z, A’ is positive,
ged(A', B',C") = 1, and we have (A/N)(N71)2+ B(N7)+ (CN) = 0, hence fy, = (4’, B',C"). Thus
A(NT) = (B")? —4A’C' = B> — 4(A/N)(NC) = A(1), so T € HE. O
Proposition 2.2. The set HY is non-empty if and only if D is a square modulo 4N .
Proof. Assuming that Hﬁ is non-empty we let f; = (A, B,C) correspond to some 7 € ’HJE\’[. By
Proposition we have N | A, so D = B? —4N(A/N)C is a square modulo 4N .

If D is a square modulo 4N, we have that D = B? — 4NC for some B,C € Z. Consider the
binary quadratic form (N, B, C). Observe that since ged(D, N) = 1 we have that gcd(N, B,C) =
ged(1, ByCN) = 1. Then by Proposition we know that the quadratic irrational of the upper half

plane 7 that corresponds to (N, B, C) is an element of HY. Hence HL is non-empty.
O

Lemma 2.3. Let v € Ms(Z) be a matriz of nonzero determinant and f. = (A,B,C) for some
TeEH. If m= (3’32 BéQ) is the matriz that corresponds to the quadratic form f., then v'mry is a

positive integer multiple n of the matriz that corresponds to fy-1(ry, where ~t denotes the transpose
of v. Moreover, n can only be divisible by primes that divide det(y).

Proof. Let v = (711(7—)> Then yv = <z) with z/y = y(y" (7)) =7 € H (so T # o). Then

tme = (o)) = o (1) = m (7) =0

Consequently, we have that f,-1(;) = (A’/n, B'/n,C"/n) where

(2.1) (BI?/IQ B(;/,2> = 7t <B§2 B(é?) gl

and n = ged(A’, B',C") since both f; and f,-1(;) are positive definite binary quadratic forms. In
particular, n is a positive integer.
Suppose a prime ¢ divides n = ged(A’, B',C"). If £ is odd, then viewing (2.1]) modulo ¢ we find

0=7'm7y (mod /),

where 7 (resp. ™) equals v (resp. m) modulo ¢. Then, since ged(A4, B,C) = 1 implies that m # 0,
we deduce that ¢ | det(y).
If £ = 2 t det(y), then since 2 divides B’ we have that

det ( Bfl//z BC//?) — det(7)2(AC — B2/4) € Z

and hence (AC — B?/4) € Z,, which then implies that 2 divides B. Consequently, the matrices in
[2.1) lie in My(Z). By the argument used for odd primes, we see that 22 cannot divide B’. Hence
viewing (2.1) modulo 2 we have

(? (1)> =7 < 3132 BC/Z) 7 (mod 2),
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(5 72)=r (1 770 3)

which is false, since ged(A, B,C) = 1. This completes the proof of the lemma.

which implies that

Lemma 2.4. The set HY is closed under the action of To(N).

Proof. Suppose v~! € To(N) and 7 € HE with f, = (A, B,C). Let 7 = v~ (7). Writing f» =
(A',B’,C"), Lemma 2.3 (using that det(y) = 1) implies that

A" B2\ _ ([ A B2
B ¢ )7 \B2 c)"
so A(7") = A(7) = D (since A < 0), again because det(y) = 1. Observe that since y~! € T'o(INV) we
have that
Nr' = Ny~'(r) =75 (N7)

for some vy € SLo(Z). Hence the same argument applied to N7 implies that A(N7') = A(N71) = D,
so 7' € HR. O

The above lemma allows us to consider the set I'g(N)\HY, which we analyze further in Section

23

2.2. Classes of ideals and binary quadratic forms. Let K be an imaginary quadratic field and
¢ a positive integer. Let O. = Z 4 cOg be the order of conductor ¢ in Ok, the ring of integers of K.
The discriminant of O, is D = c¢?Dy where Dy is the discriminant of Og. We identify fractional
ideal classes in O, with equivalence classes of primitive positive definite binary quadratic forms of
discriminant D via the following inverse bijections (see [2, Theorem 5.2.8]):

{classes of prim. pos. def. bin. quadratic forms of disc. D} +— {fractional ideal classes in O.}

‘I’FI(AaBaC) = AZ + ﬂz7
and
N _
Uip(a) = (xj(}(a)ym)v

where A/ denotes the norm map of K/Q, a = Zw; + Zws, and {wy,ws} are ordered so that

wga(wl) — wla(wg)

VD

>0,
with o denoting the generator of Gal(K/Q).

2.3. Action of Atkin-Lehner involutions and the class group. For each positive integer ¢ | N
with ged(q, N/q) = 1, define an Atkin-Lehner matrix as follows: fix any choice u,v € Z such that
wg = (N 4) has determinant q. Then w, induces a well-defined involution W(r) = %ﬁ; of

To(N)\H. The involutions W, commute and act via a group W isomorphic to F¥, where v is the
number of prime divisors of N.

Lemma 2.5. The set I'o(N)\HEY is closed under the action of Wj,.
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Proof. Let 7 € HY and f, = (4, B,C). As in Lemmavve have

( A BJ2 Aq*u® + BNqu + CN? (2Aquv + Bg*u+ BNv +2CNq)/2
w Wy =
7\B/2 C a * Av? + Bqu + C¢? ’

where this matrix is a multiple of the matrix that corresponds to fw(;l(T). Since ¢ | N | A, we see
that ¢ divides each entry of the right hand matrix above (or 2 times the upper right entry). Since wé
and w, both have determinant g, it follows that A(w, (7)) | A(). Applying Lemma we have
A(wy (1)) = A(wg(7)), since Wy is an involution of To(N)\H and To(N) preserves A. Applying
the above argument with 7 replaced by w,(7) implies that A(7) | A(wg(7)). Thus A(w,e (7)) = A(7).

It remains to show that A(Nwg(7)) = A(wg(T)).

Observe that Nw; ' (r) = o, ' (N7) where o4 = (ulq 1\(71@)_ As above, we have that

. (A/N B/2 _ ((A/N)¢®>u* + Bqu+ CN  (2Aquv + Bg*u+ BNv +2CNgq)/2
%\ B2 CN)%1™ % ANv? + BgNv + CN¢?

is a multiple of the matrix that corresponds to waq—l(T). Since det(o,) = ¢ and ¢ divides all the
entries of the above matrix (or 2 times the upper right entry), it follows that A(Nw, (7)) | A(NT)

which just as above implies that A(NT) | A(Nw,(7)). Observing that Nw, (1) = (¢ to,)(NT), we
deduce that

(go=1)! A/N B/2 (go=1) = (A/N)¢*> — Bg+CN (—2Aqv + Bg*u + BNv — 2CNugq)/2
q B/2 CN q * ANv? — BugNv + CNu?¢?

is a multiple of the matrix that corresponds to fnuw,(r)- Since det(qo, 1) = ¢ and ¢ divides each
entry of the above matrix we have that A(Nwgy(7)) | A(NT). It then follows that

A(Nwg(1)) = ANT) = A(T) = A(wy(7)).
This proves that w,(7) € HE. O
Remark 2.6. Observe that in the above proof we have shown that the matrix of qu—l(T) equals
_ A B/2
q lwé (B/Q C/' >wq.
By the above lemma we have that W acts on Io(N)\HY. We will now define the action of the

ideal class group Cl(O.) on To(N)\HR. Let 7 € HR, f. = (A4,B,C), and a € Cl(O.). Then we
define a - 7 € T'o(N)\HE as follows:

(1) First, consider the following class of primitive positive definite binary quadratic forms of

discriminant D:
Urp(Wpr(fr)a™t).

(2) Since we are assuming the Heegner Hypothesis, we have that gcd(V, D) = 1 and consequently
the class Wrp(Ups(fr)a~t) contains an element (A’, B, C’) such that ged(C’, N) = 1 and
B’ = B (mod 2N). It follows that A’C’ = AC' (mod N) which implies that N|A’. Moreover,
if (A", B",C") € U;p(VYrr(f;)a~!) satisfies the conditions ged(C”,N) = 1 and B” = B
(mod 2N) then

A" B"/2 A B2
(5 Z0) = (s ) o some s e

(3) Set fo.r = (A',B",C") € ¥ (Vr(fr)a™t). By the above we know that a - 7 is a uniquely
determined element of T'o(N)\H%.
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We will now verify that the above choices define a group action of C1(O.) on I'o(N)\HY. Let
a,b € Cl(O,). Observe that since ¥p; and U are inverses of one another we have the following

faor) € Virp(Upr(for)a™t) =Up (‘PFI (\PIF(\PFI(fT)bil))a71> =
- xp,F((q/FI(fT)bfl)afl) = Uy (Tps(fr)b e t) =
= U p(Upr(fr)(ab)) ™).
Then by above it follows that a- (b-7) = (ab) - 7 € To(N)\HE.
Lemma 2.7. The actions of W and C1(O,) on To(N)\HK commute.
Proof. Let 7 € HY, f. = (A, B,C), and q a positive integer such that ¢|N and ged(g, N/q) = 1. As

uq v

in Lemma we fix u,v € Z such that ug — vN/q = 1 and set w, = ( N q). In addition, we now

consider the matrix mg := (_J\l,/q ;;) € SLy(Z). Observe that

i )= (34 25

Using Remark we deduce that qu—l(_r) is equivalent to (A/q, B,Cq).

Let us now set Ip, = qZ + %Z. Notice that Ip, is an ideal of O.. Moreover, since
D = B? — 4AC and ged(B, q) = 1 we have

(22)  Upr(furr )T = (A/qz n ‘B;@z> <qz ‘ —B;@)

—B D —-B D

—B+\/5>Z
2

—B+\/EZ

7Z+ B
+ 2

_B+VD _B+VD
:Az+q%ﬁz g ;\F

fB+\/T7Z

+A/

= AZ +

= \IJFI(fT)-

Now let a € Cl(O.). We want to show that a- W, (7) = Wy(a - 7) which, by our definition of the
action of C1(O.) on I'o(N)\HZ, is equivalent to showing that

VUpr(fw,(an) = Yri(fw,)a ",
where fy, () denotes the equivalence class of f,, () and hence contains fw(;l(T) .
Using (2.2]) and the commutativity of C1(O,.) we get

Vpr(fwym)a ' = ‘I’FI(fT)IE,quFl = (\I’FI(fT)ail)IE}q = \I’FI(fa‘T)IE}q = Vrr(fw,(ar)-
This completes the proof of the lemma. O

Consider the group G = W x Cl(O,). The above lemma implies that we have a well-defined action
of G on To(N)\HE. We will now define the action of G on another set.

Let S(D, N) be the set of square roots modulo 2N of D mod 4N, i.e.,
S(D,N)={b€Z/2NZ : b¥*=D (mod 4N)}.
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Lemma 2.8. Let b € S(D, N). For every positive integer q|N such that gcd(q, N/q) = 1 there exists
by € S(D,N) such that
by =0 (mod2N/q) and by=-b (mod 2q).

Proof. Since ged(2¢q,2N/q) = 2 and b = —b (mod 2) we know that there exists b, € Z/2NZ satisfying
the above two conditions and it follows that

b2 =b> (mod 4N/q) and b2 =0* (mod 4q).

q q

Hence b, € S(D, N). O

Then for every integer ¢ > 1 such that ¢|N and ged(g, N/¢) = 1 the involution W, acts on S(D, N)
as follows:

Wy -b=1b,.
This defines the action of the group W on S(D, N).
We now define the action of W on the set S(D, N) x Cl(O,). Let ¢q be a positive integer dividing
N such that ged(q, N) =1 and (b, J) € S(D,N) x Cl(O,). Then we set

Wy - (b,) = (bg: JI; o),
where I, ; = qZ + %Z € Cl(O.), as in Lemma In order to verify that this is a group action
we show that W, - (W, - (b, J)) = (b, J). Since
Wq ’ (Wq ’ (b, J)) - Wq(bqa JIz:ql) - (b7 JIIquIz:ITq)a

it suffices to show that (¢Z + %Z)(qZ + WZ) is a principal ideal of O..

By Lemmawe have that b, = —b (mod 2¢) and hence ¢Z+ MZ = qZ+ %Z. Observe
that

<qZ + _b—;\/ﬁZ> (qZ + IH_Q\/EZ> = ged <q2,qb, v ; D) Z + q_b—;\/ﬁZ.

Since (D, N) = 1, q|N and b*> = D (mod 4N), it follows that 4q | (b> — D) and (b,q) = 1. Conse-
quently, ged(q?, qb, (b*> — D)/4) = q. Finally, since b and D have the same parity, it follows that

<q2+b+2*/]3z> <qz+ b+ﬁz> —q <Z+D+2@Z> — 4O..

2

We finally define the action of C1(O,) on the set S(D, N) x Cl(O,) as follows. Let I € C1(O,) and
(b,J) € S(D,N) x Cl(O,). We set
I-(bJ) = (b JI).
Since Cl(O.) is commutative, the actions of W and Cl(O.) on S(D, N) x Cl(O.) commute. Hence
the group G = W x Cl(O,) acts on S(D, N) x Cl(O,).

Lemma 2.9. The action of G on S(D,N) x Cl(O..) is simply transitive.

Proof. Since (D, N) = 1, the only element of W that acts trivially on an element b of S(D, N) is the
identity. It is then clear that G acts simply on S(D, N) x Cl(O,).

Observe that our assumption that all primes dividing N split in Q(v/D)/Q implies that for every
odd prime divisor p of N the equation b> = D (mod p™») has two solutions; here n, = ord,(N).
Finally, since D is a discriminant, b> = D (mod 2"2%2) has a solution. Moreover,

i) if N is odd then b?> = D (mod 4) has a unique solution b € Z/2Z; and
ii) if N is even then b?> = D (mod 2"272) has exactly two solutions b € Z /272117,
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This proves that the order of G equals the cardinality of the set S(D, N) x Cl(O.). Then since the
stabilizer of b € S(D, N) is trivial it follows that the action of G on S(D,N) x Cl(O,) is simply
transitive. O

Define a map ® : To(N)\HE — S(D, N) x C1(O.) by
[7] € Do(N)\HR — (B (mod 2N), U p/(f,)).
where f. = (A, B,C). Observe that ® is well-defined since

i) fr is a primitive positive definite quadratic form of discriminant D; and
ii) B2 —4AC = D and N|A implies that B € S(D, N).

Theorem 2.10. The map ® : To(N)\HL — S(D, N) x Cl(O,) is an isomorphism of G-sets.

Proof. We start by showing that ® is injective. Let 7,7’ € HY and assume that ®(7) = &(7’). It
follows that Upr(f;) = Ypr(fr) which, by Theorem 5.2.8 of [2], implies that f, = (A, B,C) and
fr = (A4, B’,C") lie in the same equivalence class under the action of SL(2,Z) and hence

B’ =2Aab+ B(ad + be) + 2Ccd,  where (‘i Z) € SL(2,7).

Observe that since ad — bc = 1 we have that
2Aab + B(ad + bc) + 2Ccd = 2Aab + B + 2Bbc + 2Ccd.
The assumption that ®(7) = ®(7') also implies that B = B’ (mod 2N) and consequently
Aab+ Bbc+ Ced=0 (mod N).
Since 7,7’ € HEY, by Proposition we know that N|A and N|A’ = (Aa® + Bac + Cc?). Hence
c(Bb+Cd)=0 (mod N) and ¢(Ba+Cc)=0 (mod N).

If N 1 c then there exists p a prime divisor of N dividing both Bb+ Cd and Ba + Cec. This implies
that p divides C' = a(Bb+ Cd) — b(Ba+ Cc), which in turn implies that p divides Ba and Bb. Since
(a,b) = 1, it follows that p divides B which in turns contradicts the assumption that (N, D) = 1.

Consequently
a b
(& 1) ero.
which proves that ® is injective.

We will now show that ® is a G-map. Let 7 € To(N)\HE, a € C1(O.), and W, € W. Let us
start by verifying that ® is a W-map. By Lemmawe know that fy, (r)) = qu—l(_r) = (A", B, C")
where
B(N/q)v — Bqu = —B (mod 2q)

Bqu— B(N/q)v = B (mod 2N/q)
since qu — N/qu = 1. This together with (2.2)) imply that
O(Wy(1)) = (B" (mod 2N), Vp;(fw, ) = (B, Yrr(f-) L) = Wy - ®(7).

In order to see that ® is a C1(O,.)-map recall that we have defined a-7 such that f,., = (4’,B’,C") €

U r(Upr(fr)a™t) and B’ = B (mod 2N). It follows that
®(a-7)= (B (mod 2N),Vr;(f)a ) =a-(B (mod 2N),¥r;(f.)).

It then follows that ® is a G-map.
Finally since by Lemma 2.9 we know that G acts transitively on the codomain of @, it follows
that ® is surjective, and this concludes the proof. O

B’ = 2Auv + Bqu + B(N/q)v + 2CN = {
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Corollary 2.11. The G-action on To(N)\HE is simply transitive.
Proof. This follows immediately by Theorem [2.10] and Lemma |2.9 g

3. HEEGNER POINTS AND UNIVERSAL NORMS

Let us now consider an elliptic curve F/Q, an imaginary quadratic field K, and an odd prime p
such that
i) the discriminant of K, Dy < —5,
ii) every prime dividing the conductor N of E/Q splits in K/Q,
iii) p satisfies the relevant condition of and does not divide NDghg H£| N Ce, where hg
denotes the class number of K and ¢, the Tamagawa number of E at the prime ¢.

We will now consider a Heegner point z,» of level N and discriminant p>*Dy. By Gross [T, §1.4]
we know that z,» € Xo(N)(K[p"]), where K[p"] is the ring class field of K of conductor p™, and the
Galois group Gal(K[p"]/K) ~ Cl(Opn) acts on x,» as follows:

(3.1) -z =™ for all a € CUOm).
Using a fixed choice of minimal modular parametrization = : Xo(N) — E, we define
Yy = () € B(K[p")).
We will refer to y,, as a Heegner point of conductor p™.
The anticyclotomic Z,-extension K., of K lies inside K[p™] := U,K[p"]. Denote by K, the

subfield of K, such that Gal(K,/K) ~ Z/p"Z. We know that under our assumption that p { hx
we have that K,, C K[p"T1]. More precisely,

a) KO = K,

b) foralln > 1 K,, C K[p"*!] and K,, £ K[p"],

c) Gal(K[p"tl]/K,) ~ Gal(K[p]/K) and its order equals (p - (DK)) hr, where (—%K) denotes
the Legendre symbol.

Then the Heegner points defined over the anticylotomic Z,-extension are
20 = trK[l]/K(ypo) and z, = g pn+1)/ K, (ypn+1) for all n > 1.
We will now list some properties of Heegner points:

e By the work of Gross-Zagier [0], we know that zy is not torsion if and only if the analytic
rank of F/K, i.e., the order of vanishing of the L-function L(E/K, s) of E/K equals 1.

e The complex conjugation 7 € Gal(K,/Q) acts on the Heegner points z, and by [8, Proposi-
tion 5.3], we know that 27 + €0 (zy,) € E(Q)tors for some o € Gal(K,, /K) where € is the sign
of the functional equation of E/Q.

e By [6], §3.1,83.3] (see also [10, Lemma 4.2]), the Heegner point z,, lies, up to translation by a
rational torsion point of F, in the connected component of E(K,, ) at all primes w,, of K,
that divide the conductor N (here K,, denotes the completion of K, at wy,).

e The points z, are related to one another as n varies. In [I3 §3.3, Lemma 2], Perrin-Riou
proves that

trK[pn+2]/K[pn+l](J:pn+2) = ApTpn+1 — Tpn for n >0,
B [p)/ K [p0) (1) = Bpypo,
where a, =p+1— #E(F,) and

b — ap if p is inert,
P la, — o — 0o for 0,0" € Gal(K[1]/K) if p splits.
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Since Gal(K[p"*!]/K,) ~ Gal(K|p]/K) for every n > 0, it follows that
(3.2) tTK, o/ K (Bnt2) = ApZny1 — 2 for n > 1;
apz1 — GpZo if p is inert,
3.3 t =<7 b
(3:3) i/ 161 (22) {apzl — (ap —2)zo if p splits;
((ap — 1)(ap +1) —p)zo if p is inert,
((ap — 1) —p) 20 if p splits.

We can now see that for every n > 0, we have that trKn“/Kn(an) = Upz, for some unit in
Up, € Zp[Gal(K s /K)| under the following conditions:

(3.4) tr, x(21) = {

(3.5) {p does not divide (ap — 1)ap(a, +1)  if p is inert,

p does not divide (ap — 1)a, if p splits.
More precisely, if the above conditions hold, then we have

e (ap —1)(ap+1) —p if pis inert,
(ap—1)%—p if p splits;

ap — apuo_l trr, /K if p is inert,
-
! ap — (ap — 2)u51 trg, k. if p splits;
Up, = Qp — u;il trg, /K,_, forn >2.

Throughout the paper we assume that the conditions (3.5) hold and hence E has good ordinary
non-anomalous reduction at p. Following Mazur and Rubin [II] we consider the anticyclotomic
universal norm module

U=1limE(K,)® Zy,
—

where the transition maps are the trace maps. Then the cyclotomic p-adic height pairing
h:URNUT = Teya @z, A @z, Qp
is 7-Hermitian, i.e.
hu®v) =h(u®v)” = h(Tu @ TV),
for all universal norms u, v € U. Observe that since p is a prime of ordinary non-anomalous reduction
which does not divide the product of the Tamagawa numbers, the cyclotomic p-adic height pairing
takes values in I'cye1 ®z, A. We know that U is free of rank one over A = Z,[Gal(K/K)]. This
implies that the image of the cyclotomic p-adic height pairing is generated by the A-adic regulatorﬂ
R € Teyal Rz, A. We would like to compute R, and to do so we use Heegner points.
Our assumption of the conditions implies that Heegner points give rise to the Heegner
submodule H C Y. In particular, the points

n—1 -1
co=2z2 and ¢, = Hul zn forn>1
i=0

are trace compatible and correspond to an element ¢ € U{. Mazur and Rubin define the Heegner
L-function

L:=hc®c") € Teye @z, A
One can easily see that £ = R char(U/H)%.

INote that this definition of the A-adic regulator differs slightly from that of Howard [9].
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We would like to compute the A-adic regulator R of F in cases when it is non-trivial. In order to
do this, we put ourselves in a situation where char(U//H) is trivial and £ is non-trivial by assuming
that

e the analytic rank of E/K equals 1,
e the Heegner point 2y is not divisible by p,
e p divides the p-adic height of zj.

The first two conditions imply that char(U//H) is trivial and the third ensures that £ is not a unit.
We now identify A with Z,[[T]] by sending a topological generator of Gal(Ko/K) to T+ 1. Then
since

L= 1<£n Z (Cn,0Cn) g, O,
" oeGal(K,/K)

where (, ), denotes the cyclotomic p-adic height pairing over the field K, we see that the coeffi-
cients of the Heegner L-function, under the above identification, are by = (co, co),, and

by = Z (Z) (¢n,0'cy),. (mod p™) for k> 1.

k<i<pm

We will now proceed to describe algorithms to compute Heegner points and p-adic heights which
will then in turn allow us to compute the above p-adic height pairings and hence the coefficients of
Heegner L-functions.

4. ALGORITHM FOR THE HEEGNER POINT CONSTRUCTION

In this section we will give the algorithm that we use to construct the Heegner points z, =
trgpnt1)/ K, (Ypnt1) whose p-adic heights we wish to compute. Note that the assumption that our
prime p does not divide hg is used in the following algorithm.

For convenience, we point out the relevant tower of fields:

K[p>]
2
BN
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Observe that if we fix by € S(p>"+t1) Dy, N) then Theorem implies that there exists a Heegner
point z,n+1 of level N and discriminant p? 1) D such that P(xpnt1) = (bo, Opn+1). Our aim is to
compute

Zn = Wgpn+l)/K, (ypn+1) = Z W(U(xpn-H ))-
oceGal(K[p"t1]/K,)

Since the order of Gal(K[p"*!]/K,) equals <p— (Dp’()> hyx and Gal(K[p"*!]/K,) is the maxi-
mal subgroup of Gal(K[p"*!]/K) of order prime to p (this is where we use the assumption that

ged(hg,p) = 1) and Gal(K[p"t!]/K) ~ Cl(Opn+1), using (3.1)) we have that
Zn = Z (@ Tpns1)

uECl(OFHJA ), pford(a)

and the sum has (p — (DK)) hy terms. By Theorem [2.10| we know that

P(a-apni1) =a- D(zpni1) = (b, a ).

Hence we have that

Zn = > (U (bo, a)).

a€CI(O,n11), plord(a)

We know that the Heegner point 7 € Xo(N) of level N and discriminant p?(™*) Dy corresponds
to a class (under the action of T'o(V)) of binary quadratic forms f, = Az? + Bxy + Cy? such that
(i) A,B,C €Z,A>0, N|A,
(ii) ged(A4, B,C) = gcd(A/N,B,CN) =1,
(iii) B? —4AC = p**t D Dy,
Since 7 = U1(bg,a) € Xo(N) we have the following additional conditions:
(iv) B =bg (mod 2N),
(v) Yrr(a) = fr.
Finally since ¥ is a group isomorphism [2] Theorem 5.2.4 and Theorem 5.2.8] the set

{T (b, a)|a € CY(Opn+1), pford(a)}
corresponds to the set of 7 € Xy(N) such that f. satisfies conditions (i)-(iv) listed above and

pford(fr).
Algorithm 4.1 (Computing Heegner points z, € E(K,)).
(1) Fix by € S(p*" Y Dy, N).

(2) Create a set Qp, of (p — (DPK>> hx binary quadratic forms (A, B, C) that satisfy conditions

(1)-(iv) listed above, p does not divide the order of the equivalence class (under the action
of SLy(Z)) of binary quadratic forms [(4, B,C)], and any two binary quadratic forms in
Qp, give rise to distinct equivalence classes. Let 7 € Xo(IN) be the Heegner point that
corresponds to the form f = Ax? + Bay + Cy?.

(3) Compute 2, = >, m(7y) € E(C) for f € Q,, with sufficient numerical precision to satisfy
the natural consistency checks of the following step.

(4) Using lattice basis reduction (LLL), as explained in [I4, §2.5] and implemented as the
algebraic_dependency command in [I5] (which relies on the algdep command in [I6]), al-
gebraically reconstruct the z-coordinate of z,, € E(C) and one of two possible y-coordinates.
Make sure that z, is defined over a Galois dihedral extension of degree 2p™ that is ramified
exactly at p and the primes dividing the discriminant of K.
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We will also need to know the set of conjugates of the Heegner point z,, € E(K,):
{0z, € E(C) | 0 € Gal(K,,/K)}.

Since Gal(K [p"*!]/K) ~ Cl(Opn+1) is of order (p - (DK)) hxp™ and hk is prime to p, an element

ag € Cl(Opn+1) of order p™ corresponds to a generator of Gal(kK,,/K). Hence

{02, € E(C) |0 € Gal(K,,/K)} = Z mlay - |0<i<p"—1p,
FEQy,

where by is a fixed element of S(p>" Y D, N) and Qy, is defined as in Step [2| of Algorithm
Observe that if 7 = U~1(bg,a) for some a € Cl(Opn+1) then af - 7 = ¥~ (by, aay ') and

Urp(aagt) = Urp(a)Wrr(ag) ™t = frWrr(ag) "

Hence we have that

{02, € E(C) |0 € Gal(K,/K)} =4 Y w(rp)[0<i<p’—1p,
VESHA1OTN
where
i) fo is a primitive positive definite binary quadratic form of discriminant p?(**Y Dy such that
ord[fo] = p",

i) fiQp, is a set of (p - (DPK)> hk binary quadratic forms (A, B, C) which satisfy conditions

(i)-(iv) listed above and [(A, B, C)] = [f¢f] for f € Qu,-
Algorithm 4.2 (Computing the conjugates of the Heegner point z,, € E(K,,) as elements of E(C)).

(1) Fix by € S(p*™*tV Dy, N) and create a list of equivalence classes of binary quadratic forms
@b, as in Step [ of Algorithm

(2) Find fy a primitive positive definite binary quadratic form of discriminant p2(**) Dy such
that ord[fo] = p™.

(3) For each i € {0,...,p — 1} compute the set fiQp,-

(4) Compute ZfeféQbo m(ry) € E(C) for i € {0,...,p" — 1} and record this p™-tuple of points
of E(C).

5. COMPUTATION OF p-ADIC HEIGHTS: THE CLASS NUMBER 1 CASE

In this section, we begin by using [I2] to produce an algorithm to compute p-adic heights in the
most basic set up: the case when the relevant number field has class number 1. We then use this
algorithm as well as to compute p-adic heights of Heegner points z; € E(K7) in examples when
the fields K7 have class number 1.

5.1. An algorithm for computing p-adic heights. Let F' be a number field and consider a
non-torsion point P € E(F'). When the point P is defined over the fraction field of a principal ideal
domain O, then P can be written in the form (%, d—bs), where a,b,d € O and ged(a,d) = ged(b, d) = 1.
In particular, for any place v of F we have that

_(0lP) b(P)
)= (o ) € EUE)

where F,, denotes the completion of F' at a place v, res, : E(F) — E(F,) is the natural localization
map, av(‘P)vbv(P)’dv(P) € Of, and ng(av(P)vdv(P)) = ng(bv(P)vdv(P)) =1L
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If the point P € E(F') reduces
e to the identity in E(k) for all primes p | p, where k,, is the residue field of F' at p, and
e to a non-singular point at all primes of bad reduction,

then we have the following formula (see Mazur-Stein-Tate [12]) for computing the cyclotomic p-adic
height of P:

1
(5.1) hp.p(P) = o > 108,(NE, /0,(0(P))) = Y ord,(dy(P)) - log,, (#k.) | ,
plp vip
where o, is the p-adic sigma function at the prime p and k, is the residue field of F' at v. Note that
this assumes that we are working with a minimal model of E/F.
Suppose now that F' has class number 1. Then since O is a principal ideal domain, there is a
global choice of denominator d(P) and the above formula simplifies to the following:

(5.2) hy (P = 1 08, | T[N, o, (op(P)>
p d(P)
plp

Note that our point P does not necessarily satisfy the two conditions listed above; in order to
use the above formulas we compute the height of mP, where m € Z is such that mP does reduce
appropriately. Then we use that the height pairing is a quadratic form to recover the height of P.

We now need to compute the denominator d(mP) of mP. We start by computing the denominator
d(P) of P. If « is an algebraic number an integer denominator of « is some positive integer d such
that da is an algebraic integer. Naturally d is not unique, since any positive multiple of d is also an
integer denominator of a. The notion of integer denominator is computationally useful and easy to
compute, since we represent algebraic numbers in terms of a power basis.

Algorithm 5.1 (Denominator d(P) of P € E(F) with F of class number 1).

(1) Input P = (x,y), where P € E(F).

(2) Read off an integer denominator d := d(z) of x, and consider the ideal (z) = %, where
(d-x) and (d) denote Op-ideals.

(3) Simplify (x) = ('(i;)”) by canceling common prime ideals in the numerator and denominator
ideals.

(4) What is left in the factored denominator ideal is a perfect square of prime ideals in O, and
the square root of this ideal is generated by the desired denominator d(P).

One could repeat the above process for mP € E(F), but this may be infeasible due to the
numerical explosion in the coordinates of mP. Instead, we make use of m-division polynomials to
write d(mP) in terms of d(P). Using Proposition 1 of [19], we easily deduce the following:

Proposition 5.2. Let F' be a number field of class number one, f,, the m-th division polynomial
of an elliptic curve E/F, and P € E(F) a non-torsion point that reduces to a non-singular point in
E(k,) for every bad reduction prime v. Then the denominators d(P),d(mP) € O are related as

follows:

A(mP) = fr(PYA(P)™
Proof. By Proposition 1 of [I9] we know that
d(mP) = ufm(P)d(P)™

where u € F' is a unit in the completion of F' at every finite prime. Since F' has class number 1 it
follows that w is a unit in Op. Then as d(mP) is only defined up to units the result follows. O
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Algorithm 5.3 (Height h, p(P) of a non-torsion point P € E(F') with F of class number 1).

(1) Find the smallest positive integer m, such that m,P € E(F) reduces to a non-singular point
in E(k,) for every bad reduction prime v.

(2) Find a positive integer m such that mm,P reduces to the identity O € E(k,) for all p | p.

(3) Compute m,P and mm,P.

(4) Compute d(m,P) as in Algorithm

(5) Compute o,(t), the p-adic sigma function, for each p | p as in [12].

(6) Let timm, = z(mmol) - Fyaluate 0o (tmm,) € Fy, for each o | p. Then combining and

B y(mm,P)
Proposition we compute

1 tmmo
(5.3) hop(P) = g 108 | A ( fm(mip;)d(mjp)m2>

elp

Remark 5.4. Observe that m, divides the product of the Tamagawa numbers and m can be taken
to be the least common multiple of #E(k,,) for p | p. However in practice, one wants m to be as
small as possible, in order to reduce numerical explosion in the coordinates. In the case when P = z,,
by §3.1 and §3.3 of [6] (see also Lemma 4.2 of [10]), the Heegner point z,, lies, up to translation by a
rational torsion point of E, in the connected component of F at every bad reduction prime v. Hence
in the case of Heegner points, if E(Q)sors is trivial then we know that mg = 1 and m can be taken
to be the product over g | p of the orders of P in E(k,,).

5.2. Examples. We illustrate these algorithms by computing explicit examplesﬂ Throughout this
paper we refer to elliptic curves by a version of their Cremona labels [5]; see Table for the
equations of the specific curves we use.

Example 5.5. Let E/Q be the rank 1 elliptic curve “57al”, p = 5, and K = Q(v/—2). Note that
E/K has rank 1 and the three conditions listed at the beginning of Section [3[ hold. In addition, p is
inert in K and it does not divide (a, — 1)ap(ap, + 1) = —24.

Using Sage we compute the Heegner point zp € F(K) and its 5-adic height:

hs i (20) =5+3-52+ 5%+ 52+ 2.5 + 57 + O(5%).

Hence this is an example where we are interested in computing the coefficients of the Heegner L-
function (see §9).

We will now use Algorithmto construct the Heegner point z1. We fix by = 4 € S(5*-(—8), 57).
Since hx = 1 and 5 is inert, we create a list of 6 equivalence classes of binary quadratic forms of
order prime to 5 which satisfy conditions (i) — (iv) of Section

f1 = 5722 + day + 2242 ord(f1) =6
fo = 11427 + day + 11y° ord(f2) =3
f3 = 62727 + day + 2y° ord(f3) =2
fa = 6272% 4 10302y + 425y° ord(fs) =6
f5 = 125422 + dzy + 2 ord(fs) =1
fo = 12542® + 2284zy + 1041y° ord(fe) = 3.

2We emphasize again that all computational results in this paper assume that certain non-exact, non-proven
numerical computation of points gave correct answers; see Remark
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Then we compute

6
=> n(rs,) € E(C).
i=1
Numericallyf] we have that

z1 ~ (1.09134357351891, —0.919649689611060).

Using LLL, we ﬁncﬂ that the best degree 5 relation satisfied by the z-coordinate of the numerical
approximation to z; above is

180340726812° —1264301315802* +-352783410220> —4898343192002% 4338504989540 —93144838864.

We will now assume that the above polynomial is the minimal polynomial of x(z1), which is highly
likely due to consistency checks described in the last step of the Algorithm The point z; is
defined over

}<i = (z(b)v
where b is a root of
210 —102% — 2027 + 1652°% — 122° — 7602 + 222022 + 5280z + 7744.

Observe that K7 has class number 1 and hence we can use Algorithm [5.3] to compute the 5-adic
height of z;. Explicitly, we will compute with z; with coordinates

(21) 96698852571685 X i 2472249905907 8 916693155514421 7 1348520950997779 b6 82344497086595
x(z1) = —
! 2145672615243325696 195061146840302336 2145672615243325696 2145672615243325696 12191321677518896
2627122040194919 pd 452199105143745 b3 4317002771457621 b2 2050725777454935 b 3711967683469209
536418153810831424 48765286710075584 536418153810831424 67052269226353928 3047830419379724
=1) 10673542578700487 X 21559110337008787 b8 599772438356441033 b7 3521252836571400333 b6
z1) = —
vi= 6548739117582760250944 595339919780250931904 6548739117582760250944 6548739117582760250944
145353099505283479 5 n 6974718395834626805 4 i 3525327915265535447 5 38028829109043109079
74417489972531366488 1637184779395690062736 148834979945062732976 1637184779395690062736

23719086146860375069 9830025310349811566
204648097424461257842 9302186246566420811

Since E has trivial rational torsion we have that m, = 1. Then observing that 5 = ©° in K7, the
Heegner point z; reduces to (4,1) € E(Fs), and 32y = O € E(F5), we set m = 3.

Using Algorithm [5.1] we find that
170066107 ¢ 46616573 5 3760482603 ., =~ 11188479427 4 = 263947335 5

18679674112 1698152192 ° 18679674112 + 18679674112 + 106134512
40187214425, 1074830385,5 & 67626028101 ,, 15616668599 738093651

d(Z1) =

4669918528 424538048 4669918528 583739816 26533628

Recall that p denotes the unique prime of K; above p = 5. Observe that since F is defined over
Q we have that o,,(t) = o5(t) € Zs[[t]]. We now compute the 5-adic sigma function

os(t) =t+O0(B)?+ (1+2-5+2-5°+4-5 +4-5° 4 0(5%)) ¢*
+(34+2:5+2-5°+2-5°+2-5"+2.5°+2.50+ O(5")) t*
+(1+4-5+3-5°+4-5"+0(5%) "+ (1+3-5+3-5°+0(5°)) t°
+ (5> +5°+0(BM) T+ (3+4-5+3-5°+0(5")) *
+(2+2:5+005%)) "+ (1+0(5) " +Ot').
3In our actual calculation, we used 2000 bits of precision.

4This is only “likely” to be the best since LLL is not guaranteed to give the best answer; we will suppress mention
of this issue in future computations.
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Finally substituting the appropriate parameters into (5.3), we find that
hs g, (21) =24+2-5+2-52 454 +4.5° 4.5 +3.57 + O(5°).

Example 5.6. Let E/Q be the rank 1 elliptic curve “331al”, p = 7 and K = Q(y/—2). Note that
E/K has analytic rank 1 and the three conditions listed at the beginning of Section [3| hold. In
addition, p is inert in K and since a, = 2, it does not divide (a, — 1)a,(a, + 1).

Using Sage we compute the Heegner point zp € F(K) and its 7-adic height:

hrx(20) =6-T+3 - T>+4- TP+ 74 +2. 7 +2. 7447+ O(7%).

Hence this is an example where we are interested in computing the coeflicients of the Heegner
L-function (see §9).

We will now use Algorithm[£.1]to construct the Heegner point 2. We fix by = 68 € S(7*-(—8),331).
Since hx = 1 and 7 is inert, we create a list of 8 equivalence classes of binary quadratic forms of
order prime to 7 which satisfy conditions (i) — (iv) of Section

f1 = 297922 + 68zy + 2> ord(f1) = 2
fo = 595822 + 68xy + y° ord(fy) =1
f3 = 628922 4 10660xy + 4518y ord(f3) =8
f1 = 1092322 + 40402y + 374y> ord(f4) =8
f5 = 1257822 + 10660y + 2259y> ord(fs) =8
fo = 1688122 + 29858y + 13203y> ord(fs) = 4
fr = 2184622 + 4040xy + 187y ord(fr) =8
fs = 3376222 + 63620zy + 29971y ord(fs) = 4.

Then we compute
8
21 = Zﬂ'(’rfi) € E(C).
i=1

Numerically, we have that
z1 &~ (0.953040743753736 + 0.149314525423730i, —1.03916093218186 + 0.1669614547084774).

Using LLL, we find that the best degree 7 relation satisfied by the z-coordinate of the numerical
approximation to z; above is
1370555955083782738567287670633013360435562" + 5964001447779295554600225721869608418600532°

+ 1810417652054320827722646814632973689994472x° — 85938493326762599771123161106995379727573382*

+ 280931546183003262594245381813315518200302482° — 77319296186977659143886465795685907296431411x>
+ 90160340025867158950653527254476177483636556 — 35314126413780822409769414311471457690609476

We will now assume that the above polynomial is the minimal polynomial of x(z;), which is highly
likely due to consistency checks described in the last step of the Algorithm [{1] The point z; is
defined over K7 := Q(b), where b is a root of

2 — 56212 + 966210 — 17922% — 9599125 + 12379922* — 613580822 + 10913792.
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Observe that K; has class number 1 and hence we can use Algorithm [5.3] to compute the 7-adic
height of z;. Explicitly, we will compute with z; with coordinates

(21) 58516973910965663042311672687893770303376348863 13 23594411864903976701588663849997717669145433891 12
x(z1) = —
87920483845715129869232222013359063892185847283481600 43960241922857564934616111006679531946092923641740800
400686531670094881623316357193054286071124341829 11 91204401538345262050725214018446895621736620703 10
10990060480714391233654027751669882986523230910435200 5495030240357195616827013875834941493261615455217600
24772371213377713816512426467657514751630267769957 ¢ 3005611673686799446861940560611227284439359085951 8
43960241922857564934616111006679531946092923641740800 21980120961428782467308055503339765973046461820870400
6407396515475987120351584608121532635987273587887 4610824733492073145986026393190681654410877230121 4
5495030240357195616827013875834941493261615455217600 686878780044649452103376734479367686657701931902200
. 7055542259485711973296737972449284714417477891852569 b5 134513241817604087303676280501157818044550476069333 pa
87920483845715129869232222013359063892185847283481600 43960241922857564934616111006679531946092923641740800
6290375521847452476451572056404509401638942807073481 b3 1253354489099549885261242667031145632503897919685483b2
10990060480714391233654027751669882986523230910435200 5495030240357195616827013875834941493261615455217600

l2898688284496392643622955437049580463984459736827b+ 8584327322466104945098370055799830401314498062761
9409298356776019891827078554511886118598656601400 4704649178388009945913539277255943059299328300700

7149240844372912483938159051891878651775483023015679836677135461999 13

13019624121345682534455491748165756363619865269444686720780432020831498240
2637021771882752446090507220840916008541593100088257534363589107865 12

650981206067284126722774587408287818180993263472234336039021601041574912
58589282362281570798187060093143715016683352884349163227457047711239 11

1627453015168210316806936468520719545452483158680585840097554002603937280
73154294220457714531111990593570240459277124175077046301857498715599 p10

406863253792052579201734117130179886363120789670146460024388500650984320
4869573468555592909958040089761857791336194183672390732953082620976957 X

6509812060672841267227745874082878181809932634722343360390216010415749120
2395388512240055512437015744236102125312469308463822191846600386638727 ¢

1627453015168210316806936468520719545452483158680585840097554002603937280
440738748559383365594514004954449400051488941835062892621659869740107 -

 203431626896026289600867058565089943181560394835073230012194250325492160
5413171345929286878786006625519233101948398795064381379479016614400907 &

203431626896026289600867058565089943181560394835073230012194250325492160
1196750459273142727789550898022320061263702333906685370935138543012085689 b5

13019624121345682534455491748165756363619865269444686720780432020831498240
912927598070131077113220186681974976164849223524929023726848851184164059 B

3254906030336420633613872937041439090904966317361171680195108005207874560
1437803753416794010893664925160466136102772137128473726021695979340870361 5

1627453015168210316806936468520719545452483158680585840097554002603937280
353849008197962603519548324871335153229078310277076633751840267504188331 o

406863253792052579201734117130179886363120789670146460024388500650984320
3556549292151123075940905696038241322258449445028025199169255755658683

1393367307507029380827856565514314679325756129007350890494481166612960
77435799891243719155843270351204420477372727673885031488292679378249

348341826876757345206964141378578669831439032251837722623620291653240

y(z1) =

+

Note that the computation up to this step takes about 140 seconds on a 2.6Ghz Intel Xeon processor.
Since F has trivial rational torsion we have m, = 1. Then observing that 7 = @7 in K;, the
Heegner point z; reduces to (0,2) € E(F7), and 32y = O € E(F7), we set m = 3.
Using Algorithm [5.1] we find that

_9320095137052778705014609 ;3 8115282909632063749363823b12 54100029800785550836577397bll

d(z1 -

(=1) 10263920537600 2565980134400 1282990067200
+,54493855110163287593544319blO‘+ 1264824388774232318857578451bg 1341364742431056265444970077bs
320747516800 5131960268800 1282990067200
. 826738116288954612024672783b7 396706442190566940868021183bs 548677508767077141885985952167b5
320747516800 40093439600 10263920537600
+,555332843510658557093059967609b4‘+ 403285222795351699117822466383b3 414485789897487899507789710641b2
2565980134400 1282990067200 320747516800

49354594932569887428687049753b+ 700586184718030225484617527
80186879200 274612600 '
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Recall that o denotes the unique prime of K; above p = 7. Since E is defined over Q we have
that o, (t) = 07(t) € Z7[[t]]. We now compute the 7-adic sigma function

or(t)=t+(44+3-7T+3-7+3- 7437 +3-7°+3-7°4+3-7 +3- 7+ O(7)) ¢?
+(346-7T+2-7+5- 7 +3.7°+4-74+3-7+0(7)
+(646-T+5-T+5-T+3- P+ +O(T)) "+ (242 7T+ T+ 7 +5- T +6- 7 +0(7%)) ¢
+(B54+3-T+6- T+ +O0(T)t°+(3+6-7T+3- T2 +0(T))t"+ (4+2-7>+0(7%)) 8
+(6+7+0(T) "+ (2+0(7)t" + O(t").

Finally, substituting the appropriate parameters into (|5.3) we find that
hor,(21) =443 T+3 - TP+ 7 4+6-7"+2-7°+4- 7+ 2.7+ O(7%).

6. COMPUTATION OF p-ADIC HEIGHTS: GENERAL CASE

6.1. Algorithms. We will now describe an algorithm to compute the p-adic height of a non-torsion
point P € E(F), where F is a number field. We will assume, only for notational clarity, that F'/Q
is a Galois extension but we impose no restrictions on the class number of F .

If P reduces to a non-singular point at all primes of bad reduction and m is an integer such that
mP reduces to the identity in E(k,) for all primes o | p, then we can use the formula (5.1 to
compute the p-adic height of mP as follows:

hp,r(mP) = Zlogp Ng, g, (0o(mP)) Zord ) - log,, (#k.)

plp vip

"@M—‘

By Proposition 1 of [19], since P reduces to a non-singular point at all primes of bad reduction, we
know that

2

dv(mP) = resv(fm(P>)dv(P)m .

Hence we have

hp,F(mP) = } ’ Zlogp Nr, o/Qp U@ mp ZOI‘d fm U(P)mQ) ! logp(#kv)
P\ ofp
_ 1. log, [T (Ve /a0, (00 (mP) /N, s, (fm(P)) —m2 3" ord, (d, (P)) - log, (#k,)
b olp ol
1
= {108, TT (¥ 0, 0 mPY) N, o, Fn(P) = o, (DP) |

plp

where D(P) := Hv,fp(#kv)ordv(d”(P)) can be computed by the following algorithm.

Algorithm 6.1 (D(P) for P € E(F)).
(1) Let D € Z be an integer denominator of z(P). Then factor D into rational primes:
D = profit - - £, where the primes ¢; are all distinct from p.

(2) For each ¢; above, factor ;0p = H;czl AjYj. Observe that since F//Q is Galois the exponent
s; depends only on 1.
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(3) For each \;;, we compute vy, (D - x(P)). If ris; > vy, (D - 2(P)), then we know that
738; — v, (D - 2(P)) must be even. We set

- Tisrw,ii’éw.w(m) if risi > va, (D - z(P)),
I 0 otherwise.

Since m; ; = ordy, ; dy, ,(P) and #ky, ; = EEF:Q]/(fi'Si), we compute

ko fi
D(P) = H H g?%,j'[Ft@]/(eri).

i=1j=1
We can now describe the algorithm for computing the p-adic height of P.
Algorithm 6.2 (The p-adic height h, p(P) of P € E(F)).

(1) Find the smallest positive integer m, such that m,P reduces to a non-singular point at all
primes of bad reduction.
(2) Find a positive integer m such that mm,P reduces to the identity in F(k,) for all primes

ol p.

(3) Compute m,P and mm,P.

ompute D(m,F) as in Algorithm 6.
4) C D(m,P in Algorithm [6.1

ompute o, (t) for each g | p.
5) C o(t) f h
(6) Let tym, = —%. Evaluate o, (tmm,) € F,, for each p | p.
(7) Compute hy, p(mm,P) as follows:

1

2, 2.
m2m2p

hp,r(P) = log,, H (NFW/@p (0o (tmm,)) /NFp/Qp (fm (moP))) —m? log,, (D(m,P))

elp
6.2. Examples. We now give examples to illustrate the algorithms of this section.
Example 6.3. Let E be the elliptic curve “57al”, p = 5, and K = Q(v/—14). Note that K has
class number hx = 4, that £/ K has analytic rank 1 and the three conditions listed at the beginning
of Section [3| hold. Moreover, the prime p = 5 splits in K/Q and it does not divide (a, — 1)a, since
ap, = —3. We compute the Heegner point zyp € E(K) and its 5-adic height:

hs i (20) =5+3-52 4+ 5%+ 52 +2.55 + 57 + O(5%).
Using Algorithm [£:1] we find that Heegner point z; has the following numerical coordinates:
(0.649281815494878 + 0.7302353311037864, —1.54792819990164 + 0.8944276758964151%)
and z(z1) has minimal polynomial
5281263612° — 12041164452 4 1726718702 4 192626753022 — 24091682752 + 1066099823.
Making this polynomial monic and taking the compositum with K = Q(y/—14) yields

=1) 16282333 9 122237657 8 314403157 (. 4752477831 4 54694163 5
x(z1) = — _
1992135746048 3984271492096 498033936512 1992135746048 4446731576

46894130863 4 22141536649 5 47631155337 o 7805940803 256310331
996067873024 124508484128 71147705216 17786926304 79405921

(21) 891443463539 9 162265125943 8 34181434543565 6275525342097 4 46754847864491 5

z1) = — —

vl 52321453234204672 6540181654275584 26160726617102336 3270090827137792 1868623329793024
61952459298857 b4 2470785238769109 b3 59992556017783 b2 54005898107995b 212461799073
1635045413568896 6540181654275584 116788958112064 58394479056032 260689638643

as elements of

Ky = Q[b]/(b* — 80b® 4 17200° + 176006* — 1397600 + 229376),
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which has class number 20.

We will now use Algorithm to compute the p-adic height of z;. Since E(Q)iors s trivial we
have that m, = 1. In order to determine m, we start by observing that 5 = 33 in K; and hence
ke, = F5. Then since z; reduces to (2,3) € E(F5) which has order 9, we set m = 9. We then
compute 9z € E(K;).

In order to compute D(z1) we begin by taking an integral denominator D of x(z1):

D = 79405921 = 7% - 192 . 672

The rational prime divisors of D factor in K; as follows:

5
61:7:1_[)\%7]- f1:5,81:2,
j=1
10
62:19:H>\27j f2:10,82:1,
j=1
5
E3:67:H>\3’j f3:5,53=1.
j=1

We then compute
1 for (4,7) = (1,1),(1,2),(3,1)
m;; =194 for (4,5) = (1,3)
0 otherwise
which gives

ko fi
D(zy) = [ [ & Ve — 7.7 7% 672 = 75 672 = 528126361
i=1j=1

Recall that p; and g2 denote the two primes of Ky above p = 5. Let K, be the completion of
K, at p,. We now need to compute oy, (t) and o, (t). Since E is defined over Q we have that

T (t) = 0, (1) = 05(t) € Zs[[¢]-

We now evaluate o5(ty) € K, 05(ty) € K,, and find that

Nk, /0, (05(to)) = Nk, jq,(05(t)) = 1960712391 - 5+ O(5'?).
We then compute

Nk, /05 (fo(21)) = Nk, /0, (fo(z1)) = —1872036088 - 5 + O(5%).
Finally, putting this all together yields

iy (21) = 55 (2108, (N, 0, (975(t0)) — 2108, (N, s fo(=1) — 97 1og, (D(=1)))

1
= £ (2108, (1960712391 + O(5'%)) — 2log,,(—1872036088 - 5 + O(5'%)) — 9° log,,(528126361))
=34+2-5+52+4-5°4+2.5040(57).
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Remark 6.4. Observe that D(z1), the most difficult part of the height computation of z1, is nu-
merically equal to the leading coefficient of the minimal polynomial of x(z1). We will explore this
connection in Section

Example 6.5. We revisit Example let E be “331al”, p =7, and K = Q(v/—2). As the class
number of K; equals 1, one can find a global choice of denominator and thus use formula (5.2) as
was done earlier. For clarity, we also illustrate how one would compute with the “long” formula (5.1))
following Algorithm

We know that m, = 1, m = 3, and we have already computed mz; € FE(K;). We now use
Algorithm [6.1| to compute D(z1). We find that x(z1) has an integer denominator

D = 87920483845715129869232222013359063892185847283481600,
which factors as
D =2'.52.29.73.113-419 - 26472 - 2070792 - 3311412 - 10198013.

The rational prime divisors of D factor in Ok, as follows:

7
€1:2:H)\%j fi=T7,5=2,
j=1
7
62:5:H>\2’j f2:7732:]-a
7j=1
7
£3:29:H>\3’j J3="783=1,
j=1
14
E5:73:H>\5’j f5:14755:1a
j=1
14
ls =113 =[] s, fo=14,56 = 1,
j=1
7
lr =419 =[] Ar,; fr="Ts87=1,
j=1
7
b = 2647 = [ As,; fe=Ts8=1,
j=1
7
by = 207079 = [ ] Ao, fo=T589=1,
j=1
7
510 = 331141 = H >‘10,j flO = 77510 = 13
j=1
14
611 = 1019801 = [ ] M fin=14,511 = 1.

Jj=1
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We then compute

1 for (i,5) = (8,
m;; =42 for (i,5) = (1,

):(9,1), (10, 1), (11, 1), (11, 2)

1
)

0 otherwise

which gives

D(Zl) = ﬁ ﬁ Z:’L_ni)j'[F:Q]/(fi'Si)

i=1j=1
=22.2647% - 2070797 - 3311412 - 10198012 = 137055595508378273856728767063301336043556,

which is equal to the leading coefficient of the minimal polynomial of z(z1); see Example [5.6
Recall that there is a unique prime p of K; above p = 7 and K, denotes the completion of K; at
©. We compute o,(t) = 07(t) as before and evaluate o7(t3) € K,,. Then we have

Nk, jo,(0(ts) =4 -7 +4- 7 +3- 7 4+2. 7 +2.7544.7 46 -7 +5. 7 + O(77),
Nk, (f3(z1)) =4- 7 +6-7 +2- 7' +3.7°+4.7+6-7° + 77 + O(7").
Finally, we compute

U (o (Moo (0t e .
O e G eI BRI

=443 T+3- T+ 4+6-7+2.7+4.742. 7+ O(7®).

Remark 6.6. As a double check on our implementation of the height algorithms, one can compute
hp.r(P)— ”P%Q"P) for several n € N and verify that the result is p-adically small. We have completed
this check for n = 2 in all the examples that appear in this article.

7. IMPROVEMENTS

We have previously observed that the leading coefficient of the minimal polynomial of x(z1)
equals D(z1). In this section we analyze the relation between D(P) and the leading coefficient of
the minimal polynomial of z(P) for a point P € E(F') where F'/Q is a Galois extension. We then
prove the observed equality in the case of Heegner points z, € F(K,) under the assumption that
E(Q)tors = O. We conclude the section by giving a few more algorithmic improvements to the
computation of p-adic heights of Heegner points under the assumption that E(Q) has trivial torsion.

We begin with a result that vastly simplifies the computation of a denominator of a point, allowing
us to bypass factorization of ideals in Op. In view of the following proposition all that remains in
the denominator computation is the evaluation of a division polynomial.

Proposition 7.1. Let F/Q be a Galois extension, P € E(F), bya™ 4+ --- 4+ by = 0 the minimal
polynomial of x(P) over Z, and b a positive integer prime to p such that b, = p™b. Then D(P)? =
plF:Ql/n

Proof. Since by definition b and D(P) are positive integers prime to p we will prove that D(P)? =
blF:Q/7 by analyzing the valuation of b and D(P) at every rational prime £ # p.

The valuation of D(P) at primes ¢ which do not divide b is trivial since resy x(z,) is then integral
over Zjg for every prime \ C F' above /.

We know that the norm Ng/g(z(P)) = (b,/bo)F*@/™. Observe that D = b,, is an integer denom-
inator of x(z,). As before we consider the set of rational primes ¢; dividing b,, and distinct from the
prime p, i.e. the set of rational prime divisors of b. Then as before we denote by A; ; the primes of
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F which divide £;. We know that resy, ; #(P) = a; ;/d; ; where either a; j or d; ; is a unit. Observe
that D(P) = [[; ; Nr,, sq,, (di;) where F, ; is the localization of F" at A; ; and
’ i,J i 5

NF/Q(x(P)) =cp" H NKM)]‘ /Qe, (reSAi,J‘ l'(P))
,J
where r € Z and c is an integer with trivial valuation at the primes ¢;.
We start by assuming that ¢; does not divide ged(by,bo). Then if the valuation at A, ;, of z(P)
is negative then the valuation at \;, ; of z(P) is not positive for any j (since otherwise ¢;, would
divide by when it already must divide b,,). Hence, since

(bn/bo)[F:Q]/n = CpT H NKM,]' /Qe, (resAm. $(P)),
1,7
if gcd(by,, bo) is prime to £; then ord,, (D(P))? = ordy, (b)[F@/m,
We will now consider the valuations of D(P) and b at primes which divide ged(by,, by) and D(P).
Let ¢; be a rational prime factor of D(P) dividing ged(by, bp) and A; 1 a prime of F' dividing ¢;. We
know that

(7.1) b R/ (22" 4o 4 )/ = H (z — o(x(P))).
o€Gal(F/Q)

Set e, to be the valuation of z(P) at o();1). Viewing the right hand side of the equation (7.1)
over the completion of F' at \; ; we have that

[I G@-oGP)= ][I @-ur=")

oeGal(F/Q) o€Gal(F/Q)

where 7 is a uniformizer of A; ; and u, are units. In addition, since the greatest common divisor of
the coefficients of b,z™ 4 - - - + by is trivial, the same holds for (b,z™ + -+ bo)[F:Q]/". It then follows
that the valuation at ¢; of b~F*@/" equals the sum of the negative e,.

Moreover, since resy, ; (P) = a;;/d? ., the valuation at ¢; of D(P)? also equals

1,57
E €o-

c€Gal(F/Q), ex<0

Hence the valuations at ¢; of bl*@/? and D(P)? are equal. This concludes the proof of the proposi-
tion. g

Corollary 7.2. Let E/Q be an elliptic curve with trivial rational torsion. Then the prime to p
component of the leading coefficient of the minimal polynomial of x(z,) over the ring of integers Z
equals D(zy).

Proof. Consider the action of complex conjugation 7 € Gal(K,,/Q) on the Heegner point z,, € E(K,).
Since E(Q)sors = O and the order of Gal(K,,/K) is odd, we know that there exist o € Gal(K,/K)
such that (02,)"™ = —e(0zy,); see the listed properties of Heegner points in Section 3| This implies
that z(z,) € K" Observe that [Ky : Q] = p® and K\ = Q(z(c(2,))). Hence the degree of the
minimal polynomial x(z,) over Z equals p™. Then by Proposition we have that

D(zn)2 — p2P™)/P" — 2

where b denotes the prime to p component of the leading coefficient of the minimal polynomial of
x(zp) over the ring of integers Z. Since D(z,) and b are positive integers, we have that D(z,) =b. O
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From the point of view of studying p-adic heights of Heegner points, we can further simplify our
methods. Note that as an intermediate step, we take a Heegner point with complex coordinates,
reconstruct the coordinates as elements of a number field, only to care about p-adic information at
the end of the day. Indeed, since we construct the point and then input its restriction into a p-adic
power series (the p-adic sigma function), using the two algorithms in tandem shows us that this step
is not actually necessary: one can make do with the coordinates of the Heegner point as elements
of an extension of @, and bypass the exact arithmetic. So given our setup, we can simplify the
computation of p-adic heights by making the following observations.

We know that z(oz,) is defined over a degree p™ extension of Q for some o € Gal(K,,/K). We
assume that this holds for o = id since otherwise we replace z, by oz, and compute its p-adic height
which is equal to that of z,. The computational difficulty in getting the x(z,) and y(z,) as elements
of a number field lies in getting an “optimized” representation of the degree 2p™ extension of Q.

If the Heegner point z,, € E(K,,) has both coordinates in a degree p™ subfield, then the compu-
tation is much simpler. (Note that this holds for some conjugate of z, if the sign of the functional
equation of E/Q equals —1 and E has trivial rational torsion.) Indeed, to compute the p-adic height
of the Heegner point, we do not actually need to know the point (in particular, its y-coordinate)
algebraically. We merely need to compute its y-coordinate to some p-adic approximation (which can
be done cheaply with a Newton iteration), as the end goal is to input this into a power series with
p-adic coefficients.

To summarize, in order to compute p-adic heights of Heegner points we use the following modified
versions of Algorithm

Algorithm 7.3 (The p-adic height h, k, (P) of a Heegner point z, € E(K,)). Assume that

a) E(Q)sors = O, and
b) the analytic rank of E/Q equals 1.

It follows that m, = 1.

(1) Compute z(zy,) € R using Algorithm (If the a-coordinate of the first z, is not real then
we use an element of Gal(K,,/K) to find a conjugate that is. This is the z, that we want.)
Save the leading coefficient D(z,,) of the minimal polynomial h(x) of z(z,) over Z.

(2) Set L, := K. We know that z, € E(Ly,) and L, is totally ramified at p.

We p-adically construct res,, z, € E(Ly,) where p, is the unique prime of L, above p
and Ly, is the completion of L, at p,(the a-coordinate is trivial, and the y-coordinate is
determined via Newton iteration). Observe that while we need to choose the sign of the
y-coordinate, this choice is irrelevant in the end since the sigma function is known to be odd.

(3) Compute m so that mz, reduces to the identity in E(k,) at all primes g of L,, above p
(here kg, denotes the residue field of L, at p). Use it to compute res,, (mz,) € E(Ly,),

fon((zn) tm = =z € Ly,

" y(resy,, (mzn)
2
(4) Recover h, g, (2) = p.# (logp (NLM /Q, (%) ) —m? logp(’D(zn)))

Algorithm 7.4 (The p-adic height h, g, (z,) of a Heegner point z, € E(K,)). Assume that
a) E(Q)tors = O,
b) the analytic rank of E/Q equals 0, and
c¢) p splits in K/Q.
It follows that m, = 1.
(1) Compute z(zy) € R using Algorithm (If the a-coordinate of the first z, is not real then
we use an element of Gal(K,/K) to find a conjugate that is. This is the z, that we want.)
Save the leading coefficient D(z,,) of the minimal polynomial h(x) of z(z,) over Z.
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(2) We know that z(z,) € L,, and L, = K\ is totally ramified at p. Let pn be the unique
prime of L, above p and L,, the completion of L,, at p,. Since p splits in K/Q we know
that there are two primes @, @, of K, that divide p,. Hence, K, = K, = L, and
r€Sy,, Zn,T€Syr zn € E(Ly, ). Since 2], = —z, it follows that resg, z, = —res, 2z,.

We p-adically construct resg,, z, € E(Ly,). Observe that while we need to choose the
sign of the y-coordinate, this choice is irrelevant in the end since res,, 2z, = —res,, 2, and
the sigma function is odd.

(3) Compute m. Use it to compute res,, (mz,) € E(Ly,), fm(x(zn)),tm =
L, .

(4) Recover

__1 oo | — _pltm) i —m?lo z
rien o) = 5 (l gp( Monures (7200 ) o8y (D1 "”)

_ 1 op(tm) 2
= <logp (NLpn/Qp (fm(x(zn))> > —m? logp(D(zn))> .

Algorithm 7.5 (The p-adic height h, x, (z,) of a Heegner point z, € E(K,)). Assume that
a) E(Q)tors = Oa
b) the analytic rank of E/Q equals 0, and
¢) pis inert in K/Q.
It follows that m, = 1.
(1) Compute z(z,) € R using Algorithm (If the a-coordinate of the first z, is not real then
we use an element of Gal(K,,/K) to find a conjugate that is. This is the z, that we want.)
Save the leading coefficient D(z,,) of the minimal polynomial h(x) of z(z,) over Z.
(2) We know that z(z,) € L,. As before L, = KS7 s totally ramified at p, p,, is the unique
prime of L,, above p, and Ly, the completion of L, at p,. Since p is inert in K/Q there is
a unique prime p,, of K,, above p and K,,, = Ly, [v/Dg].
We p-adically construct res,,, z, € E(Ly, [V/Dk|). Observe that while we need to choose
the sign of the y-coordinate, this choice is irrelevant since the sigma function is odd.
(3) Compute m. Use it to compute res,, (mz,) € E(Ly, [V Dk|), fm(2(2n)) € Ly, and t,, =

_ z(resy, (mzn)) c Lp [\/m]

y(rese,, (mzn))

(4) Recover

1 Nk, /0, (op(tm)) 2
hp. K, (2n) = — | log, 5 | —m”log,(D(zn)) | -
w4 (2n) p-m2<°g <NLM/@,J<fm<as<zn>>>> o (21 ”)

8. COMPUTING p-ADIC HEIGHT PAIRINGS OF HEEGNER POINTS

. z(resg,, (Mmzy,))
y(resg,, (Mmzy))

In this section, we give an algorithm to compute the p-adic height pairing (z,,02,),, for o €
Gal(K,, /K) and then illustrate it in an example. Recall that € denotes the sign of the functional
equation of E/Q. Then since hy, . (02,) = hp . (2n) for every o € Gal(K,/K), we have that

(2n,02n) 1, = hpie, (20 — €02n) = hp i (2n) = Dy, (—€02n)
= hp k., (2n — €02) — 2Ry 1 (2n).

It remains to discuss the auxiliary computation of hy, . (2, — €02y,).
We will assume that E has trivial rational torsion which implies that there exist a Heegner point
zn € K, such that z] = —ez,. It then follows that

(0zn — eailzn)T =—co bz, +02,.
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and hence (02, — €o~'z,) € E(Ly) for every o € Gal(K,/K), where L, = K. This allows us
to use Algorithm (simply replacing 2, by (02, — eo~'2,)) in order to compute the height of
(02, — €0 12,) even if the analytic rank of E is not assumed to be 1. Observe that the assumption
that E has trivial rational torsion implies that both oz, and o¢~'z, reduce to non-singular points at
all bad primes, hence so does (02, — ec~'2,) and we have m, = 1 in its p-adic height computation.

Algorithm 8.1 (The pairings (z,,0%,) for all o € Gal(K,,/K)).
Assume that F(Q)iors = O and 2], = —ez,.

(1) Depending on the analytic rank of £/Q and the behavior of p in K/Q we use the appropriate
algorithm of §7)to compute hy, k., (2n)-

(2) Use Algorithm [1.2] to compute of the conjugates of z, as points in F(C). This fixes an
ordering of the conjugates of z,.

(3) Shift the p™-tuple of the conjugates of z, so that it starts with z, by checking that the
z-coordinate of the first entry of this p™-tuple is real. We then have

(2n,002n, - - - ,08"712 ) e E(C)P"
where ¢ € Gal(K,/K) is an element of order p™ that is now fixed.
(4) We can then compute oz, — eao Y2, € E(C) for any j € {1,...,(p" — 1)/2}. '
(5) Since we know that o)z, — €0, 2z, € E(L,,) we use Algorithm |7.3|to compute h,, k., (03 2n —
€0y’ 2).
(6) This gives
(002,00 20) s,y = hp i, (020 — €0 20) = 2Ny, (20)-

(7) Since (zn,agjzn>Kn = <ngn,(faj Zn) g, and p’ is odd, this gives us all pairings (zn,aézn>.

Example 8.2. Let E/Q be the rank 1 elliptic curve “57al”, p = 5, and K = Q(v/-2), as in
Example Let 21 € E(K;) denote the Heegner point that is fixed by complex conjuagtion 7
(since in this case € = —1). Hence z; € E(Ly). We will now use the above algorithm to compute
(21,021), for all o € Gal(K1/K).

We have already computed the 5-adic height of z7:

hs i, (21) =2+2-5+2-57 + 5 +4-5° + 455+ 3.57 + O(5%).

We now compute the 5-tuple of the conjugates of z; as points in E(C) and ensure that our 5-tuple
starts with z,,. So we have
(zn,azn,a2zn,o3zn,a Zn) € E((C)
where o € Gal(K;/K) denotes the element of order 5 that is now fixed.
Since € = —1 we proceed to compute

oz + otz ~ (1.28240225474401 — 0.182500350994469i, —0.761690770112933 + 0.1170064969085987)

+ (1.28240225474401 + 0.1825003509944694, —0.761690770112933 — 0.117006496908598%)

~ (—1.15375650323736, —1.80020432012303),
0221 + 032 ~ (1.67723875767367 — 0.0866463691344989i, —1.39041234698688 + 0.1497317069829347)

+ (1.67723875767367 + 0.08664636913449897, —1.39041234698688 — 0.1497317069829344)

~ (0.631776964264686, —1.41622745195929),

and then use Algorithm to compute the 5-adic heights of these points.
We compute the minimal polynomial of the x coordinate oz, + o%2;:

5750450041692162° + 1883069884256000z + 2633285660453540z° + 2747042174769680z2 + 2325461580346885x 4 909442872123731,
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which gives

D(o21 + ot21) = 575045004169216.
Since the point (021 + 0?21) has order 3 in E(F5), we have that m = 3 and

_ 1 op(—) ’
hs i, (021 + 0*21) = £ 3 <log5 <NLp1/Q5 <f3(x(—))> ) — 3%logs(D(02 + 0421))>

=14+5+52+2-5 457 +4.57 +5% + 59 4+ O(5%).

Repeating the computation for o2z, + 03z;, we first compute the minimal polynomial of the
x-coordinate of (022 + 0321):

2580220250680962° + 852975284094800x % + 587418614311065z° — 16618499292209522 + 75604423293285x — 291423856921639,

which gives
D(0?2 + 021) = 258022025068096.

As the point 0221 + 032 has again order 3 in E(F5), we have m = 3 and

1 op(—) 2 2 3 2
532 <10g5 <NLP1/Q5 (MZ(_))) )‘3 logs(D(0%21 + 0721))
=4-5%4+3.5*4+2.55+3.56 +2.5" +2.5% + 3.5% + O(5'7).

h5’[(1 (0'221 =+ 0321) =

To finish the computation, we note that
<217 Zl>K1 = 2h5’K1 (21)
(21,021), = (0%21,0%21)
= h57K1 (0'221 + 0321) — 2h57K1 (Zl)
=14+3-5%4+5"+4.5°+3-5°4+4.5"4+2.55+4.5°+ 0(5'%)
<21, U2Zl>K1 = <Z17 0321>K1
(z1,0%21) ., = <0z1,0421>K1
= h57[(1 (0'421 + 021) — 2h5’[(1 (21)
=245+52 455 +4-5* +5° 457 +2.55+2.57 + O(5'9)
(21,0%21) 1, = (21,021) ¢, -
Note that as a numerical check, we can compute the sum of these pairings to obtain the following
(21, 21) 5, +(21,021) 4, ++ -+ (21,0%21) ., =4+3-5+2-5°+2.5°+4.5°42.5" 455+ 2.5+ O(5").
Then using (3.2 gives us that

tri, /i (21) = 320,
and since zg € E(Q), Sage tells us that

(20,20)0 =5+ 3-52 + 55+ 5" +2.5° + 57 +2.5%5 1 O(5'9).
This lets us see, numerically, that
(trec, /i (21), tri, /i (21)) e, = 5(21, bk, /K0 (21)) i,
=3-52+2-5°4+4.5*+3.5° +3.5" +4.5% + 4.5 + O(5')
= [K7 : Q](320,320)q;

which also tests consistency with the existing Sage implementation of p-adic heights of rational points
on elliptic curves.
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9. A-ADIC REGULATORS

In this section we compute coefficients of A-adic regulators of several elliptic curves E/Q. In all
these examples we have that co is not divisible by p in F(K) and the valuation of (co, co) ., is strictly
positive. Hence we know that the Heegner L-function £ equals the A-adic regulator R up to a unit
and they are non-trivial.

Recall from Section [3] that the coefficients of the Heegner L-function are

bO = <cOa CO>KO7

by, = Z <IZ€> <cn7aicn>m (mod p") for k> 1,

k<i<pn

where ¢y = zg, ¢1 = ualzl, and ¢ = (upu1)~tze. Observe that since (c,,o'c,) = (c,o? ~ic,), we
have

by =0 (modp") forall n,

and hence by = 0. Consequently, in order to get any further information about the Heegner L-
function we will need to compute bs (mod p™) and perhaps additional coefficients also.

Example 9.1. Let E/Q be the rank 1 elliptic curve “57al”, p = 5, and K = Q(/—2), as in
Examples and Using the computation of hs g (7o) in Example we compute

bo = (c0, c0) x, = 2hs.k (o) = 2h5 K (20) =2-5 45" +3-5°+2.5* +4.5° +2.57 + O(5%).

In Example 8.2] we computed

Since ug = 3 we see that

by = u52(<21,021>K1 + 4<z1,02z1>K1) (mod 5)
=1 (mod5).

Since by is a unit while by and by are not, it follows that the Heegner L-function £ and hence R
equal the product of a unit and a distinguished polynomial of degree 2 in Zs[[T].

Example 9.2. Let E/Q be the rank 1 elliptic curve “57al”, p = 5, and K = Q(v/—14), as in
Example [6.3] We have

(z1,021), =2-5+3-5°+4-5° 435+ 2.5+ O(5°)
(z1,0%21),, =2+5+2-5°4+3-5°+ 5 +2.5° + O(5°).
Moreover, ug = 11 and we see that

by, = u62(<21,0z1>K1 + 4(z1,02z1)K1) (mod 5)
=3 (mod 5).

This implies that R is the product of a unit and a distinguished polynomial of degree 2 in Z5[[T]].
Example 9.3. Let E/Q be the rank 1 elliptic curve “331al”, p =7, and K = Q(v/—2). We compute
bo = (c0,Co) g, =5 T+2-T+3- 7 +4- 7 +4-7°+ 7"+ O(7%).
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For o € Gal(K;/K) the element of order p fixed in Step [3| of Algorithm [8.1] we then find
(21,021) 0, =5+4-T+4-T+5-T 467 +4-7°+4-7 4+ O(7%)
(21,0%21),, =5 T+T+3-T 467 +4-74+5.7 + O(7%)
(z1,0%21) , =5+5-T4+3- T+ +3-T'+4.7 +2. 70+ O(7®).
Moreover, since 7 is inert in K/Q and ay = 2, we have ug = —4 and

by = u52(<21,az1>K1 —|—4<z1,02z1>K1 + 2<z1,0321>K1) (mod 7)
=1 (mod7).

Hence, the A-adic regulator R is the product of a unit and a distinguished polynomial of degree 2
in Z[[T7]].

In the following three examples we will have that p = 3, p splits in K/Q, and a, = —1. Conse-
quently, we find that ug = 1, ufl =5+ 60 + 602 (mod 9), and hence
(ca, JiCQ)KQ = (529 + 6022 + 60229, 50" 29 4+ 60 T2y 4+ 601722, Yk, (mod9)
= 3(2q, 0i7222>K2 + 3(z9, Ji7122>K2 + 7{z9, O'iZQ>K2 + 3(z9, 0i+122>K2 + 3(z9, O’i+222>K2 (mod 9).
Example 9.4. Let F/Q be the rank 1 elliptic curve “203b1”, p = 3, and K = Q(v/—5). We compute

3-adic heights and the 3-adic sigma function for elliptic curves over Q using the methods in [I]. We
find that the first coefficient of the Heegner L-function is

bo = (o, o), =2-3%+3>+2-3"+3°4+2.3°+2.37+ 0(3%).
Then for o € Gal(K;/K) the element of order p fixed in Step [3| of Algorithm [8.1| we compute
(21,21),, =143 +3"+2.3°+2.3042.37+ 0(3%)
(21,021), =1+3+2-37+3 +3°+3°+ 37+ 0(3%)

<21,U221>K1 = (21,021), -
Note that this gives by = U62<21,021>K1 =1 (mod 3).
In this example R is again the product of a unit and a distinguished polynomial of degree 2
in Z3[[T]]. However, while in the previous examples by has valuation 1 which implies that R is

irreducible, in this case by has valuation 2 and the computed data does not imply that R is irreducible
but it does show that R is squarefree.

Example 9.5. Let E/Q be the rank 1 elliptic curve “185b1”, p = 3, and K = Q(v/—11). First, we
have

bo = (co,co) g, =3+ 3> +3%+2-3"+3°+ 37+ 0(3%).
For 0 € Gal(K;/K) the element of order p fixed in Step [3| of Algorithm [8.1] we have:
(z1,21), =3+2-3°+314+2.3°+ 37+ 0(3%)
(z1,021),, =2-3°+2-3%+314+2.3°+2.3°4+2.37 4+ O(3%)

<Zl,0221>K1 = <Zl,021>K1.
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Thus we now compute bs (mod 9).

the element of order p? fixed in Step [3| of Algorithm we have:

which gives by = 3 (mod 9) and

bs = 2(cq, 0¢2)

=3

Ko + 8<02, 0'262>
(mod 9).

Ko <Z27 0422>

29,0 zz>

Yy =2+3+2-32+3%+2.3°4+0(37)
Yo =24+3+32 434435 +2.35 4+ 0(37)
Yoo =14+3+2-324+2-3°40(37)

Ve, =242-3+3"42-3°+2.3°+0(3)
29), =237 +3°+3'4+2.3°+0(3")
)
)
)
)

x, =2 (mod9)
x, =1 (mod9)

) (mod 9)
x, =6 (mod9),

Ko + 3<CQ, 0’362>

So, we must now compute by (mod 9). We find that

Hence R is the product of a unit and a distinguished polynomial of degree 4 in Zs[[T]].

Example 9.6. Let E/Q be the rank 1 elliptic curve “325b1”, p

have

For o € Gal(K7/K) the element of order p fixed in Step [3| of Algorithm

b4 = 7<CQ,O’CQ>
(mod 9).

=7

bo = (co, co)

<Z1, 21>K

(21,021)

o + 8<CQ, 0'202>

Ko + 6<CQ, 0'302>

= <Zl,021>.

Ko + 5<02a U4CQ>K2

Ko + 6<62a 0402>K2

L =3+43"+2-342.3°+0(3%)
=2-34+3"+3'4+2.3°42.3"+0(3%)

<Zlv 0221>K1

31

For o € Gal(K3/K)

(mod 9)

(mod 9)

kg =2°3+2-3243°+2.3°42.3"+0(3%).

=3, and K = Q(/—14). First, we
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So we see that we have ba =0 (mod 3). Thus we go to the next coefficient; for o € Gal(K3/K) the
element of order p? fixed in Step [3| of Algorithm we have:

(z9,20) . =1+3+3%43542.3740(3%

2

(22,022),, =2+2-3°+2-34+3°+ 37+ O(3%)
29,0°2),, =2+2-3+3%+2.3'+2.3° 437+ 0(3%)
29,0%29) ., =14+3+37+2-3°+2-3° 437+ 0(3%)

Y2) g, =2+342-37+2.3 +3°+3°+2.37+ 0(3%)

Ky — <Z27 J4Z2>K

29,0%25 Ko = (29,0° 22) c,

29,0 29 x, = (22,0 22>

(2,082 ey = (22,022) 1, -

Consequently, we find that

(ca,0¢2),, =5 (mod 9)
(ca,0%c2), =2 (mod 9)
(ca,0%ca) e, =7 (mod 9)
<C2,U4CQ>K2 =8 (mod9),

which gives bs =6 (mod 9) and
by = 2(ca,0¢2) ., + 8(02,0202>K2 + 3(02,0302>K2 + 5<CQ,U4CQ>K2 (mod 9)
=6 (mod?9).
So we compute by (mod 9):
by = T(ca, 0¢2) ., + 8({ca, 0202>K2 + 6{ca, 0302>K2 + 6{ca, 0462>K2 (mod 9)
=6 (mod9).
Then we find that
bs = 2(ca, 0c2) ., + 3{ca, 0202>K2 + 6(62,0302>K2 + (ca, 0402>K2 (mod 9)
=3 (mod9),
and finally
b = (ca, 062>K2 + 7(62,02c2>K2 + {ca, 0302>K2 (mod 9)
=8 (mod?9).

Hence, we have now found an example where the A-adic regulator R is the product of a unit and a
distinguished polynomial of degree 6 in Z3[[T]].
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APPENDIX

TABLE 9.1. Elliptic Curves

Label | Equation

57al |2 +y=a° — 22 —2x +2
158bl | y?2 +xy=a3+22 -3z +1
203b1 |2 +ay+y=2a%+2% -2
325b1 |2 +y=a—22-32+3
331al |2 +ay=a> -5z +4
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