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#$%& '( )* +'*( ,-$.%$& /* (-$ 0$11234.04 %$*51( (-'( (-$ $65'(/.4

xn + yn = zn-'* 4. 4.4(%/7 /'1 /4($8$% *.15(/.4* 9.%
n ≥ 3

� #$%& '( 8'7$ .41: ' ;%..9 /4 (-$ <'*$
n = 4 = '4> (-$ (-$.%$& 0'* ;%.7$4 9.% .(-$% *; $</?< 7'15$* .9

n @: & '(-$&'(/</'4*
/4<15>/48 A51$% = B'5** = C /%/<- 1$( = '4> +'&D �

B /7$4 #$%& '( )* *.15(/.4 /4 (-$ <'*$
n = 4 = /( /* $'*: (. *-.0 (-'( /( *5E <$* (.

;%.7$ (-$ (-$.%$& /4 (-$ <'*$ 0-$%$
x = y = z '%$ ;'/%0 /*$ %$1'(/7$1: ;%/& $ '4>

n
/*

'4 .>> ;%/& $ = '4> '1*. (-'( .4$ & ': /4*($'> '>>%$** (-$ $65'(/.4
xp +yp +zp = 0 =*/4 <$ (-/* /* $65 /7'1$4( (.

xp + yp = (−z)p � A'%1: '(($&;(* .9($4 *;1/( (-$ (-$.%$&
/4(. (0. <'*$* F /4 (-$ ?%*( = x = y = '4> z '%$ 4.( &51(/;1$* .9

p = '4> /4 (-$ *$<.4>
<'*$ = p >/7/>$* .4$ .9 (-$& � ,-$ ?%*( ;%..9 .9 #$%& '( )* (-$.%$& /4 '4: 8$4$%'1/(:
<'& $ 9%.& G.;-/$ B$%& '/4 = 0-. ;%.7$> (-$ ?%*( <'*$ .9 (-$ (-$.%$& 9.% '4:

p
*5<-

(-'(
2p+ 1

/* '1*. ;%/& $ �
,-$ ?%*( */84 /?<'4( '>7'4<$ (.0'%> ' ;%..9 /4 @.(- <'*$* 0'* ;%.7/>$> @: H5&2

&$% = 0-. ;%.7$> (-$ (-$.%$& (. @$ (%5$ 0-$4$7$% p /* ' I %$851'%J ;%/& $ '4> /47$4($>
&5<- .9 (-$ (-$.%: .9 />$'1* '1.48 (-$ 0':� K /* ;%..9 & '>$ 5*$ .9 <:<1.(.& /< ?$1>*
'4> (-$ $1$8'4( />$4(/(:

xn + yn =
n−1
∏

i=0

(x+ ζiy),
L���M

0-$%$
ζ = e2πi/n � ,-.58- #$%& '( )* +'*( ,-$.%$& 0'* $7$4(5'11: ;%.7$4 @: N /1$*

$( � '1 � /4 �OOP 5*/48 ' 7$%: >/Q$%$4( ';;%.'<- = H5&&$% )* 0.%3 /* *(/11 */84/?<'4(
@ $<'5*$ /( & .(/7'($> &5<- .9 (-$ $'%1/$*( 0.%3 /4 '18$@%'/< 45&@$% (-$.%:�,-$ ;%/& $* 9.% 0-/<- H5&&$% ;%.7$> #$%& '( )* +'*( ,-$.%$& '%$ >$?4$> '*
9. 11.0 * F
� RSTUVUWT XYXY +$(

p @$ ;%/&$ = '4> 1$(
K = Q(e2πi/p) @$ (-$ ?$1> .@('/4$> @:'>Z ./4/48 ' ;%/& /(/7$

p
(- %..( .9 54/(: (.

Q
� ,-$4

p
/* *'/> (. @ $ [\]^_`[ /9 (-$

.%>$% .9 (-$ <1'** 8%.5; .9
K

/* 4.( ' &51(/;1$ .9
p
�

H5&&$% )* %$*51( $*('@1/*-$> (-$ (-$.%$& 9.% '11 ;%/& $* 1$** (-'4 �aa $b<$;( (-$
/%%$851'% ;%/& $* cd = PO = '4> ed � f( /* *(/11 5434.04 0-$(-$% .% 4.( (-$%$ '%$ /4?4/($1:
& '4: %$851'% ;%/& $* = (-.58- g$4*$4 ;%.7$> /4 �O �P (-'( /4?4/($1: & '4: ;%/& $* L/4
9'<( = /4?4/($1: & '4: ;%/& $* <.48%5$4( (. c &.> hM '%$ /%%$851'% � K.0$7$% = (-$%$851'% ;%/& $* '%$ @$1/$7$> (. -'7$ >$4*/(:

e−1/2
LZ 5 *( .7$% ea ;$%<$4(M /4 (-$ *$(

.9 '11 ;%/& $* � ,-/* ;';$% 0 /11 8 /7$ @.(- <'*$* .9 H5&&$% )* ;%..9 '4> (-$4 >$7$1.;
' <%/($%/.4 9.% %$851'%/(: 0-/<- /* &5<- $'*/$% (. 5*$ /4 ;%'<(/<$ �

,-$ ;%..9 0 /11 ;%. <$$> '* 9. 11.0 * F N$ 0 /11 ?%*( ;%.7$ <'*$ f @: 5*/48 54/65$
9'<(.%/i'(/.4 .9 />$'1* (. *-.0 (-'(

〈x + ζy〉
/* '

p
(- ;.0$% .9 *.& $ />$'1 = 0-/<-j



klmnopk qkrslt puv wlkspx yt optx xzl{kls |
&5*( @ $ ;%/4</;'1 @: (-$ %$851'%/(: .9

p
� ,-/* 0 /11 $4'@1$ 5* (. 0%/($

x+ ζy = uαp9.% *.&$ 54/(
u = '4> 5;.4 0%/(/48

αp ≡ a (mod p)
9.% *.& $ %'(/.4'1 /4($8$%

a0$ 0 /11 >$%/7$ ' <.48%5$4<$ %$1'(/48
x = y = '4> ζ &.>51.

p
0-/<- <'44.( -'7$ '4:

*.15(/.4* � f4 <'*$ ff = 0$ 0 /11 '**5&$ (-'(
p
>/7/>$*

z = 0 %/($ z = pez0 = '4> *-.0 (-'(
(-$ &.%$ 8$4$%'1

xp + yp = (1 − ζ)npzp
0

<'44.( -'7$ '4: 4.4(%/7 /'1 *. 15(/.4* 0-$4
n ≥ 1

� N$ 0 /11 >. (-/* @: ('3/48 ' *.15(/.4 0-/<- & /4/& /i$*
n
'4> *-.0 /48 (-'(

9.% *5<- ' *.15(/.4 = 〈x+ ζiy〉
/* '10':* (0. ;'%(/<51'% />$'1* (/& $* '

p
(- ;.0$% .9 '4

/>$'1 � ,-$4 (-$ 65.(/$4( .9 (0. .9 (-$*$ />$'1* /* ' ;(- ;.0$% .9 ' ;%/4</;'1 />$'1 ='4> *. 5*/48 (0. 8$4$%'(.%* .9 (-$*$ ;%/4</;'1 />$'1* '4> /47.3/48 ' ;.0$%951 1$&&'
.4 54/(* 0$ 0 /11 <.4*(%5<( ' *.15(/.4 0 /(- ' *(%/<(1: *&'11$% 7'15$ .9

n = <'5*/48 '
<.4(%'>/<(/.4 �

} � ~�!����� "! �"����
f4 (-/* *$<(/.4 0$ 0 /11 8'(-$% *.& $ 5*$951 9'<(* '@.5( <:<1.(.& /< ?$1>* = (-'( /* =?$1>* .9 (-$ 9.%&

Q(ζn)
9.% *.& $

n
(- %..( .9 54/(:

ζn = e2πi/n � N$ 4.($ 0 /(-.5(
;%..9 (-'( (-$ <:<1.(.& /< ?$1>

Q(ζn)
-'* >$8%$$

φ(n)
.7$%

Q = 0-$%$ φ >$4.($* (-$
A51$% (.(/$4( 954<(/.4 � f4 9'<( = /( /* $'*: (. *-.0 (-'(

Q(ζn)
/* ' B'1./* $b($4*/.4

.9
Q = '4> B'1

(Q(ζn)/Q)
/* /*.&.%;-/< (.

(Z/nZ)∗ = (-$ 8%.5; .9 54/(* & .>51.
n
�

�.0 1$(
p
>$4.($ '4 .>> ;%/& $ = '4> 1$(

ζ = ζp
'4>

K = Q(ζ)
�

��W� W�UVUWT � YXY �� \ [���� �� ^���� �� K `[\ � [\���\_� �� ��\
η
�^�� �� `� η2p = 1 �

� [��� � �.($ (-'(
ζ2p = −ζ

(p+1)/2
p = *. (-'(

ζ2p
'4> -$4<$ '11 .9 (-$

2p
(- %..(* .9

54 /(: '%$ <.4('/4$> /4
K � /4 9'<( = */4<$ ζp = ζ2

2p

0$ *$$ (-'(
K = Q(ζ2p)

� #.% (-$
<.47$%*$ = 0$ 4.($ (-'( (-$ (.%*/.4 *5@8%.5; .9 (-$ 8%.5; .9 54/(*

UK
/* 34.04 (. @$<:<1/< = *. /( /* 8$4$%'($> @: *.& $

ζn
� G/4<$

ζ2p
/* /4 (-/* <:<1/< 8%.5; = 0$ &5*( -'7$

2p | n � @5( '1*. Q ⊂ Q(ζn) ⊂ K = *. [Q(ζn) : Q]
>/7/>$*

[K : Q] = .% φ(n) | φ(2p)
� f(

/* '4 $'*: $b$%</*$ (. *-.0 (-'( (-/* /* .41: ;.**/@1$ 0-$4
n = 2p

�
�

�R��� �Y� Y ��
1 ≤ a ≤ p− 1 � �� \� 1 − ζ `�� 1 − ζa `[\ `�����`�\� �� �� \ [��] ��

�� �\] \[� OK �
� [��� � +$( b @$ (-$ /47$%*$ .9 a &.>51.

p
� ,-$4

1−ζa = (1−ζ)(1+ζ+ζ2+· · ·+ζa−1M ='4>
1− ζ = 1− ζab = (1− ζa)(1+ ζa + ζ2a + · · ·+ ζ(b−1)a)

� � 11 9'<(.%* '%$ '18$@%'/</4($8$%* = */4<$ Z[ζ] ⊂ OK = *. 1 − ζ
'4>

1 − ζa '%$ &51(/;1$* .9 $'<- .(-$% /4
OK'4> -$4<$ (-$ (0. >/Q$% @: ' 54/( 9'<(.% �

�

�W�W����  � Y¡ Y �� \ ��\`_ pOK
� `���[� ���� � [�¢ \� `� pOK = 〈1 − ζ〉p−1 �

� [��� � N$ 34.0 (-'( ∏p−1
i=0 (x− ζi) = xp−1

x−1 = xp−1 + · · · + x + 1,
*. *$((/48

x = 1:/$1>* ∏p−1
i=0 (1 − ζi) = p

� f9 0$ ;'** (. />$'1* = (-$4 pOK =
∏p−1

i=0 〈1 − ζi〉 = '4> $'<-
/>$'1 /4 (-$ ;%.>5<( /* $65'1 (.

〈1− ζ〉
*/4<$

1− ζ
'4>

1− ζi '%$ '**. </'($* � f( 4.0%$& '/4* (. @ $ *-.04 (-'(
〈1 − ζ〉

/* ;%/& $ �
�**5& $

pOK
9'<(.%* /4(. ;%/& $* '* ∏g

i=1 pe
i = 0-$%$ $'<-

pi
-'* %$*/>5$ <1'**

>$8%$$
f
'4> '11

pi
*-'%$ (-$ *'& $

e
'4>

f
*/4<$

K
/* B'1./* � G/4<$

pOK
/* ' ; $%9$<(

(p−1)
*( ;.0$% = 0$ -'7$ p−1 | e

� ,-$4 0$ 34.0 (-'(
p−1 = [K : Q] = efg = 0-/<-/* .4 1: ;.**/@ 1$ /9

g = 1
'4>

e = p − 1 = *. pOK = p
p−1
1

9.% ' ;%/& $
p1

� £4/65$
9'<(.%/i'(/.4 .9 />$'1* ($11* 5* (-'(

p1 = 〈1 − ζ〉 = '* >$*/%$> � �

��W� W�UVUWT � Y¤ Y �� \ [��] �� ���\] \[� OK
�� \¥^`_ ��

Z[ζ] �
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� [��� � §.%.11'%: } �c 8/7$* 5*

pOK = 〈(1 − ζ)p−1〉
� N$ $b;'4> 5*/48 (-$ @/4.& /'1

(-$.%$& F
(1 − ζ)p−1 =

∑p−1
k=0

(

p−1
k

)

(−ζ)k =
∑p−2

k=0

((

p−1
k

)

− (−1)k
)

(−ζ)k = */4<$
ζp−1 = −ζp−2 − · · · − ζ − 1

� ¨5( (p−1
k

)

≡ (−1)k (mod p)
9.%

0 ≤ k ≤ p − 1
@: '4 $'*: /4>5<(/.4 F /( /* (%5$ 9.%

k = 0 = '4> 9.%
1 ≤ k ≤ p − 1

0$ 4.($ (-'(
(

p−1
k

)

=
(

p
k

)

−
(

p−1
k−1

)

≡ 0−(−1)k−1 (mod p)
� K$4<$ 0$ <'4 0%/($ (p−1

k

)

−(−1)k = pak9.% *.& $ /4($8$%*
ak = '4> (-$4 0$ -'7$

(1 − ζ)p−1 =
∑p−2

k=0 pak(−ζ)k = py = 0-$%$
y =

∑

ak(−ζ)k /* <1$'%1: ' & $&@$% .9 Z[ζ]
�

N$ 4.0 -'7$
pOK = 〈py〉 = 〈p〉〈y〉 = *. @: 54/65$ 9'<(.%/i'(/.4 .9 />$'1* 0$ & ':

<'4<$1
〈p〉

.4 @.(- */>$* (. 8$(
OK = 〈y〉 ⊂ Z[ζ]

� ¨5( <1$'%1:
Z[ζ] ⊂ OK = '*%$& '%3$> $'%1/$% = *. 0$ <.4<15>$ (-'(

OK = Z[ζ]
'* >$*/%$> �

�

N$ %$& '%3 (-'( (-/* ;%..9 /* .41: 7'1/> 9.%
p
;%/&$ = @5( /4 8$4$%'1 /( /* *(/11 (%5$

(-'( (-$ <:<1.(.& /< ?$1>
Q(ζn)

-'* %/48 .9 /4($8$%*
Z[ζn]

$7$4 0-$4
n
/* 4.( ;%/& $ �

��W� W�UVUWT � Y© Y ª «\[� ^��� η ∈ OK
�� �� �� \ � �[¢ rζn � �[ ��¢ \ [\`_ ^��� r ∈ OK �

� [��� � # /%*( 4.($ (-'(
η ∈ OK

/* '1*. ' 54/( = '4> *. /9 0$ 1$(
ρ = η

η

(-$4
ρ ∈ OK

�
B /7$4 '4: '5(.&.%;-/*&

σ ∈ B'1
(K/Q) = 0$ -'7$

|σ(ρ)| =
∣

∣

∣

σ(η)
σ(η)

∣

∣

∣ = |σ(η)|

|σ(η)|
= 1

� f9
f(x)

/* (-$ & /4/& '1 ;.1:4.& /'1 .9
ρ = '4> f -'* *;1/((/48 ?$1>

L = (-$4 L ⊂ K = *.
|τ(ρ)| = 1

9.% $7$%:
τ ∈ B'1

(L/Q)
� ,-5* (-$ <.4Z 58'($* .9

ρ
'11 1/$ .4 (-$ 54/(

</%<1$ � ,-$ *'& $ /* <1$'%1: (%5$ 9.% $7$%:
ρe = i ≥ 1 = */4<$ 0$ & ': %$;1'<$

η
0/(- (-$

54/(
ηe '4> ;%. <$$> />$4(/<'11:�

+$(
ρe -'7$ & /4/& '1 ;.1:4.& /'1

g(x)
0/(- %..(*

ρ1, ρ2, · · · , ρk = '11 -'7$ 0-/<-
&5*( -'7$ &.>515* �� ,-$4

g(x) = xk + a1x
k−1 + · · · + ak−1x + ak = 0-$%$ $'<-

ai
/* (-$ *5& .9 '11

i
20 /*$ ;%.>5<(* .9 (-$ %..(*

ρj � */4 <$ |ρj | = 1
9.% '11

j = $'<-
i
20 /*$ ;%.>5<( -'* &.>515* �= '4> */4<$ (-$%$ '%$ (k

i

) *5<- ;%.>5<(* (-$ (%/'481$
/4$65'1/(: :/$1>*

|ai| ≤
(

k
i

) � ¨5(
deg(g) ≤ p − 1 = */4 <$ g *;1/(* /4 ' *5@?$1> .9

K =*.
g
<'4 .41: @$ .4$ .9 ?4/($1: & '4: ;.1:4.& /'1* � G/4<$ $7$%:

ρe /* ' %..( .9 .4$
.9 (-$*$ ;.1:4.& /'1* = $'<- .9 0-/<- -'* '( &.*(

p− 1
%..(* = 0$ &5*( -'7$

ρa = ρb9.% *.&$
a 6= b = '4> *.

ρ
/* 4$<$**'%/1: ' %..( .9 54/(:� ,-$4 @: ;%.;.*/(/.4 } �� 0$

-'7$
ρ = ±ζm 9.% *.& $

m
�

N$ 4.0 -'7$
η = ±ηζm � G5;;.*$ (-'( (-$ */84 /* 4$8'(/7$ = '4> */4<$

η ∈ Z[ζ]1$(
η =

∑

ciζ
i 9.% *.& $ /4($8$%*

ci
� ,-$4 */4<$

1 − ζi ∈ 〈1 − ζ〉
9.% '11

i = 0$-'7$
η ≡

∑

ci ≡ η (mod 1 − ζ) = -$4<$ η = −ηζk ≡ −η (mod 1 − ζ)
� ¨5( (-$4

2η ∈ 〈1 − ζ〉 = -$4<$ 2 ∈ 〈1 − ζ〉
� ,-/* /* /&;.**/@1$ = */4<$ p ∈ 〈1 − ζ〉

/* %$1'(/7$1:
;%/& $ (. } '4>

〈1 − ζ〉
/* 4.( (-$ 54/( />$'1 = *. η = ηζm � f9

m
/* .>> = (-$4 %$;1'<$

m
0/(-

m+ p
*. (-'(

η = ηζ2n 9.% *.& $ /4($8$%
n = '4> >$?4$

r = ηζ−n � (-$4 r /*
' 54/( = '4> r /* %$'1 */4<$

r = ηζn = r = *. η = rζn '4> 0$ '%$ >.4$ �
�

#.% (-$ *'3$ .9 <.47$4/$4<$ = (-%.58-.5( (-$ %$*( .9 (- /* ;';$% 0$ 0 /11 1$( λ = 1−ζ'4> 1$(
l = 〈λ〉

� ,-$%$9.%$
l
/* ;%/& $ = pOK = lp−1 = '4> */4<$

p ∈ l
0$ 4.($ (-'(

l ∩ Z = pZ
�

c � ~¬�� ­®
p 6 | xyz

G5;;.*$ (-'( 9.% *.& $ %$851'% ;%/& $
p = 0$ -'7$ %$1'(/7$1: ;%/& $ /4($8$%*

x = y ='4>
z
0-/<- '%$ 4.( &51(/;1$* .9

p
*5<- (-'(

xp + yp + zp = 0 = .% xp + yp = (−z)p �f9
p = 3 = 0$ 4.($ (-'(

(3k ± 1)3 ≡ ±1 (mod 9) = '4> */4<$ $'<- .9
x = y = '4> z -'*

(-$ 9.%&
3k ± 1

0$ -'7$
±1 ± 1 ± 1 ≡ 0 (mod 9) = 0-/<- /* /&;.**/@ 1$ � -$4<$ 0$
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4$$> .41: <.4*/>$%

p ≥ 5
� £ */48 (-$ 9'<(.%/i'(/.4 L���M '4> ;'**/48 (. />$'1* /4 (-$

?$1>
K = Q(ζ) = 0-$%$ ζ = e2πi/p = 0$ -'7$

〈z〉p =

p−1
∏

i=0

〈x + ζiy〉.

��W� W�UVUWT ¡ YXY �� \ ��\`_� 〈x+ζiy〉 `[\ `_ _ [\_`��«\_� � [�¢ \ � �[
i = 0, 1, . . . , p−1 �

� [��� � G5;;.*$ (-'( *.& $ ;%/& $
p
>/7/>$* @.(- 〈x + ζiy〉

'4>
〈x + ζjy〉 = 0-$%$

0 ≤ i < j ≤ p− 1
� ,-$4

p
<.4('/4 * @.(- 8$4$%'(.%*

x+ ζiy
'4>

x+ ζjy = *. /( '1*.
<.4('/4*

(x+ ζiy) − ζi−j(x+ ζjy) = (1 − ζi−j)x
'4>

ζ−j((x+ ζjy) − (x+ ζiy)) =
(1 − ζi−j)y

� G/4<$
x
'4>

y
'%$ %$1'(/7$1: ;%/& $ = (-$%$ $b /*( /4($8$%*

m
'4>

n
*5<-

(-'(
mx+ ny = 1 = '4> *.

p
&5*( <.4('/4

m(1 − ζi−j)x+ n(1 − ζi−j)y = 1 − ζi−j �f( 9. 11.0 * (-'(
l = 〈1 − ζi−j〉 ⊂ p � @5( ;%/& $ />$'1* /4

OK
'%$ & 'b/& '1 = *. p = l

�
G/4<$

l | 〈x+ ζiy〉 = 0$ -'7$ l | 〈z〉 = '4> *.
z ∈ 〈z〉∩Z ⊂ l∩Z

� ¨5(
l∩Z = pZ = '4>(-/* <.4(%'>/<(* (-$ '**5&;(/.4 (-'(

z
/* 4.( ' &51(/;1$ .9

p
� ,-$%$9.%$ (-$ />$'1*

〈x+ ζiy〉
'4>

〈x+ ζjy〉
&5*( @ $ %$1'(/7$1: ;%/& $ �

�

G/4<$
〈z〉p

/* ' ; $%9$<(
p
(- ;.0$% = 0$ *$$ (-'( $'<- .9 (-$ />$'1*

〈x + ζiy〉
&5*(

'1*. @ $ '
p
(- ;.0$% � f4 ;'%(/<5 1'% = 0$ & ': 0%/($

〈x + ζy〉 = Ip 9.% *.& $ />$'1
I
�

¨5( /9
Ip /* ;%/4</;'1 = (-$4 I -'* .%>$% >/7/>/48

p
/4 (-$ <1'** 8%.5;

Cl(K)
� G/4<$

p
/* %$851'% = p >.$* 4.( >/7/>$ (-$ .%>$% .9

Cl(K) = *. p <'44.( >/7/>$ (-$ .%>$% .9
'4: $1$& $4( � -$4<$ I @$1.48* (. (-$ (%/7/'1 <1'** /4

Cl(K) = .% I /* ;%/4</;'1 � ,-$4
I = 〈α〉

9.% *.&$
α ∈ OK = *. 〈x + ζy〉 = 〈αp〉 = '4> 0$ 8$(

x + ζy = uαp 9.% *.& $
54/(

u ∈ OK
� ¨: ;%.;.*/(/.4 } ��= (-$4 = (-$%$ $b /*( ' %$'1 54/(

r
'4> /4($8$%

k
*5<-

(-'(
x+ ζy = rζkαp.

�R��� ¡ Y� Y �� \[\ \° ���� `� ���\] \[ a �^�� �� `� αp ≡ a (mod p) �
� [��� � G/4<$ OK = Z[ζ] = 0$ & ': 0%/($

α =
∑

ciζ
i = 0-$%$ (-$ ci '%$ /4($8$%* � ,-$4

αp =
(
∑

ciζ
i
)p

≡
∑
(

ciζ
i
)p

≡
∑

cpi ≡
∑

ci (mod p)
�

�

+$&&' c �} '11.0 * 5* (. 0%/($
ζ−k(x + ζy) ≡ ra (mod p) = 0-$%$ r /* %$'1 '4>

a
/* '4 /4($8$% = '4> ('3/48 <.&;1$b <.4Z58'($* :/$1>*

ζk(x + ζ−1y) ≡ ra (mod p)
�

§.&@/4/48 (-$*$ (0. $65'(/.4* = 0$ 8$(
ζ−k(x + ζy) ≡ ζk(x+ ζ−1y) = .%

ζkx+ ζk−1y − ζ−kx− ζ−k+1y ≡ 0 (mod p).
Lc ��M

�**5& $ 0 /(-.5( 1.** .9 8$4$%'1/(: (-'(
0 ≤ k < p

� ,-$ ;%..9 4.0 ;%. <$$>* @: '
<'*$2@:2<'*$ '4'1:*/* F
±`�\ � � G5;;.*$ k = 0

� ,-$4 $65'(/.4 c �� %$>5<$* (.
(ζ−1 − ζ)y ≡ 0 (mod p) = .%&51(/; 1:/48 @: ζ '4> 9'<(.%/48 = (1 − ζ)(1 + ζ)y ≡ 0 (mod p)

� ¨5(
1 + ζ

/* ' 54/(
*/4<$

(1 + ζ)(1 − ζ) = (1 − ζ2)
'4>

1− ζ
'4>

1− ζ2 '%$ 34.04 (. @$ '**. </'($* = *.
λy ≡ 0 (mod p)

� ,-$%$9.%$
λy ∈ pOK = lp−1 = '4> */4<$

p > 2
0$ -'7$

y ∈ lp−2 ⊂ l
�

N$ 34.0 (-'(
y
/* '4 /4($8$% = *. y ∈ l ∩ Z = pZ = '4> (-/* <'44.( -';;$4 �

+/3$0 /*$ = 0-$4 k = 1
0$ -'7$

(ζ−ζ−1)x ≡ 0 (mod p) = '4> @: (-$ *'& $ '%85& $4(
(-/* /&;1/$*

x ∈ pZ = 0-/<- /* /&;.**/@1$ �
±`�\ } � G5;;.*$ (-'(

k 6= 0, 1
'4>

p ≥ 5
� #.% *.& $

β ∈ Z[ζ]
0$ -'7$

βp =
ζkx + ζk−1y − ζp−kx − ζp−(k−1)y

� G/4<$ '4:
p − 1

.9 (-$ $1$& $4(*
1, ζ, . . . , ζp−19.%& ' @'*/* .9 Z[ζ] = /9 (-$ $b;.4$4(*

k = k − 1 = p− k = p− k + 1
'%$ '11 /4<.48%5$4(



klmnopk qkrslt puv wlkspx yt optx xzl{kls ²
&.>51.

p
(-$4 0$ & ': ;/<3 ' @'*/* 0-/<- /4<15>$* (-$*$ ;.0$%* .9

ζ
� Ab;%$**/48

β/4 ($%& * .9 (-/* @'*/* '4> <.&;'%/48 <.$E </$4(* = 0$ *$$ (-'(
p
>/7/>$* @.(- x '4>

y = 0-/<- /* /&;.**/@1$ � K$4<$ *.& $ .9 (-$ $b;.4$4(* &5*( @ $ <.48%5$4( &.>51.
p
F

$ /(-$%
2k ≡ 0 (mod p) = 2(k− 1) ≡ 0 (mod p) = .% p ≡ 2k− 1 (mod p)

� ,-$ ?%*( (0.
.9 (-$*$ :/$1>

k = 0
'4>

k = 1 = 0-/<- 0$ -'7$ '1%$'>: $1/& /4'($> = *. 0$ &5*( -'7$
2k ≡ 1 (mod p)

�
³$(5%4/48 (. (-$ <.48%5$4<$ '4> &51(/;1:/48 @.(- */>$* @: ζk = 0$ 4.0 -'7$

ζ2kx + ζ2k−1y − x − ζy ≡ 0 (mod p) = .% (ζ − 1)x + (1 − ζ)y ≡ 0 (mod p) = .%
λ(x− y) ∈ pOK = lp−1 � ,-$%$9.%$ x− y ∈ lp−2 ⊂ l = '4> */4<$

x− y
/* '4 /4($8$% /(

&5*( @ $ /4
l ∩ Z

F -$4<$ 0$ -'7$
x ≡ y (mod p)

�
N$ -'7$ 4.0 *-.04 (-'( /9

xp + yp + zp = 0
'4>

p 6 | xyz = (-$4 p ≥ 5
'4> *.

x ≡ y (mod p)
� ¨5( 0$ & ': */&;1: *0 /(<- (-$ %.1$* .9

y
'4>

z
'( (-$ @$8/44/48 .9

(-/* *$<(/.4 (. 8$(
x ≡ z (mod p)

'* 0$11 = *. 0 = xp + yp + zp ≡ 3xp (mod p)
� ,-/*

<'4 .41: -';;$4 0-$4
x ≡ 0 (mod p) = '4> *. (-$%$ '%$ 4. *.15(/.4* �

h � ~¬�� ´ ®
p | xyz

G5;;.*$ (-'(
xp + yp + zp = 0

'4>
p | xyz = 0-$%$ p ≥ 3

/* %$851'% � � **5&$
0 /(-.5( 1.** .9 8$4$%'1/(: (-'(

p
>/7/>$*

z = '4> 0%/($
z = pez0 = 0-$%$ p >.$* 4.(

>/7/>$
z0 � 4.($ (-'( */4<$

x = y = '4> z0 '%$ 4.( &51(/;1$* .9
p
/4

Z = (-$: '%$ 4.(
&51(/; 1$* .9

λ
/4

Z[ζ]
� ,-$4

〈z〉 = le(p−1)〈z0〉 = *. '* /4 <'*$ �= 0$ -'7$
p−1
∏

i=0

〈x + ζiy〉 = 〈z〉p = lpn〈z0〉
p,

Lh ��M

0-$%$
n = e(p − 1) � 0$ 0 /11 ;%.7$ (-'( ' *1/8-(1: &.%$ 8$4$%'1 7$%*/.4 .9 (-/* -'*

4. *.15(/.4* �
��W� W�UVUWT ¤ YXY ª ¥^`���� µ �¶ � `� �� ��_^������ ·� \[\ x, y, z0 ∈ Z[ζ] `[\ ���
¢^_��� _\� ��

λ `�� n ≥ 1 �
#.11.0 /48 (-$ ;%..9 .9 ;%.;.*/(/.4 c ��= 0$ *$$ (-'( (-$ 8%$'($*( <.&&.4 >/7/*.%

.9 '4: >/*(/4<( />$'1*
〈x + ζiy〉

'4>
〈x + ζjy〉

/* (-$ />$'1
d = 〈x, y〉

(/& $* *.& $
;.0$% .9

l
�

+$(
(x, y, z0, n) @$ ' *.15(/.4 .9 $65'(/.4 h �� *5<- (-'(

n
/* & /4/& '1 � �.($ (-'(

9.% '11
i
'4>

j
0$ -'7$

x + ζiy ≡ x + ζjy (mod λ) = */4<$ (-$ (0. */>$* >/Q$% @:
ζiy(1− ζj−i)

'4>
1− ζj−i /* ' &51(/;1$ .9

1− ζ = λ
� ,-$%$9.%$ /9

λ
>/7/>$*

x+ ζiy9.% *.& $
i = /( >/7 />$* x+ ζjy

9.% '11
j
� ¨5(

l
/* ;%/& $ '4>

pn ≥ 1 = *. l
>/7/>$* *.& $

/>$'1 .4 (-$ 1$9( -'4> */>$ '4> (-$%$9.%$
l | 〈x+ ζiy〉

9.% '11
i
�

G5;;.*$ (-$%$ $b/*( *.& $
i
'4>

j
0-/<- '%$ >/*(/4<( &.>51.

p
*5<- (-'(

l2
>/7/>$*

$'<- .9
〈x+ζiy〉

'4>
〈x+ζjy〉

� ,-$4 @.(- x+ζiy
'4>

x+ζjy
'%$ &51(/;1$* .9

λ2 = *.
λ2 >/7/>$* (-$/% >/Q$%$4<$

yζi(1−ζj−i)
F ;'**/48 (. />$'1* = 0$ -'7$ l2 | 〈y〉〈1−ζj−i〉

�
G/4<$

j − i
/* 4.( ' &51(/;1$ .9

p = 〈1 − ζj−i〉 = l = -$4<$ @: 54/65$ 9'<(.%/i'(/.4 .9
/>$'1*

l | 〈y〉
� ¨5(

y
/* 4.( ' &51(/;1$ .9

λ = *. (-/* /* /&;.**/@1$ � N$ <.4<15>$ (-'(
gcd(〈x + ζiy〉, 〈x+ ζjy〉) = dl

9.% '11 >/*(/4<(
i
'4>

j
�

N$ 4.0 <1'/& (-'( $65'(/.4 h �� -'* 4. *.15(/.4* 0-$4
n = 1

� � **5& $ *5<- '
*.15(/.4 $b /*(* � (-$4 〈x+ζiy〉

/* '10':* ' &51(/;1$ .9
l @5( 4.( .9 l2 = *. x+ζiy ≡ αiλ

(mod λ2)
9.% *.& $

αi ∈ Z[ζ]
0-/<- /* 4.( ' &51(/;1$ .9

λ
� ,-$

αi
'%$ '11 > /*(/4<(

&.>51.
λ = */4<$ .(-$%0 /*$

x + ζiy ≡ x + ζjy (mod λ2)
'4> (-/* /* /&;.**/@1$ '*

'%85$> '@.7$ � ¨5( Z[ζ]/λZ[ζ] ∼= Fp = *. (-$%$ '%$ .41:
p− 1

4.4i$%. %$*/>5$ <1'**$*
&.>51.

λ
9.% (-$

p
7'15$*

αi
� ,-/* /* ' <.4(%'>/<(/.4 = '4> *. 0$ &5*( -'7$

n ≥ 2
�
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� * ' <.4*$65$4<$ = 0$ -'7$

pn > p = *. l2 | 〈x + ζky〉
9.% *.& $ 54/65$

k
� ³$;1'</48

y
0/(-

ζky
/4 .5% .%/8/4'1 $65'(/.4 = 0$ & ': '**5& $ (-'(

k = 0
0/(-.5( 1.** .9

8$4$%'1/(:� ,-$4
lpn−(p−1) || 〈x+ y〉 = '4> l || 〈x+ ζiy〉

9.%
1 ≤ i < p

�
N%/($

〈x + y〉 = dl
p(n−1)+1I0

'4>
〈x + ζjy〉 = dlIj

9.%
1 ≤ j < p

� C /7/>/48 $'<-
*/>$ @: dplpn /4 $65'(/.4 h �� 8/7$* 5*

p−1
∏

j=0

Ij = (d−1〈z0〉)
p.

G/4<$ $'<- .9 (-$
Ij

&5*( @ $ %$1'(/7$1: ;%/& $ '4> (-$ %/8-( -'4> */>$ /* ' ; $%9$<(
p
(- ;.0$% = /( 9. 11.0 * (-'( $'<- Ij = Jp

j

9.% *.& $ />$'1
Jj

� ,-$4 9.%
i ≥ 1

〈
x+ ζiy

x+ y
〉 =

dlJp
i

dlp(n−1)+1Jp
0

= l−p(n−1)(JiJ
−1
0 )p,

'4> */4<$
p
>.$* 4.( >/7/>$ (-$ .%>$% .9 §1(K) @5( (-$ 9%'<(/.4'1 />$'1

(JiJ
−1
0 )p&5*( @ $ ;%/4</;'1 = JiJ

−1
0

/* ;%/4</;'1 �
G$(

JiJ
−1
0 = 〈ai

bi
〉 = 0-$%$ ai, bi ∈ Z[ζ] = 9.% 1 ≤ i < p � */4<$ l

>.$* 4.( >/7/>$
J0

.%
Ji = 0$ & ': '**5&$ (-'(

λ
>.$* 4.( >/7/>$

ai
.%
bi
� ,-$4 9.% *.& $ 54/(

εi
0$ -'7$

x+ζiy
x+y = εiλ

−p(n−1)
(

ai

bi

)p = .% <1$'%/48 >$4.& /4'(.%* =
λp(n−1)bpi (x+ ζiy) = εia

p
i (x+ y).N-$4

i = 1
0$ -'7$

λp(n−1)bp1(x + ζy) = ε1a
p
1(x + y) = '4> 0-$4

i = 2
0$ -'7$

λp(n−1)bp2(x + ζ2y) = ε2a
p
2(x + y)

� G5@(%'<(/48 bp1 (/& $* (-$ *$<.4> $65'(/.4 9%.&
(1 + ζ)bp2

(/& $* (-$ ?%*( = 0$ 8$(
λp(n−1)(b1b2)

p [ζ(x+ y)] = (x+ y) [ε1(1 + ζ)(a1b2)
p − ε2(a2b1)

p] .
G/4<$

1 + ζ
/* ' 54/( = 0$ >$?4$ 54/(*

ε′2 = −ε2
ε1(1+ζ)

'4>
ε′3 = ζ

ε1(1+ζ)

'4> >/7/>$
@.(- */>$* @: (-$ 4.4i$%.

ε1(x+ y)(1 + ζ)
(. 8$(

(a1b2)
p + ε′2(a2b1)

p = ε′3λ
p(n−1)(b1b2)

p.
Lh �}M
N$ 0 /*- (. $1/& /4'($ (-$

ε′2
($%& = 9.% (-$4 0$ 0 /11 -'7$ <.4*(%5<($> ' *.15(/.4 (.

$65'(/.4 h �� 0 /(- ' *&'11$% 7'15$ .9
n
(-'4 /4 (-$ .%/8 /4'1 *.15(/.4 � G/4<$

n ≥ 2 =
λp >/7/>$*

(a1b2)
p + ε′2(a2b1)

p � ¨5(
λ
>.$* 4.( >/7/>$

a2b1 = *. 〈a2b1〉
/* %$1'(/7$1:

;%/& $ (.
l � -$4<$ (-$%$ /* *.&$

c ∈ Z[ζ]
*5<- (-'(

ca2b1 ≡ 1 (mod λ)
�

�R��� ¤ Y� Y ��
α ≡ β (mod λ)

� �[ ��¢ \
α, β ∈ Z[ζ]� �� \� αp ≡ βp (mod λp) �

� [��� � N$ -'7$
α = β + qλ

9.% *.& $
q ∈ Z[ζ] = *. αp = (β + qλ)p = βp + (qλ)p +

∑p−1
i=1

(

p
i

)

βi(qλ)p−i � A '<- ($%& /4 (-$ *5&&'(/.4 /* ' &51(/;1$ .9
pλ

'4> -$4<$ '
&51(/; 1$ .9

λp = '4> (qλ)p /* <1$'%1: '1*. ' &51(/;1$ .9
λp = *. αp ≡ βp (mod λp)

'*
>$*/%$> �

�

#%.& (-/* 1$&&' /( 9.11.0 * (-'(
cp(a2b1)

p ≡ 1 (mod λp) = '4> *.
0 ≡ cp(a1b2)

p +
ε′2c

p(a2b1)
p ≡ (ca1b2)

p + ε′2 (mod λp) = .%
ε′2 ≡ (−ca1b2)

p (mod λp)
� ¨5( '1*.

−ca1b2 ≡ d (mod λ)
9.% *.& $ /4($8$%

d = */4 <$ Z[ζ]/λZ[ζ] ∼= Fp = *. @: '4.(-$%
';;1/<'(/.4 .9 (-$ 1$&&'

ε′2 ≡ dp (mod λp)
� G/4<$

p
/* '4 '**.</'($ .9

λp−1 = /(>/7 />$*
λp = '4> *.

ε′2 ≡ dp (mod p) = .% */&;1:
ε′2 ≡ d (mod p)

�
N$ 4.0 /47.3$ ' >$$; %$*51( 34.04 '* H5&&$% )* +$&&' F

�R��� ¤ Y¡ Y ¹\�
p º\ ` [\]^_`[ � [�¢ \� _\� u ∈ Z[ζ] º\ ` ^���� `�� �^�� ��\ �� \[\

\° ���� m ∈ Z
�^�� �� `� u ≡ m (mod p) � �� \� u = εp

� �[ ��¢ \ ^��� ε �
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,-5* 0$ <'4 0%/($

ε′2 = ηp = 0-$%$ η ∈ Z[ζ]
/* ' 54 /( � A65'(/.4 h �} 4.0 @$<.& $*

(a1b2)
p + (ηa2b1)

p = ε′3λ
p(n−1)(b1b2)

p.

+$(
x′ = a1b2 = y′ = ηa2b1 = '4> z′0 = b1b2

� #'<(.%/48 (-$ 1$9( -'4> */>$ '4>
;'**/48 (. />$'1* = 0$ -'7$

p−1
∏

i=0

〈x′ + ζiy′〉 = lp(n−1)〈z′0〉
p,

'4> 0$ 34.0 (-'( 4.4$ .9
x′ = y′ = '4> z′0 '%$ &51(/;1$* .9

λ
� G/4<$

n − 1 ≥ 1 = 0$-'7$ ' *.15(/.4 .9 h �� .9 (-$ 9.%&
(x′, y′, z′0, n − 1) = <.4(%'>/<(/48 (-$ & /4/& '1/(:

.9
n
� ,-$%$9.%$ (-$%$ <'44.( @$ '4: *.15(/.4* = '4> /4 ;'%(/<51'% (-$ $65'(/.4

xp + yp + zp = 0
>.$* 4.( -'7$ '4: *.15(/.4* 0-$%$

p
>/7/>$*

z
�

§.&@/4/48 (-/* 0 /(- <'*$ f = 0$ -'7$ 4.0 ;%.7$4 L&.>51. H5&&$% )* 1$&&'M

¼RW�R� ¤ Y¤ Y �� \ \¥^`���� xp+yp+zp = 0 ��\� ��� � `«\ `�� ����[�«�`_ ��_^�����
�� ���\] \[� x, y, z ·� \� p �� ` [\]^_`[ � [�¢ \�

P � ½���� ��" � �¾���
,-$ 8.'1 .9 (-/* *$<(/.4 /* (. >$?4$ ' *$65$4<$ .9 45&@$%* 0-/<- ;%.7/>$ ' 7$%:

5*$95 1 <%/($%/.4 9.% (-$ %$851'%/(: .9 ' ;%/& $ � �
B /7$4 n ≥ 0 = 1$( Bn(t) @$ (-$ 54/65$ ;.1:4.& /'1 .9 >$8%$$

n
L5; (. ' <.4*('4(M

*5<- (-'( ∫ x+1

x
Bn(t)dt = xn 9.% '11

x � 0$ & ': $'*/1: *$$ (-'( /( /* 54/65$ @ $<'5*$>/Q$%$4(/'(/.4 :/$1>*
Bn(x + 1) − Bn(x) = nxn−1 = '4> *; $</9: /48 ' 7'15$ .9

bn =
Bn(0)

85'%'4($$* (-'( (-/* >/Q$%$4<$ $65'(/.4 -'* ' 54/65$ *.15(/.4 � #5%(-$%&.%$ =0$ -'7$ ∫ x+1

x
B′

n(t)dt = d
dx

∫ x+1

x
Bn(t)dt = nxn−1 = n

∫ x+1

x
Bn−1(t)dt = '4> *.

B′
n(t) = nBn−1(t)

�
#%.& (-/* >/Q$%$4(/'1 $65'(/.4 /( 9.11.0 * @: '4 $'*: /4>5<(/.4 (-'(

Bn(t) = tn +
(

n
1

)

b1t
n−1 + · · ·+

(

n
n

)

bn
� ¨5( */4<$

(n+ 1)0n =
∫ 1

0 B
′
n+1(t)dt = Bn+1(1)−Bn+1(0) =.%

Bn+1(0) = Bn+1(1) = /9 0$ *$(
B0(t) = b0 = 1

0$ -'7$
(

n+ 1

0

)

b0 +

(

n+ 1

1

)

b1 + · · · +

(

n+ 1

n

)

bn = 0.
LP ��M

,-$ 45&@$%* bn 0-/<- *'(/*9: (-/* %$<5%%$4<$ L'4> '%$ (-$ <.4*('4( ($%& * .9 (-$
;.1:4.& /'1*

Bn(t)
M '%$ <'11$> (-$ ¿ \[��^_ _� �^¢ º\[�� f( /* <1$'% 9%.& (-$ %$<5%%$4<$

(-'( (-$ ¨$%4.511/ 45&@$%* '%$ '11 %'(/.4'1 � #5%(-$%&.%$ = .4$ <'4 $'*/1: *$$ (-'(
(-$ ;%.@1$& .9 ?4>/48 *5& * .9 <.4*$<5(/7$

n
(- ;.0$%* %$>5<$* $'*/1: (. 34.0 /48

7'15$* .9 (-$ ¨$%4.511/ 45&@$%* = */4<$ @: (-$ >$?4/(/.4 .9 (-$ ;.1:4.& /'1*
Bn(t)0$ -'7$

cn + (c+ 1)n + · · · + dn =
∫ d+1

c Bn(t)dt = 1
n+1

∫ d+1

c B′
n+1(t)dt = .%

d
∑

k=c

kn =
Bn+1(d+ 1) −Bn+1(c)

n+ 1
.

LP �}M
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#/4'11:= 9%.& $65'(/.4 P �� 0$ 8$( bn

n! = −1
(n+1)!

∑n−1
k=0

(

n+1
k

)

bk =
∑n−1

k=0
−1

(n+1−k)!
bk

k!

�
Á51(/;1:/48 @: xn '4> *5&& /48 .7$% '11

n = 0$ -'7$
∞
∑

n=1

bnx
n

n!
=

−1

x

∞
∑

n=1

n−1
∑

k=0

xn+1−k

(n+ 1 − k)!

bkx
k

k!

−x

∞
∑

n=1

bnx
n

n!
=

∞
∑

n=0

n+1
∑

k=0

xn+1−k

(n+ 1 − k)!

bkx
k

k!
−

(

∞
∑

n=0

bnx
n+1

n!
+

∞
∑

n=0

bn+1x
n+1

(n+ 1)!

)

=





(

∞
∑

i=0

xi

i!

)





∞
∑

j=0

bjx
j

j!



− 1



− x

∞
∑

n=0

bnx
n

n!
−

(

∞
∑

n=0

bnx
n

n!
− 1

)

.% = /9 f(x) =
∑∞

k=0
bkxk

k! = (-$4 −x(f(x) − 1) = (exf(x) − 1) − xf(x) − (f(x) − 1)
�

G.17/48 9.%
f(x) = 0$ <.4<15>$ F

∞
∑

n=0

bnx
n

n!
=

x

ex − 1
.

LP �cM

�* ' <.%.11'%:= 4.($ (-'( x
2 +

∑ bnxn

n! = x
2 (1 + 2

ex−1 ) = x
2

(

ex+1
ex−1

) � ,-$ 65'4(/(:
/4 ;'%$4(-$*$* /* '4 .>> 954<(/.4 = */4<$ e−x+1

e−x−1 = 1+ex

1−ex = *. x
2 +

∑ bnxn

n!

/* $7$4 �
,-$%$9.%$

b1 = − 1
2

'4>
bn = 0

9.% '11 .>>
n ≥ 3

�
,-$ <%/($%/.4 H5&&$% 9.54> 9.% %$85 1'%/(: /* (-$ 9. 11.0 /48 = 0-/<- 0$ 0 /11 ;%.7$

/4 (-$ 9.11.0 /48 *$<(/.4* F
±_`�¢ P �� � �4 .>> ;%/& $

p
/* %$851'% /9 '4> .41: /9

p
>/7/>$* (-$ 45&$%'(.%* .9 (-$

¨$%4.511/ 45&@$%* b2, b4, . . . bp−3
�

,-/* <1'/& = (.8$(-$% 0 /(- %$<5%%$4<$ P �� = 8/7$ 5* ' <%/($%/.4 0-/<- <'4 $'*/1: @$<-$<3$> (. >$($%& /4$ 0-$(-$% ' ;%/& $ /* %$851'% � N$ 4.($ (-$ 9.11.0 /48 5*$95 1 9'<( F
��W� W�UVUWT © Y� Y �� \ ¥^`����� (n+ 1)!bn

�� `� ���\] \[ � �[ `_ _ n ≥ 0 �
� [��� � §1$'%1: (-$ '**$%(/.4 /* (%5$ 9.%

n = 0 � 0$ 0 /11 ;%.7$ /( 9.% n ≥ 1 @: /4>5<(/.4 �Á51(/;1:/48 $65'(/.4 P �� @: n! = 0$ 8$( (n+1)!bn = −
∑n−1

i=0

(

n+1
i

)

(n!bi)
� f9

(i+1)!bi/* '4 /4($8$% 9.% '11
i < n = (-$4 n!bi

&5*( '1*. @ $ '4 /4($8$% � ¨5( (-$4 (-$ $4(/%$
%/8-( -'4> */>$ /* '4 /4($8$% = '4> *.

(n+ 1)!bn
/* '4 /4($8$% '* 0$11 �

�

,-$%$9.%$ /9
p
/* ;%/& $ = (-$4 p >.$* 4.( >/7/>$ (-$ >$4.& /4'(.%* .9 (-$ 45&@$%*

bi
L0-$4 0%/(($4 /4 1.0$*( ($%& *M 9.%

i ≤ p − 2 = */4<$ (p − 1)!bi
/* '4 /4($8$% '4>

p 6 | (p−1)!
� f4 ;'%(/<51'% = 0$ & ': (%$'( (-$*$

bi
'* /4($8$%* &.>

p
'4> 5*$ $65'(/.4

P �� (. <.&;5($
b2, b4, . . . , bp−3 (mod p) � (-$ ;%/& $

p
/* %$851'% /9 '4> .41: /9 '4: .9

(-$*$ '%$ i$%. �
� **5& /48 (-$ (%5(- .9 <1'/& P �� '4> (-$ '@ /1/(: (. >. '%/(-& $(/< &.>

p
/4

<.4*('4( (/& $ = 0$ 4.0 -'7$ '4 '18.%/(-& 0-/<- <'4 >$($%& /4$ /9
p
/* %$85 1'% F 9.%

$'<- $7$4
i = 2 ≤ i ≤ p−3 = <.&;5($ (-$

(i+1)
*( %.0 .9 Â'*<'1 )* (%/'481$ &.>

p
'4>

5*$ (-/* (. <'1<51'($ (-$ *5& ∑i−1
j=0

(

i+1
j

)

bj (mod p) = (-$4 &51(/;1: @: −(i + 1)−1(. 8$(
bi
� A'<- .9 (-$*$ *($;* ('3$* 1/4$'% (/& $ L$b<$;( (-$

O(1)
&51(/;1/<'(/.4 M =*/4<$ (-$ <.$E </$4(* (i+1

j

) <'4 $'<- @$ <.&;5($> 9%.& (-$
(i−1)

*( %.0 /4 <.4*('4(
(/& $ 5*/48 (-$ %$<5%%$4<$ (i+1

j

)

=
(

i−1
j−2

)

+ 2
(

i−1
j−1

)

+
(

i−1
j

) � N$ <.4<15>$ (-'( (- /*
'18.%/(-& >$($%& /4$* (-$ %$851'%/(: .9

p
/4
O(p2)

(/& $ �
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e � ÄÅ� !�¬�� � �¾�� ��

Q(ζp)#/b '4 .>> ;%/& $
p
'4> 1$(

K = Q(ζp)
� #.% ' <-./<$ .9 ;%/& /(/7$ %..(

γ
&.>51.

p
*5<- (-'(

γp−1 6≡ 1 (mod p2) = 0$ >$?4$
γi ≡ γi (mod p)

*5<- (-'(
0 < γi < p9.% '11

i = '4> (-$4 0$ <.4*(%5<( ' ;.1:4.& /'1
φ(x) =

∑p−2
k=0 γkx

k � Æ9 <.5%*$ = (- /*%$65/%$* 5* (. 34.0 (-'( *5<-
γ
$b /*(* F

��W� W�UVUWT Ç YXY �� \[\ \° ���� ��¢ \
γ � 1 < γ < p� �^�� �� `� γ �� ` � [�¢ ���«\ [���

¢ ��^_� º��� p `�� p2 �
� [��� � +$( g @$ ' ;%/& /(/7$ %..( &.>

p
0/(-

1 < g < p = '4> 1$(
h

'4>
H @$(-$ *& '11$*( ;.*/(/7$ /47$%*$* .9

g
&.>

p
'4>

p2 = %$*;$<(/7$1:� ,-$4
gh < p2 '4>

gH > p2 = *. 0$ &5*( -'7$
H = h + pd

9.% *.& $ /4($8$%
d = 0 < d < p

� f9
g
/* 4.(

' ;%/& /(/7$ %..( &.>
p2 = (-$4 0$ &5*( -'7$

gp−1 ≡ 1 (mod p2) = */4<$ (-$ .%>$% .9
g
&.>

p2 /* ' ;%.; $% >/7/*.% .9
φ(p2) = p(p − 1) @5( ' &51(/;1$ .9 /(* .%>$% &.>

p
L4'&$1:= p − 1

M � ¨5(
(gH)p−1 ≡ 1 (mod p2) = *. Hp−1 ≡ 1 (mod p2)

'* 0$11 �
G/4<$

H = h+ pd = 0$ -'7$ 1 ≡ (h+ pd)p−1 ≡ hp−1 +
(

p−1
1

)

hp−2pd (mod p2) @: (-$
@/4.& /'1 (-$.%$& = *. hp−1 ≡ 1 + (hp−2d)p 6≡ 1 (mod p2)

� G/4<$
h
-'* .%>$%

p − 1&.>
p = /(* .%>$% &.>

p2 /* ' &51(/;1$ .9
p − 1 @5( ' >/7/*.% .9

p(p − 1) = -$4<$ /(
&5*( @ $ p(p− 1) � (-'( /* = h /* (-$ >$*/%$> ;%/& /(/7$ %..( �

�

+$(
α = ζ = ζp

'4>
β = ζp−1 @$ ;%/& /(/7$

p
(- '4>

(p − 1)
*( %..(* .9 54/(:=%$*;$<(/7$1:� +$(

µ = p−1
2 = '4> <.4*/>$% (-$ '5(.&.%;-/*&

σ : α 7→ αγ � �.($ (-'(
σµα = αγµ

= α−1 = */4<$ γµ ≡ −1 (mod p)
�

�R��� Ç Y� Y È�[ `�� [`����`_ �� �\] \[� x1, x2, · · · , xµ ·���� �^¢ �� É \[�� �� \ � [��Ê^�� ±αk(1 − σα)x1(1 − σ2α)x2 · · · (1 − σµα)xµ �� ` ^��� ��
Z[ζ] �

� [��� � §'11 (-/* ;%.>5<(
P ∈ K

� G/4<$
σiα = ζki

9.% *.& $
ki = 0$ 34.0 (-'(

1 −
σiα

'4>
1 − ζ

'%$ '**. </'($* � 1$( εi >$4.($ (-$/% 65.(/$4( � K$4<$
P = ±αk(1 −

ζ)x1+x2+···+xµ
∏

εxi

i

� ¨5( ∑
xi = 0 = *. P = ±αk

∏

εxi

i = '4> '11 .9 (-$ ($%& * .4 (-$
%/8-( -'4> */>$ '%$ 54/(* /4

Z[ζ]
�

�

f9 0$ 1$(
UK

>$4.($ (-$ 8%.5; .9 54/(* .9
Z[ζ]

'4>
H ⊂ UK

(-$ *5@8%.5; .9
54 /(* .9 (-$ 9.%&

±αk
∏

(1− σiα)xi
'* /4 (-$ 1$&&' = (-$4 K /* ' *5@8%.5; .9 ?4/($

/4>$b �
H5&&$% *-.0$> = 7/' *.& $ $b($4*/7$ '4'1:(/< <'1<5 1'(/.4* = (-$ 9. 11.0 /48 %$*51( F
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K

� `� �_`�� �^¢ º\[ h = h1h2 � ·� \[\ h1 = |φ(β)φ(β3)···φ(βp−2)|
(2p)µ−1

`��
h2 = [UK : H ] �

G$$ ËhÌ 9.% ' >$('/1$> ;%..9 = .% Ë�Ì 9.% ' ;%..9 0-/<- <-'%'<($%/i$*
h2

>/Q 9$%$4(1:
'* (-$ <1'** 45&@$% .9 (-$ ?$1>

Q(α+ α−1)
�

f4 .%>$% (. >$($%& /4$ 0-$(-$% ' ;%/& $
p
/* %$851'% = /( 4.0 *5E <$* (. <-$<3 (-'(

p>.$* 4.( >/7/>$
h1

.%
h2

� N$ 0 /11 ;%.7/>$ ' <%/($%/.4 9.% >$($%& /4 /48 0-$(-$%
p | h1/4 (-/* *$<(/.4 '4> *-.0 /4 (-$ 4$b( *$<(/.4 (-'( (-/* /* (-$ .41: 4$$>$> <%/($%/.4

@$<'5*$ p | h2
.41: /9

p | h1
�

+$(
P =

∏µ−1
i=0 φ(β2i+1) = *. (-'(

h1 = |P |
(2p)µ−1

� G/4<$
φ(x) =

∑p−2
k=0 γkx

k '4>
γγk ≡ γk+1 (mod p) = 0$ -'7$ (γx− 1)φ(x) =

∑p−2
k=1(γγk − γk+1)x

k + γγp−2x
p−1 −

γ0
� ,-$4

γγp−2 ≡ γp−1 ≡ 1 (mod p) = '4> γ0 = 1 = *. (γx − 1)φ(x) = pψ(x) +
xp−1 − 1

9.% *.& $ ;.1:4.& /'1
ψ(x)

0/(- /4($8$% <.$E </$4(* � �;;1:/48 (-/* 9.%
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x = β, β3, . . . , βp−2 = '4> 4.(/48 (-'(
(βi)p−1 − 1 = 0 = 9.% $'<- i 0$ 8$(

(γβ − 1) · · · (γβp−2 − 1)P = pµψ(β)ψ(β3) · · ·ψ(βp−2).
�.0 = β, β3, . . . , βp−2 '%$ (-$ %..(* .9 xp−1−1

x(p−1)/2−1
= x(p−1)/2+1 = *. ∏(x−βi) = xµ+1 =0-$%$

i
%54* (-%.58-

1, 3, . . . , p−2
� G5@*(/(5(/48 x = γ−1 '4> &51(/;1:/48 (-%.58-

@: γµ = 0$ 8$( ∏
(1 − γβi) = 1 + γµ = -$4<$ ∏(γβi − 1) = (−1)µ(γµ + 1)

� ,-$%$9.%$
(−1)µ(γµ + 1)P = pµψ(β)ψ(β3) · · ·ψ(βp−2).

G/4<$
γ
/* ' ;%/& /(/7$ %..( &.>51.

p
'4>

2µ = p− 1 = 0$ -'7$ γµ ≡ −1 (mod p) =.%
p | γµ + 1

� ¨5(
γµ + 1

>/7/>$*
γp−1 − 1 = '4> (-/* /* 4.( ' &51(/; 1$ .9

p2 � f(
9. 11.0 * (-'(

pµ−1 >/7/>$*
P = '4> p >/7/>$*

h1 = |P |
(2p)µ−1

/9 '4> .41: /9 /( >/7/>$*
ψ(β)ψ(β3) · · ·ψ(βp−2)

� � $b( = */4<$ β '4>
γ

'%$ @.(- ;%/& /(/7$
(p − 1)

*( %..(*
.9 54/(: &.>51.

p = /( 9. 11.0 * (-'( ψ(β)ψ(β3) · · ·ψ(βp−2) ≡ ψ(γ)ψ(γ3) · · ·ψ(γp−2)
(mod p)

� ,-$%$9.%$
p 6 | h1

/9 '4> .41: /9
p
>.$* 4.( >/7/>$ '4: .9 (-$

ψ(γi)
�

�R��� Ç Y¤ Y
p ��«��\� ψ(γn)� 1 ≤ n < p − 2 � �� `�� �� _� �� ∑γ−1

k=1 Bn+1

(

k
γ

)

≡

(γ − 1)Bn+1(p) (mod p) �
� [��� � �.($ ?%*( (-'( (-$ ¨$%4.511/ ;.1:4.& /'1* /47.17$> '%$ 0$112>$?4$> &.>51.
p = */4 <$ (-$/% <.$E </$4(* '%$ ¨$%4.511/ 45&@$%* bk = k < p − 1 = '4> @: ;%.;.*/(/.4
P �} 0$ 34.0 (-'(

p
>.$* 4.( >/7/>$ (-$ >$4.& /4'(.%* .9 '4: .9 (-$*$ 45&@$%* �

C$?4$ cj *5<- (-'(
pcj = γγj −γj+1

9.%
j < p−1

'4>
pcp−1 = γγp−2−1 = *. (-'(

ψ(x) =
∑p−1

k=1 ckx
k � �.($ (-'(

0 ≤ cj < γ
9.% '11

j = */4<$ γj+1
/* (-$ 1$'*( ;.*/(/7$

/4($8$% <.48%5$4( (. (-$ ;.*/(/7$
γγj

&.>51.
p
'4>

pcj < γp
� f4 9'<( = /( /* <1$'%

(-'( /9 kp
γ < γj <

(k+1)p
γ = (-$4 cj = k

� N$ & ': 0%/($
ψ(γn) ≡

∑p−1
k=1 ckγ

n
k (mod p) ='4> */4<$ $'<- .9 (-$

γk
/* <.48%5$4( (. ' 54/65$ /4($8$% @ $(0$$4 � '4>

p− 1 = 0$-'7$

ψ(γn) ≡

p−1
∑

k=1

b
γk

p
ckn (mod p).

³$'%%'48/48 ($%& * '4> ';;1:/48 $65'(/.4 P �} = 0$ 8$(

ψ(γn) ≡

γ−1
∑

k=1

(

d
kp

γ
en + · · · + (p− 1)n

)

(mod p)

≡
1

n+ 1

γ−1
∑

k=1

(

Bn+1(p) −Bn+1

(

d
kp

γ
e

))

.

¨5(
n + 1

/* /47$%(/@1$ & .>51.
p = *. ψ(γn) ≡ 0 (mod p)

/Q (-$ *5&&'(/.4 /* '
&51(/; 1$ .9

p = '4> (-5* 0$ & ': >%.; (-$ 1
n+1

($%& �
#/4'11:= 4.($ (-'( (-$ 45&@$%* γd p

γ e, γd
2p
γ e, . . . , γd (γ−1)p

γ e
'%$ <.48%5$4( (. *.& $

;$%&5('(/.4 .9
1, 2, . . . , γ − 1 (mod p)

� ,-/* /* (%5$ @ $<'5*$ (-$: '%$ '11 > /*(/4<(
&.>51.

p
L*/4<$

γ
/* /47$%(/@1$M @5( kp ≤ γdkp

γ e < kp+ γ
� ,-$%$9.%$ (-$ 45&@$%*

Bn+1

(

dkp
γ e
)

= 1 ≤ k ≤ γ−1 = '%$ <.48%5$4( (. (-$ 45&@$%* Bn+1

(

i
γ

)

= 1 ≤ i ≤ γ−1 ='4> 0$ '%$ >.4$ �
�

³$<'11 9%.& (-$ ;%$7/.5* *$<(/.4 (-'(
(γx)m =

∫ γx+1

γx Bm(t)dt = -$4<$ γmxm =
∫ x+1/γ

x γBm(γu)du @: ' */&;1$ *5@*(/(5(/.4 � ¨5( '1*.
γmxm = γm

∫ x+1

x Bm(t)dt =
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0-/<- /* /4 (5%4 $65'1 (.

γm
[

∫ x+1/γ

x

(

Bm(t) + Bm(t+ 1
γ ) + . . . Bm(t+ γ−1

γ )
)

dt
] �

G/4<$ (-/* /* (%5$ 9.% '4:
x = 0$ <.4<15>$ (-'( γBm(γt) = γm[Bm(t) + · · ·+Bm(t+

γ−1
γ )]

� # /4'11:= 1$((/48 t = 0 = 0$ 8$(
γbm = γm[bm +Bm( 1

γ ) + · · · +Bm(γ−1
γ )] = .%

(γ1−m − 1)bm =

γ−1
∑

k=1

Bm(
k

γ
).

§.&@/4/48 (-/* 0 /(- (-$ 1$&&' = 0$ *$$ (-'( 9.%
1 ≤ n < p− 2 = p >/7/>$*

ψ(γn)/9 '4> .41: /9
(γ−n − 1)bn+1 ≡ (γ− 1)Bn+1(p) (mod p)

� ¨5(
Bn+1(p) ≡ Bn+1(0) =

bn+1 (mod p) = *. (-/* <.4>/(/.4 /* $65/7'1$4( (.
(γ−n − γ)bn+1 ≡ 0 (mod p)

� N$
34.0 (-'(

γn+1 6≡ 1 (mod p)
*/4<$

γ
/* ' ;%/& /(/7$ %..( '4>

n + 1 < p − 1 = *. 0$
& ': <'4<$1 .5( (-$ ($%&

γ−n − γ
(. <.4<15>$ (-'( 9.%

n < p − 2 = p >/7/>$*
ψ(γn)/9 '4> .41: /9

p
>/7/>$* (-$ 45&$%'(.% .9

bn+1
�

N$ 4.0 -'4>1$ (-$ <'*$
n = p − 2

*$;'%'($1: F /4 9'<( = 0$ '**$%( (-'(
p
4$7$%

>/7/>$*
ψ(γp−2)

� N%/($
γp−1 − 1 = pν = 4.(/48 (-'(

ν
/* 4.( ' &51(/;1$ .9

p
� ,-$4

(γ · γp−2 − 1)φ(γp−2) = pψ(γp−2) + (γ(p−2)(p−1) − 1)
� C /7/>/48 @: p = 0$ -'7$

νφ(γp−2) = ψ(γp−2) + γ(p−2)(p−1)−1
p = 0-$%$ (-$ 1'*( ($%& /* '4 /4($8$% � f4 9'<( =*/4<$

γp−1 ≡ pν + 1 (mod p2) = 0$ &': %'/*$ @.(- */>$* (. (-$
(p − 2)

4> ;.0$%
(. 8$(

γ(p−2)(p−1) ≡ (p − 2)pν + 1 (mod p2) = *. γ(p−2)(p−1)−1
p ≡ (p − 2)ν (mod p)

�
,-$%$9.%$

νφ(γp−2) ≡ ψ(γp−2) − 2ν (mod p).
¨5(

φ(γp−2) =
∑p−2

k=0 γk(γp−2)k ≡
∑p−2

k=0 γ
(p−1)k ≡

∑p−2
k=0 1k ≡ p − 1 (mod p) = *.0$ 8$(

ψ(γp−2) ≡ ν (mod p) = '4> (-5*
p
>.$* 4.( >/7/>$

ψ(γp−2)
�

§.&@/4/48 (-$ /49.%& '(/.4 0$ -'7$ '@.5( $'<- ψ(γk) = 0$ <.4<15>$ (-$ 9.11.0 /48 F
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p ��«��\� h1
�� `�� �� _� �� p ��«��\� �� \ �^¢ \[`��[ �� ��\ �� �� \

¿ \[��^_ _� �^¢ º\[� b2, b4, . . . , bp−3 �
d �
h2

¬�� Î ����Ï� ����¬
f4 .%>$% (. >$($%& /4$ 0-$(-$%

p
/* %$851'% = 0$ &5*( '1*. <.4*/>$% 0-$(-$% .%

4.(
p
>/7/>$*

h2
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p ��«��\� h2 � �� \� p ��«��\� h1 �

G5;;.*$
p | h2 = '4> %$<'11 (-'(

h2 = [UK : H ]
� G/4<$

p
/* ;%/& $ = UK/H

<.4('/4 *
'4 $1$& $4( .9 .%>$%

p � (-'( /* = (-$%$ /* *.& $ 54/(
ε
4.( .9 (-$ 9.%&

±ζk
∏µ

i=1(1 −
σiζ)xi = ∑ xi = 0 = *5<- (-'(

εp
-'* (-'( 9.%& L/ �$ �

εp ∈ H
M � # /b ' <-./<$ .9 */84 =

k = '4> '11 7'15$* .9
xi

*. (-'(
εp = ±ζk

∏

(1 − σiζ)xi
� ,-$4 0$ <'44.( -'7$

p | xi9.% '11
i
F .(-$%0 /*$ = 0$ 0.51> -'7$

εp = ±ζkηp = 0-$%$ η =
∏

(1 − σiζ)yi
'4>

xi = pyi = *. (εη−1)p = ±ζk '4> (-5*
±ζk = ±1

� N$ 0.51> (-$4 -'7$
εp = (±η)p =*.

ε = ±ζj
∏

(1 − σiζ)yi
9.% *.&$

j = 0-/<- <.4(%'>/<(* (-$ '**5&;(/.4 (-'(
ε 6∈ H

�
G/4<$ 0$ <'4 0%/($

ε = a0 + a1ζ + · · · + ap−1ζ
p−1 9.% *.& $ /4($8$%*

ai = 0$ -'7$
εp ≡

∑

(aiζ
i)p ≡

∑

ai (mod p) = *. (-$%$ /* '4 /4($8$%
c
*5<- (-'(

εp ≡ c (mod p)
�

,-$%$9.%$ L'@*.%@/48 ' 9'<(.% .9
−1

/4(.
c
/9 4$<$**'%: M

ζk(1 − σζ)x1(1 − σ2ζ)x2 · · · (1 − σµζ)xµ ≡ c (mod p)
Ld ��M
9.% *.&$ /4($8$%*

k, c, xi
*5<- (-'( ∑

xi = 0
'4> (-$

xi
'%$ 4.( '11 &51(/;1$* .9

p
�
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C$?4$ (-$ %'(/.4'1 954<(/.4 f(t) = tk
∏µ

i=1(1−σ
it)xi = 0-$%$ σit = tγ

i � A65'(/.4
d �� 8/7$* 5*

f(t) = c+ p · q(t) + (1 + t + · · · + tp−1)r(t)
9.% *.& $ ;.1:4.& /'1*

q(t)'4>
r(t)

0/(- /4($8$% <.$E </$4(* � ,'3/48 1.8'%/(-& /< >$%/7'(/7$* = 0$ 8$(

k

t
−

µ
∑

i=1

xi
γiσit

t(1 − σit)
=

p · q′(t) + (1 + · · · + tp−1)r′(t) +
(

∑p−2
i=0 (i+ 1)ti

)

r(t)

c+ p · q(t) + (1 + t+ · · · + tp−1)r(t)

'4> /9 0$ &51(/;1: (-%.58- @: ζ '4> (-$4 *$(
t = ζ

0$ 8$(

k −

µ
∑

i=1

xiγ
iσiζ

1 − σiζ
=

ζp · q′(ζ) + ζ
(

∑p−2
i=0 (i+ 1)ζi

)

r(ζ)

f(ζ)
.

�.($ (-'(
f(ζ) = ±εp = *. (-$ %/8-( -'4> */>$ /* /4

Z[ζ] = '4> ∑p−2
i=0 (i+ 1)ζi = pζp−1

ζ−1L0-/<- .4$ & ': <.&;5($ @: <'11/48 /(
S

'4> 4.(/48 (-'(
ζS − S = (p − 1)ζp−1 −

∑p−2
i=0 ζ

i = pζp−1 M � ,-5* /9 0$ 1$(
η
>$4.($ (-$ 54/(

−(±εp)−1 = 0$ -'7$

k −

(

µ
∑

i=1

xiγ
iσi

)

ζ

1 − ζ
≡ η

(

p

1 − ζ

)

r(ζ) (mod p).

¨5( 1
1−ζ = −ζ

p

(

pζp−1

ζ−1

)

= −1
p

(

ζ + 2ζ2 + · · · + (p− 1)ζp−1
) = *. /9 0$ 0%/($ γi ≡ γi

(mod p)
'* @ $9.%$ '4> %$'%%'48$ (-$ ($%& *

jζj = 4.(/48 (-'(
γiζ

γi = γiζ
γi

= γiσ
iζ =0$ 8$( ζ

1−ζ = 1
1−ζ−1 = σµ

(

1
1−ζ

)

= −1
p σ

µ
(

∑p−1
i=1 γiσ

i
)

ζ
� N%/(/48 (-$ .;$%'(.% /4

;'%$4(-$*$* '*
φ(σ) = 0-$%$ φ(x) =

∑

γix
i '* @$9.%$ = 0$ -'7$

k +

(

µ
∑

i=1

xiγ
iσi

)

σµ(φ(σ))(ζ)

p
≡ η

(

p

1 − ζ

)

r(ζ) (mod p).

�.($ .4 (-$ 1$9( (-'(
σµ <.&&5($* 0 /(- (-$ .;$%'(.% /4 ;'%$4(-$*$* = */4<$ (-'(.;$%'(.% /* ' 1/4$'% <.&@/4'(/.4 .9 ;.0$%* .9

σ
� � 1*. = /9 0$ 0%/($

η · r(ζ) = x ·
(1 − ζ) − d

9.% *.& $
x ∈ Z[ζ]

'4>
d ∈ Z

L%$<'11 (-'( 0$ <'4 >. (-/* @ $<'5*$
Z[ζ]/(1−ζ)Z[ζ] ∼= Fp

M = (-$ %/8-( -'4> */>$ @ $<.& $*
px− p

1−ζ d ≡ p
1−ζ (−d) (mod p)

�
¨5( '8'/4 p

1−ζ = −(φ(σ))(ζ) = *.

k + σµ

(

µ
∑

i=1

xiγ
iσi

)

(φ(σ))(ζ)

p
≡ d · (φ(σ))(ζ) (mod p),

#/4'11:= 0$ ';;1: (-$ .;$%'(.%
γσ−1

(. @.(- */>$* '4> %$<'11 (-'(
(γx−1)φ(x) =

pψ(x)+(xp−1 −1) = '4> *.
(γσ−1)(φ(σ))(ζ) = (pψ(σ)+(σp−1 −1))ζ = (pψ(σ))(ζ) =(. 8$(

(γk − k) + σµ

(

µ
∑

i=1

xiγ
iσi

)

(ψ(σ))(ζ) ≡ dp(ψ(σ))(ζ) ≡ 0 (mod p).

+$(
F (σ) = (

∑µ
i=1 xiγ

iσi)ψ(σ)
� G/4<$

σµ(F (σ))ζ ≡ k− γk (mod p) = '4> k− γk/* '4 /4($8$% = 0$ & ': ';;1:
(σµ)−1 (. 8$(

(F (σ))ζ ≡ k−γk (mod p)
� #5%(-$%&.%$ =

F (σ)
<.&&5($* 0 /(-

σj = *. (F (σ))(σjζ) ≡ σj(k − γk) ≡ k − γk (mod p)
9.% '11

j =*. 0$ *$$ (-'(
F (σ)

<'%%/$* '11 ; .0$%* .9
ζ
(. (-$ /4($8$%

K = k − γk
&.>51.

p
�

N$ 4.0 <.4*/>$%
σ
'* '4 .;$%'(.% .4 (-$

Fp
27$<(.% *;'<$

Z[ζ]/pZ[ζ]
� �.($ (-'(

(-/* *;'<$ -'* >/& $4*/.4
≤ p− 1 = */4<$ (-$ $1$& $4(*

ζi
L
0 ≤ i ≤ p− 2)

*;'4 /( �
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��W� W�UVUWT Ð Y� Y �� \ �� \[`��[ σ � `� \�] \�«\���[� vj = ζ + γjσζ + γ2jσ2ζ +

· · · + γ(p−2)jσp−2ζ � ·� \[\ σvj = γ−jvj � � �[ 0 ≤ j ≤ p − 2 � Ñ �� �\ �� \ \�] \�«`_^\�
γ0, γ−1, . . . , γ−(p−2) `[\ `_ _ �������� ¢ ��^_� p � Z[ζ]/p

� `� ��¢ \����� p− 1 `�� �� \
\_\¢ \��� vj

� �[¢ ` º`��� �
� [��� � �.($ (-'(

σvj =
∑p−2

i=0 γ
ijσi+1ζ = *. γjσvj =

∑p−2
i=0 γ

j(i+1)σi+1ζ = vj = .%
σvj = γ−jvj

� f( /* $'*: (. <-$<3 (-'(
vj 6= 0

9.% '11
j = *. (-$ ;%.;.*/(/.4 9.11.0 * �

�

�* ' %$*51( = 4.($ (-'( 9.% '4: ;.1:4.& /'1
f(x) = 0$ -'7$

f(σ)vj = f(γ−j)vj
/4

(-/* 7$<(.% *;'<$ � f4 ;'%(/<51'% = F (σ)vj ≡
(
∑

xiγ
i(1−j)

)

ψ(γ−j)vj (mod p)
� ¨5(

*/4<$
F (σ)ζi ≡ K (mod p)

9.% '11
i = 0$ '1*. -'7$

F (σ)vj ≡
∑p−2

i=0 F (σ)(γijσiζ) ≡
∑p−2

i=0 γ
ijK (mod p)

� G/4<$ ∑
γij = γ(p−1)j−1

γj−1 ≡ 0 (mod p) = 0$ -'7$
F (σ)vj ≡ 0

(mod p)
9.%

1 ≤ j ≤ p− 2
�

G/4<$
F (γ−j)vj ≡

(
∑µ

i=1 xiγ
i(1−j)

)

ψ(γ−j)vj ≡ 0 (mod p) = $/(-$% ψ(γ−j) ≡ 0

(mod p)
.% ∑

xiγ
i(1−j) ≡ 0 (mod p)

9.% $'<- .9
i = 1, 2, . . . , p − 2

� G5;;.*$
(-'(

p 6 | h1 � (-$4 9%.& (-$ ;%$7/.5* *$<(/.4 0$ 34.0 (-'(
ψ(γi) 6≡ 0 (mod p)

9.%
i = 1, 3, . . . , p−2 = .% $65/7'1$4(1: ψ(γ−j) 6≡ 0 (mod p)

9.%
j = 1, 3, . . . , p−2

� K$4<$
9.% (-$*$

µ
7'15$* .9

j
0$ -'7$

x1γ
1−j + x2γ

2(1−j) + · · · + xµγ
µ(1−j) ≡ 0 (mod p).

,-5* 0$ -'7$ ' *:*($& .9
µ
$65'(/.4* /4 (-$

µ
5434.04*

x1, x2, . . . , xµ = '4> (-$
<.$E </$4( &'(%/b

(γi(1−j))
/* /47$%(/@1$ @$<'5*$ /( <'4 @$ $'*/1: (%'4*9.%& $> /4(.

' Ò'4>$%&.4>$ & '(%/b = *. (-$ .4 1: *.15(/.4 /*
xi ≡ 0 (mod p)

9.%
1 ≤ i ≤ µ

�
¨5( %$<'11 (-$ <.4*(%5<(/.4 .9 (-$ 54/(

ε
0-/<- 0$ 5*$> (. >$?4$ (-$

xi
'( (-$

@ $8/44 /48 .9 (-/* *$<(/.4 F 0$ '**5& $> (-'(
p | h2

'4> *-.0$> (-'( (-$
xi

<'44.(
'11 @$ &51(/;1$* .9

p
� G/4<$ (- /* /* <1$'%1: (-$ <'*$ -$%$ = 0$ -'7$ ' <.4(%'>/<(/.4 = *.0$ <.4<15>$ (-'(

p | h1
'4> (-5* .5% ;%..9 .9 (-$.%$& d �� /* <.&;1$($ �

�W�W����  Ð Y¡ Y Ó � [�¢ \
p �� [\]^_`[ �� `�� ��_� �� p ��\� ��� ��«��\ �� \ �^¢ \[`��[��� �� \ ¿ \[��^_ _� �^¢ º\[� b2, b4, . . . , bp−3 �

,-$ <.%.11'%: 9. 11.0 * @: .@*$%7/48 (-'( p >/7/>$* h = h1h2
/9 '4> .41: /9

p
>/7/>$*

h1 = '4> ';;1:/48 (-$.%$& e �P �
N$ &': 4.0 ;%.7$ H5&&$% )* +$&&' .4 54/(* 65/($ $'*/1: F
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p º\ `� ��� [\]^_`[ � [�¢ \� `�� _\� u ∈ Z[ζ]

º\ ` ^���� �� \� u ≡ c (mod p)
� �[ ��¢ \ [`����`_ �� �\] \[ c �� `�� ��_� �� u �� �� \

p
�� � �· \[ �� ��¢ \ ^��� ��

Z[ζ] �
� [��� � f( /* <1$'% (-'( 9.% /4($8$%* ai

0$ -'7$ (∑
aiζ

i
)p

≡
∑

ai (mod p) = *. ; $%9$<(
p
(- ;.0$%* '%$ '10':* <.48%5$4( (. %'(/.4'1 /4($8$%* &.>51.

p
�

G5;;.*$
u ≡ c (mod p)

� G/4<$
|UK/H | = h2 = 0$ -'7$

uh2 ∈ H = '4> *.
uh2 =

±ζk
∏µ

i=0(1−σ
iζ)xi

9.% *.& $
k
'4> /4($8$%*

xi
0-/<- *5& (. i$%. = -$4<$ ±ζk

∏

(1−

σiζ)xi ≡ ch2 (mod p)
� N$ -'7$ Z 5*( *-.04 (-'( /9

p
>.$* 4.( >/7/>$

h1 = (-$4 p | xi9.% '11
i = *. uh2 = ±ζkηp 0-$%$

η =
∏

(1 − σiζ)xi/p /* ' 54/( � #5%(-$%&.%$ = p >.$*
4.( >/7/>$

h2 = *. ah2 + bp = 1
9.% *.&$

a, b ∈ Z � (-$4 u = uah2ubp = (±ζk)aηapubp =*.
u = ζak(±ηaub)p � ,-$%$9.%$

±c(η−au−b)p ≡ ζak (mod p) = '4> *.
ζak ≡ c′

(mod p)
9.% ' %'(/.4'1 /4($8$%

c′
� ¨5( %'/*/48 @.(- */>$* (. (-$

p
(- ;.0$% 8/7$*

1 ≡ (c′)p ≡ c′ (mod p) = *. ζak ≡ 1 (mod p) = .% p >/7/>$*
1 − ζak � f9

ak 6≡ 0
(mod p) = (-$4 ak /* '4 '**. </'($ .9

1− ζ = -$4<$ p >/7/>$*
1− ζ

� ,-/* /* /&;.**/@1$
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*/4<$

p
'4>

(1− ζ)p−1 '%$ '**. </'($* = *. 0$ <.4<15>$ (-'(
p | ak = -$4<$ ζak = 1

� f(
9. 11.0 * (-'(

u = (±ηaub)p = '* >$*/%$> � �

,-/* %$*51( <.&;1$($* (-$ ;%..9 .9 #$%& '( )* +'*( ,-$.%$& 9.% %$85 1'% ;%/& $* � f4
.(-$% 0.%>* = (-$ $65'(/.4

xp + yp = zp -'* 4. 4.4(%/7/'1 *.15(/.4* 0-$4$7$%
p
/* '

%$851'% ;%/& $ = '4> 0$ -'7$ *-.04 (-'(
p
/* %$851'% /9 '4> .41: /9

p
>.$* 4.( >/7/>$

(-$ 45&$%'(.%* .9
b2, b4, . . . , bp−3

�
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