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Intro duction

The factorization of integer numbers is one of the more important simple mathematical
conceptswith applications in the real world. It is commonly believed that factorization is
hard, but nonetheless,that it is possibleto factorize an integer into its prime factors. If
we passfrom the eld of rational humbers Q to a nite extens'B)nK (called number eld)
factorization neednot be unique. For example,in the eld Q(' 5) the integer 6 can be
decomposedinto prime numbersin two distinct ways:

6=2 3=(1+ p_5)(1 I0_5):
This fact led to one attempt at proving Fermat's Last Theorem, where it was assumed
that

i=1

is a unique factorization (where is a primitiv e n-th root of unity), whenin fact this need

not be the case. The notion of ideal appeared precisely to explain this phenomenon. If

Ok isthe ring of integersof the eld K, then Ok is a Dedekind domain and every integer

2 Ok can be uniquely factorized into a product of prime ideals. To understand how far

away a number eld K is from having unique factorization into elemens of Ok (and not
ideals of Ok ), oneintroducesthe classgroup

CI(K) = ffractional idealsg=f Okj 2 K g:

The classgroup is nite and its size,h(K) is an important arithmetic datum of K .
Seemingly unrelated to the classnumber is the -function of a number eld. Initially

studied in connectionwith the distribution of the prime numbers,the -function of a number

eld K is X

Kk (S) = L

Nas’
a

where the sum runs through all integral ideals a of Ox and Na represers the norm of
the ideal a. The function g (s) is absolutely corvergert when Res > 1, has holomorphic
cortinuation to all the complex plane and is related to the classnumber by the following
remarkable formula:

Theorem 0.1 (Analytic Class Num ber Formula). Let K be a number eld, let Rx be
the regulator of K, let hx be the classnumber and let wx be the number of roots of unity
in K. If the number eld K hasr; real emkeddings K ! R and r, complex emteddings

K ! Cthen
1 (ri+r2 1)) = hk Rk .

(I’1+ ro l)! K Wk
Proof. See[Neu99]VII1.5.11. O

This formula is important becauseit relates an analytic object assaiated with the
number eld K (the g -function) to an arithmetic object (the classgroup). In particular,
it allows an e cien t computation of hx if onehasan e cien t computation of k. In 1960,
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Birch and Swinnerton-Dyer generalizedthis formula to elliptic curvesby noting that if O,
is the group of units of Ok, then by the Dirichlet Unit Theorem ([Neu99]1.12.12) the group
Ok is nitely generated,hasrank ry+ rp 1 andits torsion group is the group of roots of
unity, whosesizeis wg . In the caseof an elliptic curve E de ned over Q, the Mordell-Weil
group E(Q) is nitely generatedwith rank r. To the elliptic curve E they assaiated an
L-function L(E;s) that is holomorphic when Res > 3=2 and which they conjectured to
have analytic continuation to the whole complex plane C.

Conjecture 0.2 (Birc h and Swinnerton-Dy er). Let E be an elliptic curve of rank r
de ned over Q. Then L(E;s) hasanalytic continuation to a neightorhood of 1, its order of
vanishing at 1 is equalto r and

VRejX (E=Q)j,
JE(Q)tors]?

where X (E=K) is the Shafarevich-Tate group, V is the volume and Rg is the regulator of
E.

1
ﬁL(f)(E; 1) =

The similarity between Theorem 0.1 and Conjecture 0.2 is remarkable. Instead of the
sizewk of the torsion of O, we now have jE (Q)torsj2 and instead of hx we have the sizeof
the Shafarevidh-Tate group (which hasa similar behavior to that of CI(K)). Subsequetly,
Conjecture 0.2 hasbeenre ned and later generalizedto abelian varieties over number elds
by Tate.

Let A be an abelian variety de ned over a number eld K. Then the Mordell-Well
group A(K) is nitely generatedand hasrank r 0. Then the conjecture, as generalized
by Tate is

Conjecture 0.3. Let A be an alelian variety of rank r de ned over a number eld K. Let
L (A; s) be the glokal L-function of A, let A(K )wrs and A-(K )ors be the torsion sulgroups
of A(K) and A-(K) respectively. Let Ra be the regulator of A, and let X (A=K) be the
Shafarvich-Tate group. Then L(A; s) hasan analytic continuation to a neightorhood of 1,
has order of vanishingr at 1, X (A=K) is a nite group and

LOMD | RaX (AK)
r! A(AK)d Aw; JA(K )torsJiA- (K tors]

R
where ,a yd aw; ocorrespndsto the term V in Conjecture 0.2.

The rst statement of Conjecture 0.2 (that the order of vanishingof L(E; s) at 1is equal
to the rank of E) hasbeenprovenin the casewhen the order of vanishingof L(E;s) at 1 is
0 or 1, but otherwise, little is known about it. Howewver, there are proven theorems about
the consistencyof the conjectures. Thus, if A is an abelian variety de ned over a humber
eld L (a Galois extensionof K ) then the restriction of scalarsR| -k A is an abelian variety
de ned over K. In 5.8 we shaw that the conjecture (Conjecture 3.15) holds for oneif and
only if it holds for the other. More importantly, if A! B is an isogery (i.e., surjection
with nite kernel) of abelian varieties de ned over a number eld K, we shov in Theorem
5.22 that (under certain hypotheses)the conjecture holds for A if and only if it holds for
B.



We beginwith an intro duction to algebraic groupswhere we develop the topologiesand
Haar measuresof locally compact groups. Subsequetly, we study the geometric structure
of abelian varieties, aswell astheir measure-theoreticproperties. We prove that two forms
of the Birch and Swinnerton-Dyer conjecturethat appearin the literature are indeedequiv-
alent and proceedto usethis equivalenceto show certain invariance properties (invariance
under restriction of scalarsand under isogenies). The theory that goesinto the statemert of
the conjectureis very rich, encompassinganalytic (measure-theoretic),geometric and alge-
braic properties of abelian varieties. As a result, in order to prove the invariance properties,
we needto study the algebra of Tate's global duality theory for number elds.

Notation

Let K be a number eld, i.e., a nite extensionof Q. Let Ok be the ring of integers of
K. Let Mk be the set of placesof K, let M? be the set of nite archimedean placesand
let M} be the set of innite places. The setsM} and M2 correspond to the real and
complex embeddingson the one hand and prime ideals of Ok on the other hand.

For every nite placev, let K, bethe completion of K with respectto the metric de ned
by the valuation v. The ring Ok is a Dedekind domain and O, = fx 2 K,jv(x) 0Ogisa
local ring with maximal ideal } , = fx 2 Kyjv(x) > 0g. We will denote by k, = Oy=}, the
residue eld at v and by q, = jkyj (if X isa nite set,jX]j represerts the cardinality of X).

Wewill write K" for the maximal unrami ed extensionofK,. Thenl, = Gal(K ,=K")
is the inertia group and Gal(K ,=K,)=I, = Gal(ky=k,). Consider the automorphism  :
x 7' x % in Gal(ky=k,) = Gal(K!"=K). Choosea lift  of , to Gal(K,=Ky), which we
call the arithmetic Frobenius elemen.

The completions K are locally compact, Hausdor and secondcountable. Thus, there
exists a unique (up to normalization) ,'ggvariant Haar measure , on K,. The measure
is uniquely de ned by the conditon , d v = 1. This unique measure corresponds to

the normalized metric jxjy = q,v(x) = my= y where my is the multiplication by x

automorphism. SinceO, =} is arhn-dimensional vector spaceover ky, using the invariance
of the Haar measurewe getthat ,,d = q,".
Let S bea nite setof placesv of K such that M}  S. Dene

Y Y
v2S vZS

If Ox.s = fa2 Kja2 Oy;8v 2 SgthenOk.s | Ak:s isadiscreteembedding of topological
spaces.

De nition  0.4. The ring of K -rational adelesis the ring
Ak = lim Ak :s;

where the direct limit is taken over all nite S asabove.

Then Ak is a locally compact, Hausdor, secondcountable topological ring and there
exists a discrete embedding K ! Ax . The main reasonfor dealing with the ring of adeles
is that it encadesall the local arithmetic properties of elemers of the eld K.



Remark 0.5. The topologyon A, is not the oneinducedfrom Ak . In particular, A, | Ax
is not an open embedding.

If Sis a nite set of primes, let Ks be the maximal algebraic extension of K that is
unramied at ead placev 2 S and let Gs = Gal(Ks=K). If Ok is the ring of integers of
K, set OK;S = OK;S Ok W

Wefollow the generallyacceptednotation H" (K;M) = H"(Gal(K=K);M) andH"(L=K ;M) =
H"(Gal(L=K ); M) for Galois cohomologyof M .



1 Algebraic Groups

1.1 Group Varieties

Let K bea eld andlet K be an algebraicclosureof K . In classicalalgebraic geometry, an
ane variety V is a topological subspaceof K" (for somenonnegative integer n) de ned
as the zero locus of an ideal 1 (V) K [X1;:::;Xn] of polynomials. In that case,R =

of a homogeneousideal of polynomials I (V)  K|[xo;:::;Xn] (i.e., a set of homogeneous
polynomials of degreeat least k in an ideal, for somek). For example, the ideal | =
(xy 1) Q[x;y] denesanane variety Gy, over Q becausexy 1 generatesl \ Q[x;Y].

Every classicalvariety V is identied with the setof points V(K ) over K. If the variety
is de ned over the eld K then thereis asubsetV(K) V(K) of K -rational points (V(K)
may or may not be empty). For every extension L=K, if the variety V is de ned over
K, it will also be de ned over L. Therefore we have an assignmen L 7! V(L), where
V(L) represens the points on V whosecoordinates lie in L. Unfortunately, the context
of classicalalgebraic geometry does not allow a thorough understanding of the functorial
properties of this assignmem, which are especially important if V is a group variety.

Rather than working in an algebraicclosureK of K and understanding varieties de ned
over K in terms of polynomials over K, we will work in the category Schx of schemes
de ned over SpecK . More generally, we will look at the category Sch s of schemestogether
with morphismsto a schemeS. The languageemployed will be that of stchemes,but the
results are essetially about varieties.

De nition 1.1. Let A bearing. An abstract variety V de ned over A is a geometrically
integral schemeV that is separatedand of nite type over SpecA.

If A is an algebraically closed eld, the category de ned above is equal to the imagein
Schp of the category of varieties de ned over A ([Har77] 11.2.6); the only di erence is that
if V is, for example,an a ne variety with coordinate ring R then V is the subsetof closed
points of SpecR as an abstract variety.

A ne varieties de ned over a eld K can now be realized as ane sdemesSpecR
with a morphism to SpecK, R being the coordinate ring of the a ne variety de ned over
K. For example, we have de ned the ane variety G, over K, given by the vanishing
of the polynomial xy 12 K|[x;y]. However, the polynomial xy 1 that generatesthe
de ning ideal has coe cien ts in Z. Therefore we may de ne G, = SpecZ[x; y]=(xy 1)
and base-extendto obtain

SpecK [x;y]=(xy 1) = Z[X;y]=(xy 1) specz SpecK:

If the coordinate ring of a variety V is generated by integer polynomials, it is best to
interpret V asan abstract variety over Z, becausein that casewe can make senseof V (A)
for every ring A. As a matter of notation, whenewer we have a scheme S and two sdhemes
V;T 2 Schg, wewrite Vr =V g T. In particular, if an abstract variety V is de ned over
aring A and B is an A-algebrawe denoteby Vg the base-extensiorVg = V. gpeca SpecB.

In the context of classicalvarieties, the assignmen L 7! V(L) takesa eld L to the setof
points of V whosecoordinateslie in L. In the corntext of schemesV 2 Schg, the assignmem
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Z 7' V(Z) = Homsenhg (Z;V) is afunctor, called the functor of points. Therefore, for ead
S-schemeZ we obtain a setof points V(Z); in particular, if V is an abstract variety de ned
over aring A then we obtain the setV(B) for eadh A-algebraB. SinceVg(B) = V(B), we
will write V(B) for the B-points of Vg.

A subcategory of Schg is that of group schemes. A schemeG 2 Schg (let :G! S
be the morphism that de nes G over S) is called an S-group schemeif there exist a point
e 2 G(S) and morphisms of S-shemesm : G sG! Gandi:G! G sud that:

1. The following diagram is commutativ e (i is inversion):

G idiGSG

iid‘
G sG-" G

m

2. The following diagram is commutativ e (assciativit y):

G sG sGL™ /g <G

m id m

G s6— g

In particular, an algebric group is an abstract variety G, de ned over a ring A, such
that G is a group schemein Scha.

Remark 1.2. Let G be a group scheme de ned over a scheme S. Then the functor Z 7!
G(2Z) for Z 2 Schs de nes a group structure on G(Z) as follows. For x : Z ! G (so
X 2 G(Z)) dene inversionx '=i xandforx;y:Z! G2 G(Z) de ne multiplication
X y=m (XVy).

Example 1.3. Sincethe categoryofa ne scemesis oppositeto the categoryof commutativ e
rings, we may de ne the morphismse;m and i on SpecR on the level of R.

1. The ane line canberealizedasa group variety asthe additive group G, = SpecZ[x].
Then e correspondsto the linear map that takesx to 1;i correspondsto u 7!  u and
m correspondsto u v 7! u+v. If A isaring then G4(A) = Hom(SpecA; SpecZ[x]) =
AT,

2. Similarly, the multiplicativ e group is Gy, = SpecZ[x;y]=(xy 1). Then e corre-
sponds to the linear map that takesx to 1; i corresponds to the linear map that
interchangesx and y and m correspndsto u v 7! uv. If A is a ring then
Gm(A) = Hom(SpecA; SpecZ[x; y]=(xy 1)) = A .

3. The generallinear group variety is

the identity; i correspondsto the map that inverts the matrix M and m corresponds
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toM N 7! MN (matrix product). Note that i is a priori only de ned over Q.
Howewer, over Z the matrix M hasdeterminant 1 soits inversehasinteger ertries
aswell. If A isaring then GL,(A) is the usual group of invertible n  n matrices
with ertries in A.

De nition  1.4. An akelian variety is a complete algebraic group, i.e., it is an algebraic
group A de ned over a eld K, such that A is proper over SpecK .

Lemma 1.5. Let G be an ane algebric group de ned overa eld K. Then there exists
a nonnegative integer n and a closal immersion ' : G ! GLj of SpecK -schemes.

Proof. See[Wat79] Theorem 3.4. O
If K isa eld, not necessarilyalgebraically closed,the variety
S' = SpecK [x; y]=(x* + y* 1)

is an algebraic group whose multiplication and inversion are the morphisms (on the level
of the ring of regular functions)

(xz yt; xt + yz)
(x y):

m((x;y); (z;1))
i(x;y)

If K contains a root of the polynomial X 2 + 1 then
o) T (x+ D Iyix Dy,

givesan isomorphism betweenS?* and (Gn)k = Gm specz SpecK . However, St and G,
neednot be isomorphic over K . Indeed, over Fp, for p 3 (mod 4) prime (for p= 2, Stis
not even a variety, being nonreduced)the group (Gm)r,(Fp) = F, hasp 1 elemerns, while
the group St (Fp) hasp+ 1 elemerts, parametrized by (2u=(1+ u?); (1 u®=1+ u?) (the
parametrization is well-de ned, sincep 3 (mod 4) and thus 1+ u? hasno roots mod p).
If Gm and St were isomorphic over Fp, they would have the samenumber of elemerts over
Fp.

De nition 1.6. An algebraicgroup G de ned over a eld K is called a torus if there exists
an isomorphism of algebraic groups de ned over K betweenG and (S1)? = (Gn,)9, where
d=dimG.

Similarly, a unipotent group is classically de ned as a subgroup of a linear group
GLn(K) consisting of upper-triangular matrices. By Lemma 1.5 we obtain the following
de nition:

De nition  1.7. An algebraicgroup G de ned over a eld K is called unipotent if, over K ,
there exists a composition seriesG = Gg G; ::: Gk feg of algebraic groups suc
that Gj=Gj.+, is an algebraic subgroup of (Ga);



1.2 Restriction of Scalars

Let L=K bea nite eld extensionand let G bean algebraicgroup de ned over L. Consider
the functor of K -schemesZ 7! G(Z.). We would like to construct an algebraic group
R =k G de ned over K that represens this functor, i.e., for ead K-scheme Z we have
(Ri=k G)(Z) = G(Z.).

De nition  1.8. Let G be an algebraic group de ned over a nite eld extensionL=K .
If the functor of K -schemesZ 7! G(Z.) is represenable, we will denote the group that
represerts it by R -x G. This group is called the restriction of salars of G from L to K.

Let L=K be a Galois extensionand let f 1;:::; 4g be the set of embeddingsL ! K.
For a group G de ned over L we call a pair (H; ) of aK -algebraicgroup H and morphism
:H ! G dened over L arestriction of salars pair if there exists a K isomorphism

wherethe twist G ' of G by isthe b er product
G — g

SpecL ——/SpecL

Lemma 1.9. Let L=K be a nite Galois extension. If G is the ane or projective space
over L then there exists a restriction of salars pair for G.

Proof. See[Wei82]Proposition 1.3.1. O

Lemma 1.10. Let L=K be a nite Galois extension. Let G be an algebaic group de ned
over L and let G%be a sulgroup of G. If there exists a restriction of salars pair for G then
there exists one for G°

Proof. Assume that there exists H an algebraic group de ned over K and a morphism
:H ! G dened over K sud that over K there is an induced isomorphism : H !
Q Gi.LetH%= (4 GO%). Since isdened overL for a 2 Gal(K =
-1 G 1. = i1 . ny al(K =L) we
get that 1= landsoHCisdened overL. Then (H® o) is arestriction of scalars
pair for G° O

Prop osition 1.11. Let L=K be a nite Galois extensionand let G be an algebaic group
denedoverL. If (H; ) is arestriction of salars pair for G then H representsthe functor
of K-schemesZ 7! G(Z.), i.e., H = R« G.

Proof. Let Z be a K-sthemeand supposethat :Z ! H is a morphism de ned over K,
i.e., 2 H(Z). Considerthe commutativ e diagram



where : Z_ ! Z is the projection to the Z factor in the b er product Z, and =
2 G(Z.). Denote by F the natural map that takes to . To prove that H
represens Z 7! G(Z.) is it enoughto showv that F : H(Z)! G(Z.) is bijective.
Supposethat 2 G(Z ) andlet = 1 = (¢ ;00 9) Y (100 4) A
priori this is a morphism de ned over L, but for 2 Gal(L=K ) we have

=( 1305 a) P (o1 q)=

since permutesthe ;. Therefore is de ned over K. Consequetly, factorsthrough Z
sothere existsa morphism :Z ! H dened over K suc that = . In particular,
F is surjective sinceF ( ) =

Supposethere exist 1; 22 H(Z) suchthat F( 1) = F( 2). Foreah z 2 Z consideran
open ane neighborhood U = SpecR, of z. Sincethe map R;! R; g L isinjective (R;
is a K -vector space),there exists z°2 SpecR, « L such that (z9 = z. Therefore, s
surjective. Then, for eac z 2 Z there existsa z°2 Z, sudch that (z% = z which implies
that 1(z) = 1( (29) = 2( (29) = 2(z). However, morphisms are not de ned by their
valueson points. Consideran openane cover of H by fUjgandlet V, = ; L(U)) be the
open preimageof U; in Z, under the cortinuousmap ;. Let fWj; g bean ane open cover
of Vi. Since 1 and  take the samevalueson points, we have (Wj) U; for k = 1;2.
Let Wjj = SpecR; and let U; = SpecT;. Sincethe category of ane sdemesis opposite
to the category of commutativ e rings, the following diagrams are equivalent:

" K'h| ; é%
I|| -
J
—4 e
1

Wi T a4y, Rij Ti

But ~ is an injection so 4 = ~ sothe morphisms 1 and » are equal, since they agree
locally. O

Note that by construction dm R -x G = [L : K]dim G. Moreover, if we baseextend
the restriction of scalarsto the algebraic closure, it splits into a product of ‘twists' of the
original group.

Corollary 1.12. Let L=K be a Galois extensionand let G be an algebaic group de ned
overL. If G is atorus, unipotent group or akelian variety then R| ¢ G is a torus, unipotent
group or alkelian variety, resgectively.

Proof. If G is a torus then R _x G is isomorphic over K to a product of G,,, SOR -« G
is a torus. If G is an abelian variety, there exists a c@sedimm%sion H ! P" for some
m. Therefore there exists a K immersion R _x G = G | P&‘_ i PE_ where N =

(m+ 1)K] 1 s given by the Segreembedding. But any such immersion is de ned over
a nite extensionM =K (by Lemma 1.13 we could chooseM = L). Let"' :Hpy | P,’\\‘,| be
the immersionandlet L = ' Opn (1) be a very ample invertible sheafon Hy . In that case

M1 kL isanampleinvertible sheafon H, which provesthat H is projective, hencean
abelian variety.

11



If G is unipotent, there exists a composition seriesG = Gg GQ Gm
f1g de ned over K such that Gi=Gi+1 = (Ga)g. Then Gj = G’ ksj Go* Is akK-
composition seriesfor R -« G:

Ri-k G= Goo Gu1po Ggj Goj+1 Gy Gma flg;
with Gij =Gi+1; = (Ga)K_ if i < dand Gy =Go;j+1 = (Ga)K_ otherwise. |
The following lemma shaws that it is enoughto base-extendto the eld of de nition of

the group to obtain a decomposition into groups isomorphic over L to G:

Lemma 1.13. Let L=K be a nite seprable extension of elds and let Gal(L=K) =

\vd
i=1

Proof. Sincewe will not be using this result, we direct the readerto [PR94] 2.1.2for further
details. O

Example 1.14. Let L=K bea nite extensionof elds andlet (G,,). bethe one-dimensional
split torus over L. Then R —x G, is a [L : K ]-dimensional torus over K that comeswith
a distinguishedmap : R -« Gm ! Gn. Dene RLK G to be the algebraic group that
makesthe following sequencgde ned over K) exact:
1! Rl Gmn! R« Gm! Gn! 1
Qq

If we baseextendto K, Ri=x Gm « K = ~{L; (Gyi)g andsoR!_, Gm « L =
is clearly an algebraictorus.

Q

d .
.61 Gm

Remark 1.15 Restriction of scalarsfrom a eld L to a subeld K is an e ectiv e process.
Given equationsde ning a group G over L onecan nd equationsfor R -x G over K. For
example, the group (Gm)c is de ned by the equation xy 1= 0. To obtain equationsfor
Rc=r(Gm)c write X = X3+ ixp2 andy = y; + iy, whereC = R[1;i]. Thenxy 1= 0can
be rewritten asxiy; Xay2 1+ i(X1y2 + X2y1) = 0 sothe group Rc-r(Gm)c is de ned

over R by the equationsxiy:; Xay2 1= 0and Xxiy2 + X2y1 = 0. Then the map takes
(X1;X2;Y1;¥2) t0 (X2 + x3;y2+ y3) = (Nc=rX; Ne=rY) and is generally called the norm map.
Finally, RézR(Gm)c = ker is given by the equationsx; = y1;Xp = Yy and x5+ x3 = 1.

1.3 Algebraic Groups over a Nonalgebraically Closed Field K

We have seenin Section 1.1 that the groups S* and Gy, not isomorphic over F3, become
isomorphic over F3. Let K bea eld and let G be an algebraicgroup de ned over K . More
generally, we would like to understand the set of abstract varieties de ned over K, which
are isomorphicto G over K .

De nition 1.16. Let L=K be a nite extensionof elds and let G be an algebraic group
de ned over K. An L=K -form of G is a pair (H; ) of an abstract variety H de ned over

K and an isomorphismH ! G de ned over L.
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Two L=K -forms of G, (H1; 1) and (H»; »), aresaidto be K -isomorphic if there exists
an isomorphism' de ned over K and a commutativ e diagram:

De ne F(L=K;G) to be the set of L=K -forms of G, modulo K -isomorphisms.

Theorem 1.17. Let L=K be a nite eld extensionand let G be an ane or projective
algebaic group de ned over K. Then there exists a bijection

F(L=K:G)! HZ(Gal(L=K );Aut (G));

where Aut | (G) representsthe set of (not necessarily origin-preserving) isomorphismsof G
onto itself.

Proof. For any 2 Gal(L=K') considerthe diagram (over L)

GO 1>G
Ny
1 }}
H

()

where () 12 Aut (G). Then 7! () ltisacocyclesince( ) ) ! =
( ) () () 1L (Of course,it is not a coboundary since 2 Aut, (G).)

Let bethe mapthat ass@iatesto eat L=K -form (H; )thecocycle( 7! () 12
H(L=K ; Aut_ (G)). We needto show that is well-de ned. Assumethat (H; )= (F; )
in F (L=K; G). Therefore, there existsa K -isomorphismf : H ! F that makesthe diagram

commutative over L. Then

Ho() t= o (E)f)t= () OF P = () b

becausef is de ned over K.
To prove that is a bijection, we rst needto show injectivity. If ( H; )) = 02
H(L=K ; Aut (G)), then there existsf 2 Aut, (G) suchthat ( ) 1= (f)f ®forevery
2 Gal(L=K ). Then there exists a diagram de ned over L

But (f ¥ )=f 1 forewery 2 Gal(L=K) sof ! isaK -isomorphismbetween
(H: ) and (G:f).

13



We will only show surjectivity in the casewhen G is an ane group. (When G is
projective, the proof is similar; see[Ser8§, Corollary 21.2.) Let f 2 H(L=K; Aut| (G)) be
a cocycle. We would like to ‘twist' G by f to obtain a new variety G¢, an L=K -form of G.
SinceG is ane, let G = SpecR, where R = Og(G) is the ring of global sectionsof the
sheafof regular functions on G.

Thereis a natural action of Gal(L=K)onR gL, givenby (r I)=r (I). Togetthe
twist, we needto create a new K -algebraR;. For every 2 Gal(L=K ) an automorphism
g of G inducesan automorphismg: R k L! R g L, dened overL. Construct a new
action of Gal(L=K) on R « L de ned by

r D= N D= oD fC)

for every r 2 R;1 2 L (if we interpret r | as a regular function on G.). This is a
well-de ned action, sincefor ; 2 Gal(L=K) we have (f is a cocycle)

r = (¢ NHiC)= ¢ D () ()
(D fC) fC)= ¢ @ 1)

SinceR isthe xed part of R g L under the natural Gal(L=K )-action, we can analogously
de ne R¢ to bethe xed part of R g L underthe newaction . Then R; hasthe structure
of a K-algebraand G; = SpecR; isanane variety overK. But, Ry x L=R L,
which corresponds to an L-isomorphism between G and G¢. If : G ! G; isanL-
isomorphism, then  induces an isomorphism € : Ry k L = R L with the property
that ©r 1)= € (r 1)) for 2 Gal(L=K). But then

(r )= @« ) 3

which impliesthat f( )= () 1, sowe get the cocycle we started with. Therefore,
is surjective. O

Passingto direct limit the bijection F(L=K;G) = H(L=K ; Aut, (G)), one similarly

getsthat
F(K=K;G) = HYK; Auti(G)):

Example 1.18 (One-dimensional tori over a nite eld Fq). Theorem 1.17 can be usedto
characterize the forms of G = (Gm)r,, the split one-dimensionaltorus over the nite eld
Fq.

Sincethe category of a ne sthemesis opposite to that of commutativ e rings, Endgq(G)
is given by Endﬁq(Fq[x; yl=(xy 1)) = Z sincex canmap to either a power of x or a power
of y. Therefore

F (Fq=Fq: Gm) = H}(Gal(Fq=Fg); Aut(2)) = Hom(2;f 1g);

since Gal(Fq=Fq) = b. Let Frob bethe topological generator of Gal(Fq=Fq) corresponding

to the unit in 2 (recall that b= Iim Z=nZ). Any continuous cocycle (which must be a
homomorphism, becausethe Galois action is trivial) is determined by the value it assigns
to Frob, soF (F=F¢;G) = f 1g.

14



Since for the extension Fp=Fq we still have H l(ququ;f 1g) = f 1g, there are two
one-dimensionaltori over Fq, and they both split over F.. To the cocycle that assignsl to
Frob corresponds (Gm)r,. To determine the torus corresponding to the cocyclethat assigns

1 to Frob, recall that R,1: 2:Fqu is one-dimensional,since [qu - Fql = 2. As in Remark
q

1.15,the group R} ,=r,Cm is de ned by the equationsx; = y1;x2 = Yz and X2 cx3 =1,
q
where c is a generator of F (i.e., Fp = Fq(p C)). Therefore, (Gm)r, and R,lz 2=Fqu are
q

not isomorphic over Fq and R} 2:Fqu must be the one-dimensionaltorus corresponding
q

to the cocycle 1.

1.4 Structure of Algebraic Groups

When we will analyze the reduction of abelian varieties over nite placesv of a number
eld K, wewill encourter smooth, connectedalgebraicgroupsde ned over the residue eld
ky at v, which are not necessarilyabelian varieties. The following two theoremsdetermine
the structure of sud groups.

Theorem 1.19 (Chev alley). Let G be a smooth, connected group de ned over a nite
eld k. Then there exists an exact sequen& (de ned over k) of smaoth connected algebaic
groups

11 Al G! B! 1

where A is an ane group and B is an alelian variety.

Proof. The proof can be found in [Con0Z. The Theorem holds more generally for any
perfect eld k. O

To complete the characterization of connectedsmooth groupsover nite elds we need
to understand generalsmooth, connecteda ne groups.

Theorem 1.20. Let A be an smaoth, connected, a ne algebaic group de ned over a nite
eld k. Then there existsa maximal torus T of A and a smaoth connected unipotent group
N, suchthat

1M 7! A N! 1

is an exact sequen@ de ned over k.

Proof. See[Wat79], Theorem 9.5. O

1.5 Topologizing G(R)
1.5.1 Discrete Valuation Rings

For convenience all topologicalgroups(or rings) in this sectionare assumedo be Hausdor ,
locally compactand secondcountable topological spaces.Let R be atopologicalring and let
K beits fraction eld. In the classicalcontext, for every a ne variety V de ned over K, the
setV (K) comeswith a topology inherited from K for somenonnegative integer n. In the
context of abstract varieties, this doesnot happen. Let Top be the category of topological
spaceswith morphisms contin uous functions. We would like a functor Sch% I Top that
assignsa topology to X (R) for X 2 Sch%, where Sch represeits schemeslocally of nite
type in Schr. This sectionis written under the in uence of [Con].
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Prop osition 1.21. Let X 2 Schr be an ane, nite type R-scheme. There exists a
topology on X (R) that dependsfunctorially on X and turns X (R) into a Hausdor , locally
compact and second countabletopological space. Moreover, the map X 7! topology on X (R)
is a functor that respects ber products and takes closal immersions to closel embeddings.
If R is openin R then every open immersion of ane, nite type R-schemesU | X
yields an open emtedding U(R) ! X (R).

Proof. SinceX isane of nite type,there existsaclosedimmersioniy : X | SpecR[Xz1;:::;Xn]

—
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Then we can endov X (R) with the topology inherited from R" by identifying X (R) with
the subsetof points of R" in the zero-locus of I .

To prove functoriality in X, considera morphism of ane, nite type R-schemesf :
X I Y, aclosedimmersion iy : Y ! SpecR[y:;:::;ym] and an identi cation Y =

morphism : SpecR[x1;:::;Xn]! SpecR[yz1;:::;Ym] suc that ix = iy f. Therefore,
there existsamap :R"! R™ that makesthe following diagram commutativ e:

RE—'RE
ix iy

X (R) f—/Y(R)

such that is given by polynomial maps. Then is continuous, which shows that the
topology on X (R) agreeswith the topology on Y (R). In particular, this shows that the
topology on X (R) is independen on the closedimmersioniy .

The properties of X (R) of being Hausdor and secondcountable are inherited from
the topology on R". Moreover, if X | Y is a closedimmersion, then by functorialit y of

Then the image of X (R) in Y (R) is given by the vanishing of a continuous map (as in
the proof of functorialit y); sinceY (R) is Hausdor, we getthat X (R) ! Y(R) is a closed
embedding. Consequetly, since X (R) is Hausdor in R", the topological spaceX (R) is
alsolocally compact.

Let X and Y be ane, nite type sthemesover R, and consider closed immersions
X 1 SpecR[x1;:::;Xn;Y 1 SpecR[y1;:::;¥m]. Then there exists a closedimmersion
X RY ) SpecR[xz1;:::;Xn; Y10 Ym] and by functorialit y the topologyon (X RrY)(R)
is the sameasthe topology on X (R) Y (R).

It is enoughto show the fact that U(R) | X (R) is an open embedding when X =

basisfor the topology on X ). A point in U(R) is a morphism : SpecR! SpecAs which
corresponds to a homomorphismAs ! R. But U(R) (SpecA)(R) then corresponds to
the setof homomorphismsA ! R that sendf to anelemeri in R . SinceR R is open,
U(R) is open, asit is the inverseimage of an open set. O

Corollary 1.22. If R isopenin R and X is alocally of nite type R-scheme,thenwe can
functorial ly assigna topology to X (R) that agrees with the topology assignel in Proposition
1.21whenX is ane, of nite type.
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Proof. Let X be a locally of nite type R-scheme. Every point in X (R) is a morphism
SpecR ! X which factors through an ane open SpecR! U ! X. This meansthat
we can de ne a topology on X (R) having as a subbasisthe topologieson U(R), for eat
ane openimmersionU | X. To seethat this agreeswith the topology constructed in
Proposition 1.21for X ane, of nite type,let U] X be an openimmersion. But then
U(R) ! X (R) is an open embedding for the topology on X (R) previously constructed.
Therefore, the two topologiesagreewhen X is ane, of nite type over R. O

Remark 1.23 Since O,, is open in Oy (where Oy is the ring of integersof a nite place
v of a number eld K) this allows us to topologize X (Oy) for every nite type schemeX
de ned over SpecO,.

Remark 1.24 If R isopenin R and X | Y is an open immersion of locally of nite
type R-schemes,then X (R) | Y(R) is an open embedding by Proposition 1.21 and the
construction of the topology on X (R).

Let R be a discrete valuation ring with fraction eld K. Then for every locally of nite
type R-schemeX we topologizedX (R); sinceK is a topological R-algebraand K is open
in K, we cantopologizeX (F) = (X r F)(F). The following lemma mirrors the fact that
R is compactin K.

Lemma 1.25. If R is a topological discrete valuation ring and K is its eld of fractions,
then X (R) | X (F) is an open emtedding. If, moreover, R is nonarchimedean and X is
of nite type, then X (R) is a compact topological space.

Proof. Sincean openimmersion X | Y inducesan openembedding X (R) | Y(R) for X
and Y locally of nite type R-schemes(Remark 1.24), and since a basis for the topology
on X (R) is given by U(R) for ane openimmersionU | X, it is enoughto ched that
X (R) } X (F) is an open embedding on the level of an open cover. SoassumeX is a ne,
of nite type over R.

Consider an open immersion X ! SpecR[x1;:::;Xn] = AL. Then, X(R) ! AR(R)
and X (K) ! ARX(K) are open embeddings, by Proposition 1.21. Therefore, it is enough
to chek that AR(R) ! AJX(K) is an open embedding. By Proposition 1.21, the functor
that assignsa topology commutes with products over R, so it is enoughto chedk that
AL(R) ! AL(K) is an open embedding. But this is equivalert to saing that R} K is
an open embedding which is true, sinceR is a topological discrete valuation ring and K is
its eld of fractions.

Assume that R is nonarchimedean. Then, for every ane open U, the set U(R) is
compact in U(K) since U(R) inherits its topology from R" and R" is compact in K".

Since U;(R) are compact, it is sucient to prove that X (R) is covered by U;(R). Let
fS :SpecR! X beamorphism,i.e.,f 2 X(R). The only way in which f can fail to bein

iS=1 Ui (R) isif the imageof f is not fully contained in any of the U;. But R is atopological
discrete valuation ring, which implies that SpecR = fu;vg whereu is the closedpoint and
the v is the generic point of R (if m is the maximal ideal of R then u = SpecR=m and
v = SpecK). Assumethere existi 6 j sud that f(u) 2 UinU; andf(v) 2 U nY;, i.e.,
that the image of f is not contained in oneane U;. But then f (U;) and f 1(Uj) are
open sets(sincef is continuous) and they separateu; v; this cannot be, sinceu lies in the
closureof v. O
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1.5.2 Adelic Points on Varieties

Recall that if K is a number eld then Ak is the (topological) ring of adeles. Since Ak
is a K -algebra, we have X (Ax) = Homg (SpecAk ;X) = (X k Ak)(Ak) for every K -
scheme X. We would like to topologize this setin a way that is functorial in X, for X
an abstract variety de ned over K. In the casewhen X is ane and of nite type, we
may use Proposition 1.21 to achieve this goal. Moreover, the following proposition is a
generalization of the fact that K | Ay is a discrete enbedding. In particular, it will show
that if X isane and of nite typeover K, then X (K) embedsdiscretely in X (Ak).

Prop osition 1.26. Let R; | R» be a closal and discrete embkedding of topological rings.
Let X1 beanane nite type Ri-schemeand let X, = (X1)r,. Then there exists a closel
and discrete emledding X1(R1) ] X2(R2) = X1(R2) (which is well-de ned since R, has
the structure of an Rj-algebr).

Proof. The closedembedding R1 | R» induces a closedembedding X1(R1) | X2(R2),
becausethe embedding R | R} is closedfor every n. SinceR; embedsdiscretely in Rz
we get that R} embeds discretely into RS so the samehappens on their subsetsX 1(R1)
and X 2(R2) with their inherited topologies. O

However, as we have seenin Remark 0.5, A is not open in Ag, so we cannot use
Corollary 1.22to topologize X (Ak), if X is an abelian variety, for example. Even in the
casewhen X is ane of nite type, we would like to topologize X (Ak ) in a manner that
is compatible with the previously constructed topologieson X (K) and X, (Oy), if Xy is a
model over Ok .s for X.

The main problem with this is that the ring Ax consistsof sequencegxy)y sudc that
Xy 2 Ky and xy 2 Oy for all but nitely many placesv. Howeer, X is de ned over K and
Oy is not a K -algebra, so there is no canonical notion of Oy-valued points of X . If X is
de ned over K, by an ideal of polynomials |, then for fP;g a set of generatorsof |, the
rational roots of all P; will lie in K} for somen. In that case,we could de ne the Oy-points
to be those roots which lie in Of. However, this set dependson the choice of generatorsof
I . A more functorial way to expressthe choice of equationsis the notion of a model.

De nition 1.27. Let K bea eld andlet R beasubring of K. Let X be aK -scheme. A
model X for X over R is an R-schemesudh that X r K = X.

The above de nition simply says that if the model X has equations with coe cien ts
in R, then X is the variety given by the same equations, but whose coe cien ts are now
interpreted in K. As it stands, the de nition of a model is too inclusive to be useful.
We will restrict our attention to models which are smooth, separatedand of nite type
over R. For example, let K be a number eld and let Ok be its ring of integers. If
G = SpecK|[xy;:::;Xn]=(f1;:::;fg) is an ane algebraic group and m 2 Z sud that

for G, which is separatedand of nite type over Ok .

From now on we will restrict our attention to algebraicgroups G de ned over a number
eld K. Let S be a nite set of placesof K, sucth that S contains the set of in nite
pIaces,MP} . Recall that Ok s is the setof x 2 K, sudh that v(x) Ofor all v2ZS and
Ak:s = F(Xv)v 2 Akjv(xy) 0;8v 2 Sg, an Ok .s-algebra. Choosea model Gg for G over
Ok s sudh that Gs is smooth, separatedand of nite type, asabove. (In terms of equations
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this correspondsto clearing denominators with positive v-valuation for v 2 S.) Given that
lim Ak ;s = Ak, one can usethe following theorem to rede ne G(Ag ).

Theorem 1.28. LetR; bea direct systemofrings andR = lim R;. If X;j andY; are nitely
present@ Rj-schemesthen for j i we have )

lim Homg, ((Xi)R; 5 (Yi)r;) T Homg((Xi)r: (Yi)R):
j

Proof. See[BLR90], Lemma 1.2.5. O

The previous theorem is a global version of the denominator clearing procedure for
the construction of a model for ane varieties over Ok.s. Having chosena separated
and nite-t ype model Gs for G over Ok:s, let Gt = Gs o4.s Ok for eadr nite set
T S. In Theorem1.28let fT nite JT  Sg be the direct systemand let Rs = Ok s.
Let Xs = SpecAk:s which implies that Xt = Xs o, Ok:t = SpecAg.r. Finally,
limRs = K, (Xs)k = Ak and (Gs)k = G, since Gs is a model for G. Therefore, by
Theorem 1.28 we get a bijection

lim Homo, . (SpecAk:t; Gt) = Homg (SpecAk ; G);
T

or, equivalertly,

lim Gr(Ak;1) = G(Ak) (1.1)
A

Remark 1.29 The identi cation 1.1 can be made precise, as follows. Since Ak .1 is a
Ok.s algebra (S T), we have an identi cation Gt (Ak.T) = Gs(Ak.t) and similarly
G(Ak) = Gs(Ak). SinceAx.t Ak thereis anatural map Gs(Ax-1)! Gs(Ak), which
inducesa natural map

lim Gr(Ak;7) = lim Gs(Ak;1) ! Gs(Ak) = G(Ak):
T T

By Theorem 1.28, this natural map is bijective. In particular, if we had topologieson
Gs(Ak:T), they would induce a topology on G(Ak ).

We would like to construct (functorially) a topology on Gs(Ak:s), for S, a nite set
of primes. Recall that Ggs is de ned over SpecOg s, so we are allowed to de ne Gs., =
Gs o Oy, for placesv 2 S. For the placesin S, write Gy, = Gs o, .s Ky. In order
to de ne a topology on Gs(Ak:s), we needto relate the set of points Gs(Aks) to the
setsGs.y(Oy) and Gy(Ky), for which we have already constructed functorial topologiesin
Corollary 1.22.

Prop osition 1.30. There exists a bijection

Y Y
Gs(Ak:s) = Gv(Kvy) Gsw(Ov):
v2S v2S

Proof. See[Con], Theorem 2.10. O
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Remark 1.31 This is not a very surprizing (rfsult, since therame result for G4 is the
de nition of Ak.s. The product topology on ~,s Gy(Ky) vas Gsw(Oy) = Gs(Ak:s)
inducesa functorial topology on G(Ak ) that is compatible with the topology constructed
in Proposition 1.21in the casethat G is a ne.

Prop osition 1.32. Let G be an algebaic group de ned over a numbker eld K and let
S M% be a nite set of primes. If G has a seprated and nite-typ e model Gs over
Ok s, then G(Ak ) is a (Hausdor, second countable, locally compact) topological group.

Proof. By construction, the topological spaceGs (A :s) is secondcourtable (sinceit hasthe
product topology of a countable number of secondcountable spaces).SinceGs is separated,
Gs(Ak:s) isHausdor . By Lemma1.25,the topologicalspacesGs.,(Oy) are compact. Since
Gy(Ky) are locally compact, Proposition 1.30 implies that the spaceGs(Ak:s) is locally
compact (using Tychonov's theorem). The result then follows from Remark 1.29. (See
[Con], 2.12)) O

Therefore, if G is an algebraic group with a separatedand nite-t ype model Gs over
Ok s, then G(Ak ) is a locally compact topological group. If G is an abelian variety, it is
projective by Proposition 2.9 and it hasa 'Neron' model, which is a smooth, separatedand
nite-t ype model over Ok (by Theorem 2.41). In this case,more can be said about the
topology of G(Ak ).

Prop osition 1.33. If A is an akelian variety de ned over a numter eld K, then A(Ak)
is a compact topological group.

Proof. The proof of this theorem depends on technical results from Section 2.3, but the
proposition belongshere from a logical perspective. Let A be the 'Neron' model for A over
Ok, i.e., a smooth, separatedand nite-t ype model for A over Ok . By Corollary 2.53
and Lemma 2.48, there exists a nite set of placesS corntaining the M% of in nite places
sud that As = (A)o, s is proper. (In the technical languageof Section 2.3, A has good
reduction at all placesv 2 S; for eat such placev of good reduction, the b er of A overv
is an abelian variety, henceproper.)

LetvZSandlet Ay = A o, Oy. By the valuative criterion of properness(or by the
Neron mapping property) we have a bijection A,(Oy) T A(K,). By Lemma1.25it will be

an open embedding, which implies that the bijection is a homeomorphism. Consequetly,
if T Sisa nite setof places,then there exists a homeomorphism

As(Ak:s) ' At(Ak:T);

since Y
As(Ak;s) = At(AkT) = A(Ky)
\

by the above. Therefore, to prove that A(@<) is compact, it is enoughto show that eat
At (Ak.T) is compact. SinceAr(Ak.1) =  A(Ky), by Tychonov's theorem, it is enough
to shaw that ead X (Ky) is compact.

Let v bea nite place. SinceA is projective, there existsa closedimmersionAg, | PQV
(where P™ = Proj Oy[x1;:::;Xm]), which inducesa closedembedding A(Ky) | PR (Ky),
since O, is open in Oy (Proposition 1.21). By the valuative criterion of properness,
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PR, (Ky) = P™(Oy). Since P"(Oy) can be covered by nitely many sets of the form
U(Oy), whereU is ane open, and ead U(O,) is compact by Lemma 1.25, it follows that
PR, (Ky) is compact. Therefore, A(K ) is compact as a closedsubsetof a compact set.
Similarly, if v is real of complex, we needto shav that PM"R and P"C are compact.
But P"R and P™C can be realized as nite CW-complexes, which implies that they are
compact ([Hat02], 0.4, 0.6). O

1.6 Dening a Measure on G(R)

Let R beatopologicaldiscrete valuation ring and let K beits fraction eld, of characteristic
0 (for example,R = O, and K = K,). Let G be a nite type group scheme of dimension
n over K. In particular, G is smooth over F.

Lemma 1.34. The topological space G(K ) hasthe structure of an n-dimensional topological
K -manifold, i.e., for every point g 2 G(K) there existsan open neightorhood W of g and a
homeomorphism :W ! (W) onto an opensetin K" endowel with the product topology.

Proof. Every morphism SpecK ! G factors through someopenane U] G. Sincethe
condition of being a manifold is local, it is enoughto ched that U(K) is a K -manifold.
Consider a closedimmersion h : U | SpecK [x31;:::;Xm] that induces an isomorphism
U = SpecK [x1;:::;Xm]=Il for an ideal | generatedby polynomials f1;:::;fx. Then U
is a smooth ane subvariety of AR so U(K) is a K-manifold by the implicit function
theorem. O

We would like to de ne a dierential structure on G(K) that is compatible with the
di erential structure on G. SinceG is a smooth group variety of dimensionn over K, the
sheafof di erentials of top degree, {_, is a free Og-module generatedby an invariant
di erential w ([BLR90], Chapter 4.2, Corollary 3). We would like to use this di erential
together with the canonical measure , to de ne a Haar measureon the locally compact
topological groups G(K) and G(R). Sinceboth w and a Haar measureon G(K) are left
invariant, it is enoughto de ne the measurein a neighborhood of a point g 2 G(K). As
before,let U ! X bean ane openimmersion suc that g2 U(R). Let W  U(R) be
an open neighborhood of g and let : W ! (W) be a homeomorphismonto an open
neighborhood of K.

Considera closedimmersionh : U | SpecK [x1;:::;Xm] = AR. Note that G is smooth

dysp;:::;dyn generate ( (13=K)g, where (13=K is the sheaf of dierentials of degreel on

immersion f, we can identify f(y1);:::;f(yn) with coordinate functions on AR AY.
This processcan be reversed. Let z3;:::;z, be the standard coordinates on A} . By the

De ne dyiy = dz, i.e., dy;, arethe pullbacks of the standard di erentials on K", viewed
as a K -manifold. The di erentials dz are the normalized Haar measureson the K -lines
de ned by the directions z;; their pullbacks, the di erentials dy;., transport the di eren tial
structure from K" to G(K).
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we canwrite w = fdy; » dy>” :::” dy, wheref 2 (Og)g is arational function in Og(V)
and is well-de ned at g. This implies that one can expressf asa power seriesin the local

f= Aigipzin (Y1 V(@) (yn ya(Q)'™;
that corvergesin a small enoughopen neighborhood V.

In a neighborhood of g, de ne jwjy to be jf jydysy * ::: ™ dyny, Wherejf jy is the usual
norm assaiated to the rational function f . Thngollowing lemma makesimplicit useof the
identi cation of a measure with the integral d it de nes (by the Rieszrepresenation
theorem).

R
Lemma 1.35. There existsa glokal invariant Haar measure jwj, on G(K), that is com-
patible with the local invariant di er entials jwj,.

Proof. It is enoughto show that, locally, the di eren tial form jwj, is functorial in the choice

is enough to prove functoriality if we only change z; to another local coordinate t;. If
s1 = h (t1), note that ds;=dy; 2 (Og)g SOwe can write

w=fdy M dyx ™ N dyy = (Fdsg=dyr)dsy A dy, » oM dyg:
Therefore, we needto show that
Jf J\/dsly\/ A dy2,V N A dyn,v = Jf dslzdyljvdyl’V N N dyn,v,

or equivalertly, that ds;., = jds;=dyijydyi. This result is well-known if v is an in nite
place. Assumethat v is a nite place.

Sincez; and t; are both local coordinatesfor K" at (g) = 0, there exists a corverging
power series(after scaling) t; = z3 + ang + ang + . Therefore, dt;=dz = 1+ 2a,z; +
3azzZ+ . If z; is closeto O (around (g)), the valuation v(2a,z; + 3azzf + ) will be
large, sincev is nonarchimedean. Then,

v(1+ 2ayz; + 383z + ) = min(0;v(2axz1 + 3azzZ+ ) = O;

which implies that jds;=dyjy = ] (dt1=dz)j, = 1 (the last equality follows from the fact
that is an isomorphism). Then

dspy=dyyy = (dt1)= (dz) (1.2)
= (dzz+ axdZZ+ )= (dzy) (1.3)
= 1+ 2apdz; + =1 (1.4)
= jds;=dyijy (1.5)

around g. (The last equality is a reinterpretation of the fact that smooth is equivalent to
locally constart in the caseof nonarchimedean elds.)
O

By Lemma1.25we canrestrict jwj, to a Haar measureon the locally compacttopological
group G(R).
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1.7 Tamagawa Measures on G(Ak)

Let G be an algebraic group of dimensionn de ned overa eld K. Let S bea nite setof

primes suc that S M,% . Let Gs be a separated, nite-t ype model for G over Ok .s and

assumethat Gg is a group scheme. We would like to explicitly de ne a Haar measureon
e locally compact topological group G(Ak ), that is compatible with the Haar measures
jwjy on Gy(Ky) and Gs.,(Oy).

For every placev 2 S, if  :Gs oy Ov! Gs is projection to the rst coordinate,
then wy, = ,w is a left-invariant dierential on Gs, ([Har77], Chapter 2, Proposition
8.10). Similarly we get invariant di erentials w, on G, for v 2 S. To ead w,, Lemma
1.35assaiates a di erential form jwj, on the topological spaceGs.(Oks) (if v 2 S) and
Gyv(Ky) (if v2 S).

Example 1.36. 1. Let G = G, be the additive group de ned over a eld K. Then
Ga = SpecK [x] and an invariant di eren tﬁl on G is dx which becomesdx, over all
Ky. Then, the normalized measure  is dxy.

2. Let G = Gy, be the multiplicativ e group de ned over a number eld K. Then
Gm = SpecK ([x; y]=(xy 1) = SpecK [x; x 1]. One choice of (multiplicativ e) invari-
ant di erential form is x dx which givesdx,=jxj, over the completion K .

We would like to create a normalized Haar measureon eat of Gy(Ky), Gs.v(Oy) and
G(Ak ). However, the group G(Aig) is anin nite product of groups Gy(Ky) and Gs;y(Ov).
Therefore, if the Haar measures jwj, are not normalized, simply taking the product of
the measureson Gs,,(Oy) to yield a Haar measureon G(Ax ) might not be well de ned.

De nition  1.37. A set f( )yg of positive real numbers is called a set of convergene
factors for G if .
y £ '
Wv &
v2S GS;V (Ov)

convergesabsolutely.

Rema& 1.38 The fact that an in nite product Qilzl Xy convergesabsolutely meansthat
an = ., jXj is a corvergert sequencenhoselimit is not 0.

In order for this de nition to make sensewe needto make sure that the notion of set
of convergencefactors is independert of the choicesof the set S, model Gs and invariant
dierential w. Invariance with respect to the choice of S follows from the fact that S is
a nite set, and sothe choice of S doesnot a ect corvergence. Moreover, every invariant
dberential w on Gs 6 dened up to ascalar 2 K . But this changesthe product by
(Tvasi D iac = yasi dylsince 2 K . Therefore, the choice of w is irrelevant.

Let Gg be another separatedand nite-t ype model for G over Ok .s. Then, there exists
a K -isomorphism (Gs)k = G = (G2)k. On the level of equations for Gs and G2, the

models Gs and G¢ are assumedto be of nite type, there exist nitely many equations
that de ne them. The fact that F is anisomorphismon the generic b er G implies that F is
an isomorphismfrom oneset of equationsto the other, whenthe coe cien ts are interpreted
in K, rather than in Ok .s. But, if M is the least commonmultiple of all the denominators
of all the coe cien ts of the polynomials f;, then the f; have coe cien ts in O, aslong asthe
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nite placev doesnot divide M. Hence,for all but nitely many v, F is an isomorphism
on the special b ersF : (Gs)y = (G(S’)\,, which implies that the in nite products
!
Wiy &
v2S Gs;v (Ov)
and !
Wiy &
v2S G(S):v(o")
dier at nitely many piaces. Therefore, the choice of model Gs is irrelevant.
The local measures jwj, ! induce a global measure
. Y Z - .
d~G;W;( v) — “_rn W)y

v

1

on Ak .

Remark 1.39. The de nition of a setof corvergencefactors leavesopenthe questionwhether
there exists a canonical choice of such a set. We will seethat for abelian varieties there
exists a canonical choice.

Example 1.40 1. Let G = G4 be the additive group. Then a set of convergencefactors
is v = 1for all v, by de nition of the normalized measure ,. Moreover, G4(K)
embedsdiscretely in Ga(AKkand Ga(Ak )=Ga(K) is compact with nite volume

K = d~G.ax@ = 1Ak
Ga(AK ):Ga(K)

where dk is the discriminant of the number eld K ([Wei82],2.1.3.a). In patrticular,
the global measured~c,;q4x 44) induces a global metric on Ak, which is compatible
with the local onesjaja, = ~ javjy for every a= (ay) 2 Ay .

2. Let G = Gp,. By Example 1.36 we may choosew, = dx,5Xjy; then
4 Z Z Z Z
Wy = dXy = dXy dXy= (1 1=q)dX,=1 gq,n
OV Ov Ov }V OV
Therefore we may choose ,1=1 g,
Remark 1.41 Let G} (Ak) = fa2 Agjjaj = 1g be the maximal subgroup of G, (Ak ) such
that G}, (Ak )=Gm(K) is compact. Let w= dx=xand ,= (1 q,%) i Then
Z
2'1(2 )"?Rg hg
d~Gm wi( v) ~ P
Gh (Ak )=Gm (K ) jdk jwk
if K isanumber eld ([Tat67]).

One of the downsidesof the measured~ is that it doesnot have functorial properties.
In order to make the global measurecompatible with restriction of scalars,we needto make
the following adjustmernt:

De nition  1.42. Let G be an algebraic group and let w be an invariant di erential on
the model Gs. The Tamagava measureon G assaiated with w and the set of corvergence
factors =f ,gis _

d Gwi( ) = KdlmGd"G;W: :
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1.7.1 Compatibilit y with Restriction of Scalars

Let L=K be a Galois extensionof number elds and let ( ;) be an integral basisof L over
K.Letd=[L:K],Gal(L=K)=1f 1;:::; ggandlet = det( ij). Consider an algebraic
group G of dimensionn over L and let H = R -x G be the restriction of scalarsgroup
de ned over K. Recall that H comeswith an L-morphism :H ! G that inducesa K
isomorphism v
=(1 054 ):H T Gi:
[
Consider an invariant di erential wg of degreen on G and de ne

nd
wy = T () (wg):
i=1

The main problem with the de nition of wy is that the factor " is needed,or elsea

Lemma 1.43. The invariant dier ential wy is de ned over K.

Proof. By construction, it is de ned over L. For every 2 Gal(L=K) we have
N
wy =det(;' ) " () (wd )

Sinceead di eren tia{/( i) (w i ) hasdegreen, the reorderingf 1;:::; ggofGal(L=K)
changesthe signof ,( ' ) (w ' ) by the sign of the permutation to the power n, i.e.,
exactly the changein signfrom "to( ) ". Therefore,wy = wy forall 2 Gal(L=K)
sown is de ned over K. O

Let S be a nite setof placesof K and let T be the set of placesof L lying above the
placesin S. Considera separatedand nite-t ype model Gt for G over O_.t andlet Hs bea
separatedand nite-t ype model for H over Ok .s. The main di erence betweenthe setting
of this section and that of the previous one is that, instead of starting with an invariant
di erential on Gg, we start with an invariant di erential on G. By [Har77], Proposition
8.10,if p: Gs oxs K ! Gs is the projection, then 2_ = p ( gT:OL;T ). Since Z_
is a rank 1 Og-module, we can scalethe di erential wg by a factor of 2 L , sud that
there exists an invariant di erential wr on Gt with  wg = wr o, K. Remarkthat the
proof of the fact that the notion of set of convergencefactors makes sense(Section 1.7) is
still valid, sincethe invariant di erential wt is de ned (from wg) up to a scalarin K
Similarly, there exists 2 K sud that wy comesfrom an invariant di erential on Hs.
Then, there exists 2 Q sucdhthat = 2 Opt and = 2 Ok.s. In this caseboth wg
and wy comefrom invariant di erentials wt and ws on their respective models.
Lemma 1.44. With the notation atove, for eachv 2 S we have

v Z Z
Jwr] = IWsjv:

jv Gt (0) Hsy (Ov)
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Proof. Note that Ky k L = ;,L , which implies that G(Ky « L) = Q iv Gs; (L),

which is equal to H (Ky) by the restriction of scalars property. Therefore, to prove the
lemma, it is enoughto show that
N
jwrj = jwsjy;
1%

as Haar measures(or invariant dierentials) on G(Ky « L) = H(K\y). It is enoughto
ched this locally at a point g 2 H(K), since Haar measuresare invariant.

Recallthat G7. (L ) andHs,(Ky) aretopological manifolds whosedi eren tial structure
is transported from L™ and K™ (n is the dimension of G and nd is the dimension of H)
via the local homeomorphismsthat de ne the two groupsastopological manifolds (Lemma
1.34).

Moreover, since both Haar measuresare on the sametopological group, they di er by
a constart; therefore, it is enoughto evaluate ead invariant di erential at a basis of the
exterior product of top degreeof the tangent space(i.e., of the Lie algebra). The Lie algebra
is the samefor both di erentials, but the di erence is that for jwsj, we considerthe Lie
algebra as a K ,-vector space,while for jwtj we considerthe Lie algebraasan L -vector

space.
Let  beahomeomorphismfrom a neighborhood of h to a neighborhood of the origin
in L". If x1;:::;Xp arelocal coordinates on L", then a basisfor the exterior power of top

degreeof the tangent spaceof G(L ) isgivenby (@@1)”" :::* (@@,). Therefore,
by construction of jwrj , its value at the basis (@@i) " :::" (@@,) isj f(9)],
wherewt = fh (dxy” :::” dx,) locally at g and h is a closedimmersion of a small a ne
neighborhood of g into an ane space,and is the scaling factor.

Let ' be a homeomorphismfrom a neighborhood of g to a neighborhood of the origin
in KM, The relationship between' and = is given by the following commutativ e
diagram:

G(Ky gk L) ———/ LT=L KJ

Vv

H(Kv) ‘ IK \?d
wherei is the isomorphismK ¥ = K" L =  L". Therefore,
N
jwrjp =gty () (dxa™ it dxn);

Howewver, a basisfor the exterior product of top degreeof the cotangert spaceat g is
given (by the commutativit y of the above diagram) by dxi" , While a bagisfor the exterior
Broduct of top degreefor the Lig algebra as a K-vector spaceis not V@:@ii. If x; =

jyij then such a K-basisis 7 @ @ijj . Thus, the value of jwsj, at i @@;j is

0 10 1
Y ~ox " @ AT ¢ o
i % " fo @ JdyA@  —A =i " (9 Dy
VG IE 5 @
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where D is the determinant

The reasonwhy D comesout of the prodbct asjDjy is equation 1.5, sincecg) is pulled out
gthe original invariant di erential. Since = ;, jf(9)] = N« f(9)jy =] = f(9) jv and
i =iNi=« iv=1] Yy, the invariant di erentials  jwrj andjwsj, arethe same. [

Prop osition 1.45. Let G be an algebaic group de ned over a Galois extension of numkber
elds L=K andlet :H = Rk G! G be the L-morphism de ning the restriction of
salars group H. Let wg be an invariant dier ential on G and let wqy =  wg beits
pullback under :H! G i (note that wy diers from the one previously de ned). Let
2 Q be as hefore.
Let +=f ghea seéof convergene factors for wy with =1for 2T, andlet
s=f Jgsuchthat )= <, . Then s is asetof convergene factors for ws and

dewe +=d H w; s
as Haar measures on the topological groups G(AL) = H(Ak).

Proof. Let beasin Lemma 1.44. Sincerj jv = 1 by the product formula, the fact
that s is a set of corvergencefactors follows from Lemma 1.44 because
Y Z . - . . Z . -
wrj =J " W jv
jV GT; (OL;T) HS;V(OK;S)
To ched that the two measuresare equal, it is enoughto evaluate globally. By Lemma

1.44, the nonnormalized Tamagava measuresdi er globally by " (we have changedthe
formula for wy by "). Therefore, the normalized Tamagava measuresdi er by

(L= k) ":
But, using multiplicativit y of discriminants, ? = D = DxkDx = % 2 (whereD « =
2 is the discriminant) and the result follows. O
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2 Abelian Varieties

2.1 Complete Algebraic Groups

Recall (De nition 1.4) that an abelian variety is a complete algebraic group. The main
di erences betweena ne algebraic groups and abelian varieties rise from the fact that the
latter are projective and abelian.

Lemma 2.1 (Rigidit y). Let X;Y;Z be varieties de ned over a eld K suchthat X is
completeand X Y is geometrically irreducible. Letf : X « Y ! Z be aregular map
andletx 2 X(K);y 2 Y(K);z2 Z(K) suchthat f(X fyg) = f(fxg Y) = z. Then
f(X Y)=z

Proof. The main idea is that the image via a regular map of a complete and connected
variety in an ane variety is a point. For a complete proof see[Mum70] 11.4. O

We can usethis to prove that every abelian variety is abelian as an algebraic group.

Corollary 2.2. Let A be an alelian variety. Then m(x;y) = m(y; x) for everyx;y 2 A.

Proof. Consider the commutator map [x;y] = m(m(x;y);m(i(x);i(y))) : A k A! A.
ThenonA eande A wehave[x;y]= e By Lemma2.lweget[x;y]= eforall x;y 2 A.
Therefore m(x; y) = m(y;x) and A is abelian as a group. O

Remark 2.3. For every K -scheme S, Corollary 2.2 shaws that A(S) is an abelian group.
From now on we will write m(x;y) = x + y for every x;y 2 A(S) and 0 for the identity
sectionS! A. For ead integern write [n]: A! A to be[n](x) = x+ x + + X where
the sumhasn terms,if n 0and [n](x) = [ n](x) if n < 0. The morphism [n] is an
isogery if n is not divisible by the characteristic of K (see[Mum70] 11.6).

Example 2.4. Let E be an abelian curve, i.e., a one-dimensionalabelian variety, de ned
over a eld K of characteristic 0. Let Div(E) be the group of Weil divisors on E, i.e., the
free abelian group gene,gatedby the symbols (P) for P points of E. For a rational function

f:E! Kletdivf = ,g(ordp f)(P), whereordp f represerts the order of vanishing
of f & P (positive if P is a zero of § and negative if P is a pole of f). For a divisor
D= np(P)2Div(E) let degD = np and let (D) be the dimension asa?ljvector

spaceof ffjordp f np;8P 2 Eg[ f0g. (Note that degD is well-de ned since npP
isa nite sum.)

Sincethere exists a non-vanishing invariant di erential w on E (unique up to scalarsin
K ), the canonical divisor divw is trivial. Therefore, the Riemann-Roch theorem ([Sil92],
Theorem [1.5.4) statesthat

‘(D) ( D)=degh g+ 1;

where g is the gerus of the curve E. But then for D = Owe get g = 1. ThereforeE is a
smooth algebraic curve of gerus 1. Such a curve is called an elliptic curve. Elliptic curves
have a simple description, as follows from the following proposition.
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Prop osition 2.5. Every elliptic curve E de ned over a eld K has an emledding
E ! PZ oftheform = (x;y;1) (suchthat (O) = (0;1;0)), where x and y are rational
functions on E suchthat there exist a;; ay; az; as;ag 2 K with

y2+ apxy + agy = X° + apx? + asx + ag:

Proof. Sincethe gerus of E is 1, the Riemann-Roch theorem states that for the divisor
D, = n(O) we have (D) ( Dp) = n. But ( Dp) = 0 by [Sil92] Proposition 11.5.2.a
so (D) = n. Therefore there exists a basis 1;x for L(D») which can be extendedto a
basis1; x; y of L(D3) ([Sil92], Proposition 11.5.8). Then the dimensionof L (Dg) is 6, but it
contains the functions 1; x; x%;x3;y; xy and y2. The proposition follows from the fact that
these must be linearly dependert. O

2.2 Abelian Varieties over Num ber Fields
2.2.1 Invertible Sheaves on Ab elian Varieties

For a K-stheme S and for a shheme X 2 Schg let Pics(X) be the group of isomorphism

classesof invertible sheaveson X. Let m : X g X ! X be multiplication and let
i X sX ! X isprojection to the i-th factor. De ne Picg(X) Pics(X) to bethe set

of isomorphism classesof invertible sheavesL sud that m L LY oL Listrivial.

Theorem 2.6 (Theorem of the Cub e). Let A; B and C be complete varieties de ned
overa eld K andlet a2 A(K);b2 B(K);c 2 C(K) be points. Let L 2 Pick (A k
B «k C). Then L is trivial if andonly if Lja B8 fegiLiA «fog vc @Nd Ljtag vB8 «C
are trivial.

Proof. See[Mum70] Theorem III.1. O

We can specialize Theorem 2.6 to the casewhen A = B = C is an abelian variety
de ned over a number eld K.

Corollary 2.7. Let A be an akelian variety andlet ;: A kA k A! A bethe projection
to the i-th factor. Write ; = j+ j and 123= 1+ 2+ 3. Then

T ERT H v T I ] S B
is trivial.

Prmf NOtethat 123LjA Kk A Kng= 12LjA kK A Kf091 13LjA Kk A Kng: leA Kk A Kng
and o3lja A (fog= 2LiA (A (fog While 3Lja A fog istrivial. Therefore

3k bttt gL oL shja A fog

is trivial and similarly for A ¢ fOg k AandfOg k A k A. The result follows from
Theorem 2.6. O

Let A be an abelian variety de ned over a eld K and let S be a schemeover K. For
every X 2 A(S) = Homgeh (S; A) wegetamapty = m(ida X):A kS! A kS
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Corollary 2.8. Let a;b 2 A(K) which induce t5;t, morphismson A ¢ K = A. If
L 2 Pick (A) thent,, L L =1t,L t,L.

Proof. Considerthe mapf : A! A A Agivenbyf (x) = (x; a;b) wherea and brepresen
their respective constart imagesof SpecK (ane) into A (complete). By Corollary 2.7 we
havef (105l 1L 1 b b sl togL oL L) =tul tib P Oa

t,L 1 L Oa Oa=ty,,L tiL P tL 1 Listrivial O

In Proposition 2.5we saw that elliptic curvesare projective. The sameis true for abelian
varieties as will follow from the existenceof an ample invertible sheafon A (which implies
the existenceof a very ample invertible sheay).

Prop osition 2.9. Let A be an akelian variety de ned overa eld K. Then there existsan
ample invertible sheaf L 2 Pick (A). (Therefore, A is projective.)

Proof. See[Mil86a], Theorem 7.1. O

Example 2.10 Let E be an elliptic curve de ned over K. By [HS00] Corollary A.4.2.4
the sheaf L(D) for D = (O) 2 Div(E) (where O is the identity on E) is ample since
degD = 1> 0.

Let K be a eld of characteristic O, let S be a K-stheme and let A be an abelian
variety de ned over K. The existenceof an ample invertible sheafLs on A ¢ S allows
the construction of an isogery betweenA ¢ S and Pic2(A ¢ S).

Prop osition 2.11. Themap' | : A(S)! Pics(A k S) givenby' | (x) = t,L L Lis
a homomorphismwhoseimage lies in Pic2(A ¢ S). If S= SpecK andL = Ls then' |
is surjective and has nite kernel.

Proof. By Corollary 2.8 for every x;y 2 A(S) we have ' | ((X)' L(Y) = tyLs le

tls Lg'=tuyls Lg'=" 1 (x+y)so' g isahomomorphism. When S = SpecK
note that L is ample, sothe fact that ' | is surjective and with nite kernel follows from
[Mum70] Theorem 11.8.1. O

Remark 2.12 It is essetial that L be ample. A simple counterexample is provided by
Corollary 2.8. Let L% be any invertible sheafand let 06 x 2 A(S). Let L = t,L9 L01
Then for everyy 2 A(S) wehavet L L *=t,t,L° tL%% 11 LOwhich is trivial
by Corollary 2.8. Therefore the image of ' | is constart, hencenot surjective. In fact,
L2 Pic& (A) if and only if ' | is trivial ([Mum70Q], 11.8).

Example 2.13 Let E be an elliptic curve. In Example 2.10we saw that L = L((O)) is an
ampleinvertible sheafon E. Therefore' | : E(K) ! Pic& (E) givenby ' | (x) = t,L((O))
L((0)) Y= L((x) L((O)) f=L((x) (O)) isasurjectionwith nite kernel. If x 2 ker' |
then (x) (O) = 0in Pic°(E), where Pic®(E) is now identied with classesof Div°(E)
modulo elemerts of the form divf for rational functions f on E. Thereforedivf = (x) (O)
for somerational function f. Since ((O)) = 1 by the Riemann-Roch theorem and since
L ((O)) contains constart functions (sincethey are holomorphic at in nit y), it must be that
f 2 L((O)) is a constart function or "((O)) > 1. Therefore (x) (O) = divf = 0 so
(x) = (O) and ' | is bijective. Therefore, we get an isomorphismE = Pic®(E).
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For every abelian variety A de ned overa eld K of characteristic O we have constructed
a surjection with nite kernel betweenA(S) and Pic2(A k S). This map transports the
structure of abelian variety to Pic& (A).

Theorem 2.14. The functor S 7! Picg(A k S) for each S 2 Schy- is representableby
an alelian variety A- de ned over K.

Proof. See[Mum70] 11.8. This proof usesthe fact that K has characteristic 0. O

SincePic& (A k K) = A-(K) we can rephraseProposition 2.11to state that for every
ample invertible sheafL there is an isogery ' | from A to A-. Sud an isogetry is called
a polarization. The variety A- is called the dual abelian variety. There exists a (unique)
invertible sheafP (the Poincare sheaf) on A A- sudhthat Pja ¢ a4 is the imageof a under

the isomorphismPicg (A k K) = A-(K) and such that Psaq a_ istrivial ((Mum70], I1.8).

2.2.2 Heigh ts on Pro jectiv e Spaces

Let K=Q be a number eld. Recall that M and M} represen the set of placesand
the set of in nite placesof K, respectively. As before, let K,;Oy;}v;ky and g, be the
completion of K at the nite placev, the ring of integersof K, the maximal ideal of Oy,
the residue eld at v and the size of the residue eld, respectively. Let jxj, = q,v<x) be
the normalized absolute value. For an abelian variety A de ned over K the set A(K) is a
group. To understand its group structure it is useful to have an ordering of the points in
A(K) using a notion of 'height'. To achieve this we will usethe fact that A is projective to
usethe notion of height on projective spaces.

Lemma 2.15. Dene Hk., : P"K ! [0;1 ) de ned by

0 11:K:
y N K Q]
Hicn((xot2zixal) = @ max(jxiju)A
v2Mg

Then there existsH, : P"K | [0;1 ) suchthat for each number eld K we haveHjkx =
H K n-

Proof. Since[xg:::::Xn]2 P"(K) is de neddp to multiplication by 2 K, the function
Hk:n is well-de ned up to multiplication by ~j jy = 1, sothe height is well-de ned. If
=K is a nite extension, then for ead placev 2 Mk and x 2 K we have jN -« Xjy =

wjv IXjw. Thereforeif [xo:::::x,]12 P'(K)  P"(L) then
o Liq O I
Hin((xo::iiixa]) = @ max(jxijw)A @  max@ jxj,AA
w2M v2Mg wijv
0 1 1=L: 0 1 1=L:
v [L:Q] v | [L:Q]
= @ max(iN_ xijy)A =@  max(jxji- " HA
Mg Mg
= Hx;n([Xo: i xn])
Therefore H,, = IimK Hk . satis es the desired properties. O
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For eadh X = [Xg ::::: Xpn] 2 K=Q let h,(x) = logH,(x), which makes sensebecause
Hn(x) > 0 sincenot all entries of x :FIXO 1liliXp]areO. 0 0
xample 2.16 Considerx = [1=3;2+ ~ 3] 2 P'Q. Since2+  3isintegral and (2+ = 3)(2
3) = 1, itgnust be a unit. At ead placela/_— 3 the valuation v(1=3) = 0, while if vj 3is a
placeof Q(" 3) thenv(1=3) = 1. But Q( 3)istotally ramied over Q at 3 s0j1=3j, = 9.
Therefore Hy(x) = 972 = 3.
Remark 2.17. If 2 Gal(Q=Q) then h,( (x)) = hp(x).

Lemma 2.18. If u;v> 0 thenthe setfx 2 P"Qjhn(x) u;[Q(xX):Q] vgis nite.
Proof. See[HS00] Theorem B.2.3. O

Lemma 2.19 (Kronec ker). Let K=Q be a number eld. Then h,(x) = 0 for x = [Xo :
12 Xp] 2 K if and only if xj=x; is a root of unity whenx; 6 O.

Proof. Note that hy([Xg' : :::: XP']) = mhna([Xo @ ::::Xp]) = 0. Sincexy';:::;xpy lie in the
nite extensionK (Xo;:::;Xn), the previouslemmaimplies that the setf[xg :::::x}'lim

1gis nite. Letr 6 s betwo exponerts such that [xg:::::xp]= [xg:::::xp]. If x; 6 0
then (xj=x;)" ° = 1 sothey are roots of unity. The corverseis obvious. O

In order to transport the notion of height from the projective spaceto an abelian variety
we needto prove certain functorial properties of Hy. In particular, it is functorial with
taking products and morphisms (up to bounded functions).

Lemma 2.20. Let m; :P" P™ 1 PMMFTMEN be the Segre emledding (taking ([xi]; [y;])
to [xiyj]). Then hmn+m+n( mn (X)) = hm(X) + hn(y).

Proof. See[HS00] Theorem B.2.4. O

Prop osition 2.21. Let :P" ! P™ be a regular map of degree d. Then hy( (X)) =
dhn(x) + O(1), where O(1) representsa bounded function.

Proof. See[HS00] Theorem B.2.5. O

2.2.3 Heights on Ab elian Varieties

Let A be an abelian (projective) variety de ned over a number eld K.
De nition  2.22. For ead embedding :A! P™deneh :AK)! [0;1)byh (P)=
h( (P)).

Prop osition 2.23. Let :A! P™and :A! P"suchthat Opm(l) and Opn(1)
(where Opn (1) is the canonical sheaf of P") are equalin Pic(A). Thenh (P) = h (P)+0O(1)
for all P 2 A(K).

Proof. See[HS00], Theorem B.3.1. O

This proposition suggeststhat the height function on A is well de ned up to a bounded
error term. ConsiderHa = Hom(A(K); R)=Hompounded(A(K); R) to eliminate this ambi-

guity.
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Theorem 2.24 (Heigh t machine). There existsa unique homomorphismhp : Pic(A) !
Ha suchthat for everyvery ampleL on A wehaveha(L) = h in Ha, whee :A! PT
is an emledding suchthat L =  Opnm (1). Moreover, hy is functorial in A in the sensethat
if Al B is amorphism of akelian varieties over K and L 2 Pic(B) thenha( L) =
hg (L) in Ha.

Proof. Every L 2 Pic(A) canbewritten asL = L; L,® for very ample invertible sheaves
Li;L2 on A ([HS00], Theorem A.3.2.3). De ne ha(L) = ha(L1) ha(L>) for a choice of
L, and L,. For any other choiceL = LY L3 *wehavel; L3=LY? LoonA. Let
i Al PM™ and ?:A! P" be projective embeddingssuc that Lj = ; Opn; (1) and
LO= Q0pn(1)fori=1;2. ThenL; LYI=(1 9 Opms proandL? Lpo= (9
5) Opny pmz. Let N > max(mina+ my+ no;nimo+ N+ my) andlet :PM™ pr21 PN
and 9:P"t pPM21 PN pethe Segreembeddingsfollowed by inclusions. By Lemmas2.20
and 2.21 we get that h 1 J3=h 3+h 9=h 9+h ,=h ¢
in Ha and soha(L1) ha(L2) = ha(L9) ha(LY) which meansthat h, is a well-de ned
homomorphism.
For the functorialit y property see[HS00], Theorem B.3.2. O

The height machine of an abelian variety is well de ned in Hpa, i.e., up to a bounded
function. A clever trick to remove this dependenceon boundederrorsis dueto Tate. To do
this we will have to analyzethe properties of the sheavresL. A sheafL is called symmetric
if [ 1] L = L and antisymmetric if [ 1] L = L ®. Let L be an ample invertible sheafon
A.

Letf :A kA kA! Adenedbyf = ([n];[1];[ 1]) for an integern. By Corollary
27wehavethat f ( 55 L 1 L1 L1 L L,L gL)=[+1]L
[n 1L [nJL 2 L 1 [ 1)L !istrivial. Therefore, by induction we get that
[NfL=1L n“if L is symmetricand [n] L = L " if L is antisymmetric. By Theorem 2.24
we get that ha(L) [n] = ha([n] L) = ha(L nz) = n2ha(L) in Ha if L is symmetric and
ha(L) [n] = nha(L) if L is antisymmetric. Every invertible sheafL can be written as
L L=( [ 1]L) (L [ 1JL Y whereL [ 1JL issymmetricandL [ 1]L lis
antisymmetric as follows. Therefore, the previous analysis of ha(L) [n] can be extended
to all invertible sheareslL.

De nition  2.25. The Neron-Tate height is

Aa(L)(P) = fim %}f”lp);
if L is symmetric and n
Aa(L)(P) = fim w;

if L is antisymmetric.

Theorem 2.26. The map fia(L) : A(K)! R hasthe property that fia(L)(P) = ha(L)(P)
as functions in Ha. If L is symmetric then ﬁA(L) is a quadmtic function with assaiated
bilinear form WP; Qi = (AA(L)(P+Q) Aa(L)(P) Ha(L)(Q))=2andif L is antisymmetric
then fa(L) is linear.

Proof. See[HS00], Theorem B.4.1. O
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Prop osition 2.27. Let L be an ample symmetric invertible sheaf on A. Then ﬁA(L)(P)
0 with equality if and only if P is torsion.

Proof. The proof of this proposition is similar to the proof of Lemma 2.19. See[HS00],
Proposition B.5.3. O

In particular, the Poincare sheafP on A  A- is symmetric since[ 1] P satis es
the same properties as P and so must equal P by uniqueness. Therefore we may de ne
a pairing i : A(K) A-(K)! R by ha;bi = ha;Bip where B is the image of b under
the isomorphism A-(K) = Pic& (A). By Proposition 2.27 the kernel of the pairing is the
torsion subgroup on ead side sowe get a nhondegeneratepairing

hi: A(K)=A(K)wors  A-(K)3A-(K)wrs ! R:
For every isogery : A! B, there exists a unique dual isogery - :B-! A-, sud
that -and - are multiplication by an integer morphisms (see[Sil92] I11.6).

Lemma 2.28. Let : A ! B be an isogeny of akelian varieties de ned over a numkber
eld K, andlet - :B-! A- bethedualisogeny. If hhin and hig are the Neron-Tate
pairings for A and B then, for eacha2 A(K) and b2 B-(K), we have

he; -(b)ia = h (a);big:

Proof. See[Mil86b] 1.7.3. O

2.2.4 Rational Points on Ab elian Varieties

For an abelian variety A de ned over a number eld K the group structure of A(K) is
determined by the Mordell-Weil theorem.

Theorem 2.29 (Mordell-W eil). If A is an akelian variety de ned over a numker eld
K then the group A(K) of rational points on A is nitely genesated.

Proof. See[HS00], Theorem C.0.1. We will not prove the theorem here, but mertion that
it usesthe Dirichlet Unit Theorem, which meansthat it will apply in generalonly to global
elds (i.e., number elds and function elds). O

A corollary of this theorem is that A(K) = A(K)wrs Zaa Za, as abelian
groups where r is the rank of A and as;:::;a 2 A(K). An isogery A ! A- induces
a map A(K) ' A-(K), which is an isomorphismon A(K) Q! A-(K) Q since
the kernel of the isogery is a subgroup of A(K )wrs. Therefore the rank of A- isr and
A-(K) = A-(K)ors Zby Zby for by;:::i b 2 A-(K).

De nition  2.30. The regulator Ra of the abelian variety A is

.....

This de nition makessensesincethe a; and Iy are de ned up to torsion and the pairing
hi vanisheson torsion. Moreover, any permutation of the generatorsa; and Iy changesthe
value of the determinant by 1 which doesnot in uence the value of Ra.
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De nition 2.31. Let " beaprime number. The Tate moduleof A at " isT-A = lim A[™] =
Hom(Q-=Z-;A). Write VVA=TA Q.

Remark 2.32 The Tate module T-A and V- A have natural structures of Gal(K =K )-modules
givenby the Galoisaction on A['™] for eadh m. Tothe abelian variety A we canassaiate the
Gal(K =K)-module A(K), but this is a group whosestructure is unknown. The advantage
of constructing the Tate module V-A is that it is a Q--vector spaceof dimension 2d, where
d= dim A ([Mum70] 11.6) and soit is a represenatation of Gal(K =K).

The Tate module has certain functorial properties, illustrated by the following lemma.

Lemma 2.33. If the segquene of algebaic groups over K
1" M! N! P! 1

is exactand multiplication by " is an bijection in M, then there exists an exact sequene of
Gal(K =K)-modules
1" T™™M! T°N! T-P! 1

Moreover, if M is a unipotent group then TN = T-P.

Proof. There is an exact sequencel ! M(K) ! N(K)! P(K)! 1land T-X =
lim Hom(Z=""Z; X (K)) for a scheme X 2 Schy. Therefore we get an exact sequence
of Gal(K =K )-modules

11 TM! TN! TP! limExtz(Z="Z;M[K)):

But Extz(Z="Z;M (K)) = M="M so if multiplication by * is a bijection in M then
Extz(Z=""Z;M (K)) = 0 and we get the exact sequencel! TM! T-N! TP ! 1,
(For a discussionof Ext, seeSection4.1.)
If M is a unipotent group then there exists a K composition seriesM = Mg M1
Mp Osud that Mj=Mi.+; = G,. Therefore, multiplication by " is injective, sothe
torsion M [ "] is trivial soT*M = 0and TN = T-P. O

Remark 2.34. Let L=K be an extension of number elds and let A be an abelian variety

: _ Gal(K=K)
over L. Then TR ¢ A = Indea|(E=|_)

takesinto accourt K points and R -x A(K) = ~ A i(K).
It is essetial for the proof of the fact that Conjecture 3.15is invariant under isogenies,
to be able to relate the Tate modules of A and A-. The solution is the Weil pairing.

VA as Gal(K =K)-modules since the Tate module

Prop osition 2.35. There exists a functorial, nondegeneate, Gal(K =K )-equivariant bilin-
ear pairing called the Weil pairing

e:VA VA-! Q@) =Ilim -m;
with respect to which there exists an identi ¢ ation
A-[ -1= (Al ]) =Hom(A[ ] 1);
for everyisogeny :A! B.
Proof. See[Mil86a] Lemma 16.2. O
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2.2.5 The Shafarevic h-T ate and Selmer Groups

Computation of the Mordell-Weil group A(K) for a global eld K is dicult becausethe
proof of the weak Mordell-Weil theorem is not constructive. One method of analyzing
rational points is via the local-to-global principle, i.e., analyzing the points of A(K) for
ead completion K, of K to obtain information about A(K).

For every isogety :A! A the Gal(K =K)-cohomologylong exact sequenceassaiated

with 0! A[ ]! A! A! 0O (whereA[ ]= ker ) gives

0! AK) ]! AK)! AK)! HYK:A[ ]! HYK:;A)! HYK:A);
which gives

0! A(K)=A(K)! HYGal(K=K);A[ ])! HYGal(K=K);A) ]! O (2.1)

Similar exact sequencedor ead localization K, of K givesa commutativ e diagram

HY(K; A %%K;A)[ ]
Q Q

JHYKGAL D) — T HY (K A) ]

whereres=  res, is restriction from Gal(K =K) to QvGal(K,sz).

De ne the Selmergroup of to be Sel (A=K) = kers . De ne the Shafarvich-Tate
group to be X (A=K ) = ker HY(K;A) ' © H(K;A) . Then X (A=K)[ ]= kerres
and the snake lemma givesan exact sequence

0! A(K)=A(K)! Sel (A=K)! X (A=K)[ ]! O:

This exact sequenceis useful is computing the Mordell-Weil group A(K) when K is
a number eld. Namely, if one knows X (A=K)[ ] and one can compute elemers of
Sel (A=K) then this exact sequenceyields generatorsfor A(K)=A (K). Howewer, little
is known about the Shafarevih-Tate group X (A=K).

Lemma 2.36. The image of the restriction map

HY(K;A) ! Y Hi(Ky;A)

L
is contained in ~ |, H(K;A).
Proof. Let f be a cocycle in H1(K;A). By construction of Gal(K =K )-cohomology (i.e.,

sincef is locally constant), there existsa nite extensionL=K sud that Resgz:%::"lg)f is

trivial in H(L; A). Sincethe following diagram commutes
Q
HY(lgA) — "y H 1(SLW;A)
Res; ‘QV res

HY(K;A) QQV H(Ky;A)
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for eadh wjv the imagef,, of f in H(L;A) is trivial. Howewer, for all but nitely many v
the variety A hasgood reduction at v (seeDe nition 2.47)and v isunramied in L. There-
fore by [LT58] Corollary 1 to Theorem 1, the order of f, in the torsion group H1(K;A)
divides e, ,-x, = 1 (sincew j v is unrami ed) which meansthat f is trivial. Therefore, f,
is trivial for almost all placesv which implies that the imageis in the direct sum. O

Remark 2.37. Since Ax K has a natural Gal(K=K) action, we can de ne the Galois
cohomologyof A(Ax  K). Then X (A=K) = ker(HYK:A(K)) ! HYK;A(Ak « K)).
(See[PR94] Proposition 6.6.)

The Shafarevidh-Tate group X (A=K) is functorial in A. Let K be a number eld and
let A! B beanisogery of abelian varieties de ned over K. Then there is a commutativ e
diagram

X (A=K) —* /X (B=K)
HY(K;A) —HY(K;B)

resa ress

vH 1(KV;A) — vH l(Kv; B)

in which the map , is well de ned sincethe kernel of resy is mappedto the kernel of ress .

Remark 2.38 The Shafarevid-Tate group is de ned in terms of cohomology seamingly
with no relation to geometry However, we have already seena connection between ge-
ometry and cohomologyin Section 1.3. For ead a 2 A(K) we have de ned a translation
automorphism t, of A, soA(K)  Auti(A) which meansthat H YK ;A(K)) is a subsetof
H 1(K;AutK(A)), agroup that parametrizesthe isomorphismclasseof K twisits of A. Our
description of A(K) shows that elemeris of H(K : A) correspond to K twisits of A with a
simply transitiv e A-action. Sudc a twist is called a principal homayen®us space for A. A
principal homogeneouspacecorrespondsto a trivial cohomologyclassin H 1(K ; Auti—(A))
if it has a K -rational point. As sud, elemens of X (A=K ) correspond to locally trivial

principal homogeneousspaces(i.e., a principal homogeneousspacewith a rational point
over eadh completion K ).

2.2.6 The Cassels-Tate Pairing for X

In order to relate the Shafarevih-Tate groups of A and A- it is useful to construct a
bilinear pairing X (A=K) X (A-=K) ! Q=Z. The most intuitiv e way to construct the
pairing is to notice that, if X is a principal homogeneousspacefor A, then A-(K) =
Pic(A k K) = PicZ(X « K) and use Remark 2.38 where we constructed a locally
trivial principal homogeneousspaceX; for ead cocyclef 2 X (A=K). This will allow us
to relate points in A-(K) to rational functions on X via the exact sequence

0! K(Xf) =K ! Divo%(X; K)! Pic%X; K)! 0 (2.2)
where K (X¢) is the eld of rational functions on X¢. (For three other descriptions of the

pairing see[PS99].)
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SinceK (X ) is a Gal(K =K )-module with the action h(x) = h( x) onh 2 K(X;),
we canwrite the Gal(K =K and Gal(K ,=K)-cohomologylong exact sequencesf the exact
sequencgK = K(X¢) =K )

0! K ! K(X¢) ! K! O

SinceH3(K;K )= 0and H3(K ;K ) = 0 for all placesv (by Hilbert's Theorem 90 and
[AW67] Theorem 5) we have

H2(K: K ) ——TH2(K K (X)) ———TH2(K; K) —0
‘res ’res

Q H2(k Ky ) —I2, KK (X)) —

‘ res

QVHZ(KV;K) —o

In order to remove the relevance of choicesin the construction of the pairing we need
to show that i is injective. Since Xy is locally trivial, for ead placev there exists a point
in X¢(Ky), i.e., a section SpecK, ! X;¢. By [Mil86a] Remark 6.11 this implies that i is
injective on ea componert H?(K ;K ) ! H?(K,;Ky(X;) ) and soi is injective.

Since X¢ is a principal homogeneousspace,there exists a noncanonical isomorphism
X; K A K which inducesa K -isomorphism Pic°(X; K) A-(K). For general
twists the isomorphismX; k K A g K isdened up to an automorphism of A, but
for principal homogeneousspacesit is de ned up to an automorphism t, for a 2 A(K).
But t, actstrivially on A-(K) sincet, | = | for a choice of ample invertible sheafL, by
the Corollary 2.8. Therefore, the isomorphism Pic®(X; K) A-(K) is independert of
choices. Moreover, this is an isomorphism of Gal(K =K )-modules sincefor 2 Gal(K =K)
wehave '| ="' | .

Following Cassels'soriginal idea, we will usethe canonicalisomorphism of Gal(K =K )-
modules Pic’(X; K) = A-(K) and the exact sequence2.2 to de ne the pairing. The
Gal(K =K )-cohomologylong exact sequenceassaiated with sequence2.2 givesa boundary
map @

HYK:A-(K)) = HYK:Pic%(X; K)) I® H2(K;K)

The rest of the construction of the pairing amounts to abstract nonsense.Let g 2 X (A-=K)
H(K;A-(K)) andlet ¢° :Q@. The mapj is surjectiveéothere existsh®2 H2(K; K (X7) )
sud that j(h9 = ¢® Let *, hy bethe imageof h%in ~ H?(K,;K(X;s) ) under the re-
striction maps.

\'

res
Q i Q
O—/ thh\I—/_/ vh\c/)
h\(/)(pv)
Foreah ; 2 Gal(K,=K,), wehavehd( ; )2 K(X¢) . In orderto de ne the cohomology
classes, we choosepoints py, 2 X¢ (K) that are not zerosor polesof h9( ; ) forany ; 2
Gal(Ky=K,) and then evaluate h? at p,. De ne amap h, : Gal(K ,=K,) Gal(K,=K,)!
K, by taking ( ; ) to h9( ; )pv) 2 K, . Sinceh? is a cocycle and h, is obtained by
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evaluation, hy is also a cocycle in H2(K ;K ). By the injectivity of i the choice of the
points py is irrelevant. De ne the pairing

X
hf;gi = invy(hy) 2 Q=Z;
v

whereinvy, arethe invariant mapsof local class eld theory. This isa nite sum by [Mil86b],
Lemma 4.8.

Prop osition 2.39 (Cassels-T ate). The pairing hi : X (A=K) X (A-=K)! Q=Zis
functorial in A and the kernel on each side is the maximal divisible sulgroup of X (A=K)
or X (A-=K).

Proof. See[Mil86b] Theorem 6.13. O

2.3 Reduction of Ab elian Varieties
2.3.1 Motiv ation

Let A be an abelian variety over a global eld K. We would like to study the arithmetic
properties of A by analyzing the behavior of A at ead nite placev of K. If the abelian
variety hasa set of de ning equationsde ned over K, one canthink of the reduction A, as
the variety de ned by the sameequations but whosecoe cien ts are taken in k,, provided
that this makes sense(i.e., the v valuations of all coe cien ts of the equations have to be
nonnegative, or we would get division by 0 in ky).

Example 2.40. Consider E=Q to be the elliptic curve with Weierstrassequation
ye+xy+y=x> x? 8x+ 1L

Then the discriminant of E is 26335 so Ep is an elliptic curve for p212;3;59. If p= 3
then E, is a cuspidal curve while if p 2 f2;5g then Ej is nodal.

The equationsde ning the E, over F, together with the curve E over Q de ne a scheme
E%over Specz, the closureof Proj Z[x; y; z]=(y?z + xyz + yz? x3+ x%z+ 8xz? 11z3).
By the valuative criterion of properness([Har77], Theorem 4.7) we have EqZ) = E(Q).
However, E is not a group schemesinceit is not smooth over Z (at the primes 2,3,5). Let E°
be the largest smooth substhiemeof E°de ned over SpecZ. Then Ep= = specz SpecFp.
However, E° no longer has the property that E%(Z) = E(Q).

2.3.2 Neron Mo dels

To resole this issue(that E%(Z) 6 E(Q)) we want for ead abelian variety A de ned over
a number eld (more generally for the fration eld of a Dedekind domain) to construct a
smooth (group) schemeA de ned over Ok sud that A(Ox) = A(K).

Theorem 2.41. Let A be an atelian variety de ned over a numbker eld K. Then there
exists a smaoth model A of A which is sefarated and of nite type over SpecOk (called the
Neron model) suchthat for every smaoth schemeT over SpecOg the natural map

Hom(T;A) ! Hom(T o, K;A);

is an isomorphism.
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This is the surprising property of Neron models (called the Neron mapping property),
since surjectivity implies that any morphism de ned on the generic b er A of A can be
uniquely extended to a morphism on A. However, one downside of the Neron model is
that it is almost never proper (unlike E®which was proper but not smooth over Z). The
following proposition shaws that the Neron model is unique.

Prop osition 2.42. Let A be an akelian variety de ned over a numbker eld K. Then the
Neron model of A over SpecOg is unique up to isomorphism.

Proof. Let A1 and A, be two Neron models of A over SpecOg . The for fi; jg= f1;2g we
have
Hom(Ai;Aj) = Hom(A; sK;A)= Hom(A; A):

Let j bethe morphismfrom A;! A; that correspondsvia the above isomorphismto
the identity on A. Then = jj ij is a morphism from A; ! A; that corresponds on
the generic b er to the identity on A. However, the identity on A; also has this property.
Since

Hom(A;i; Aj) = Hom(A; A);

the morphism on A; corresponding to the identity on A is unique so ; = 1 and similarly
j = 1 which provesthat A; =g, Ao>. O

Remark 2.43 The Neron model of A is a group scheme. This is a simple consequenceof
the Neron mapping property since multiplication m and inversioni are morphisms on the
generic b er A of A. Therefore they induce multiplication and inversion morphisms on all
of A, with respect to the identit y section of A.

Remark 2.44. If E is the Neron model of the elliptic curve E in Example 2.40then EC is the
connectedcomponert of the identity section of E. Analogously, if A is an abelian variety
de ned over a number eld K and A is its Neron model de ned over Ok, let A% be the
substhiemeof A that is the connectedcomponert of the identit y section.

2.3.3 The reduction of an Ab elian Variety at a Finite Place

Let A be an abelian variety over a number eld K and let A° be the connectedcomponert
of the identity of the Neron model A of A over Ox . For each nite placev 2 M,? de ne
the special b er of the reduction of A at v to be A, = A o, kv, whereKky is the residue
eld at v. (Recall from Section1.7that A, isdened to be Ay, = A o, Oy.) The special
b er A, is a smooth group scheme, but it neednot be connected. Let A9 be the connected
componert of the identity in the b er A, (in which caseAl = A® o, ky).

Prop osition 2.45. For a nite place v let  be the component group of the special ber,
i.e., the algebric group de ned by the exact sequene

10 RO AL L
Then the group  is a nite group scheme.

Proof. The groups A, are varieties over the nite elds k,, so they have nitely many
componerts. O
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De nition  2.46. Let v be a nite place. The positive integerc, = j (ky)j is called the
Tamagava number at v.

There is no known general method of computing the Tamagava number. In the case
of elliptic curves, there exists a complete algorithm due to Tate (see[Tat75, Cre97]). For
algorithms that compute the Tamagava numbers of certain special abelian varieties (other
than elliptic curves), see[CS01,KSO0Q].

By Theorem 1.19 there exist (over k,) an abelian variety B and an ane algebraic
group G sud that

1! G! A%1 B! 1

is exact. By Theorem 1.20there exist a unipotent group N and a torus T such that
1" NI G! T! 1

is exact.

De nition 2.47. If G = 1then A is said to have gaod reduction at v. Otherwise, A is said
to have bad reduction at v. Moreover, if N = 1 then A is said to have semistablereduction
at v; in this case,if T is a split torus then A has split semistablereduction at v.

Lemma 2.48. If v is a place of good reduction for A thenc, = 1.

Proof. We will show that if A hasgood reduction at v then A‘\} = Ay, (then , = 1and
soc, = 1). The shemeA; = A o, Oy is asubshemeof A sorestriction from A to A,
extendsany morphism on A to a morphism on A1. Therefore, for every smooth O, -scheme
T we have Homscnh (T; A1) = Homsen (T o, Ky; A) which implies that A; is the Neron
model of A over SpecOy ([BLR90], Proposition 1.2.4). Let A, be the substeme of A
which consistsof the generic b er A and the abelian variety A9. Then A, is a smooth and
proper schemeover Oy, (sincethe b ersA and A9 are proper;[Har77] 4.8.f) so by [BLR90]
Proposition 1.2.8 the scheme A, is the Neron model of its generic b er A. Therefore
Proposition 2.42 guaranteesthat A1 = A, which implies that A, = A‘f,’ O

Example 2.49. Let E be an elliptic curve. Then dimy E9 = 1 which implies that either
dimg B = 1 (in which caseG = 1 and E hasgood reduction at v) or dimg B = 0 (in which
casedimkg G = 1 and E hasbad reduction at v). Assumethat E has bad reduction at v.

1. If dimg N = 1and T = 1then N = G, and E is said to have additiv e reduction at
V.

2. Otherwise, dimk T = 1 and N = 1 in which caseT = G over k, and E is said
to have multiplicativ e reduction. In Example 1.18 we saw that T is either G, or

R}:qg:qu Gm. If T = Gm then E is said to have split multiplicativ e reduction. If

T=R: ,=r,, Cm then E is said to have nonsplit multiplicativ e reduction.
av v
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2.4 The Neron-Ogg-Shafarevic h Criterion

Let A be an abelian variety of dimensiond de ned over a number eld K. Recallthat there
is an action of the decomposition group Gal(K ,=K,) Gal(K =K) and inertia group I, on
the Tate module T-A. We have chosena lift , of the Frobenius elemen of Gal(ky=k,) =
Gal(?\,zK\,)|v to Gal(K y=K,). Therefore, the action of , on T-A dependson the choice
of . Howewer, the action of , on T-A'v is independert of choicessince , is well-de ned
up to conjugation by an elemert of 1,. The following lemma shows that we can interpret
the inertia-invariant subrepresetation of T-A asthe Tate module of the special b er of the
Neron model, which is more manageable.Let A be the Neron model of A over Ok .

Lemma 2.50. If " is coprime to char ky and to the index of Atf,’ in Ay, then there exists
an isomorphism of Gal(K ,=K,)-modules

TAY= TA, = (TA)Y:

Proof. Let K" be the maximal unramied extension of Ky, i.e., K = K/lv. Since
AK)'v = A(KI) we get that A["]'v = A(K™)['"]. For eadh nite unramied exten-
sion L=K the stheme SpecO_ is smooth over SpecOk so the Neron mapping property
implies that A,(O.) = A(L). By passingto the limit we get

Av(Oy") = A(KY);

where O is the ring of integersof K
SinceA, is a smooth schemeover SpecO, and O is henselian,the reduction map

Ayl T A&y (ky);

is surjective (becausethe residue eld of O!)' is ky). Moreover, the Extz(Z=""Z)-long exact

sequenceof
0! kerr! A, (Of)! Au(ky)! O

gives
0! (kern)["! Ay O"! AWM Ext(Z="2Z;kerr):

Since kerr is divisible ([Mum70] 11.6.2) the group Ext(Z=""Z; kerr) is trivial sothe map
Ay(OM"M 1 Ay (ky)[ "] is surjective. Moreover, Remark 2.60implies that, since™" and
char k, are coprime, the surjection A,(OMN['"]! Ay (ky)[ "] is alsoinjective. By passing
to the limit asn! 1 wegetTAlv = TA,.

By Lemma 2.33 there is an exact sequencel ! T-A%! T.A,! T . Since’ is
coprime to the index of A‘S in Ay, the module T-  is trivial, which implies that T\A‘f,’ =
TA. O

Theorem 2.51 (N eron-Ogg-Shafarevic h). For A to havegaod reduction at a place v it
is su cient thatl, Gal(K,=Ky) act trivial ly on T-A, for some" coprime to char k, and
the index of AY in A,.
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Proof. In Section2.3.3we have seenthat there exist algebraicgroupsG; N; T and B de ned
over ky, sudh that T isatorus, N is unipotent, B is an abelian variety and there exist exact
sequences

1—1—c—IN —1 (2.3)
1—/c—/r0—/B —1

An immediate consequencas that d = dim A% = dimA = dimN + dim T + dim B. More-
over, sincethe unipotent group U is divisible, Lemma 2.33 applied to the exact sequences
2.3 gives(sinceT-T = T-G)

1! TT! TAY! TB! 1L
But Lemma 2.50 allows us to replace T-AQ with T-Alv. Therefore
1! TT! (TA)v!I TB! 1;

which implies that dim T-A% = dimT-T + dim T-B. The rest of the proof ammourts to
dimension count. By Remark 2.32, we have dimT-B = 2dim B since B is an abelian
variety. Moreover, sinceT is a torus, there exists a ky-isomorphismT = Gﬂ{m T. Therefore,
TT=TGIMNT = (T-Gp)¥™ T which implies that dimT-T = dim T.

Sincely acts trivially on T-A we get that dim T-A% = dimT-A = 2dimA = 2dimN +
2dim T + 2dim B;; but this is alsoequalto 2dim B + dim T which implies that 2dimN +
dimT = 0. SinceN and T are connected,they must be trivial, soA hasgood reduction at
V. O

One implication of Theorem 2.51is that if T-A is unramied at v for some’, coprime
to char ky and the index ofArS in A, then it is unrami ed for all ° coprime to char k, and
the index of A in A,.

Remark 2.52 The conclusionof Theorem 2.51 still holds if we only assume™ to be coprime
to char ky, sincein the proof of the theoremiit is enoughthat “" becomeslarger than the
index of A2 in A, asn! 1 (which follows from Proposition 2.45). Moreover, if A has
good reduction at v, then for in nitely many °, the Tate module V-A is unramied at v.
The details of the proof of this more generalversion can be found in [ST68], Theorem 1.

Corollary 2.53. 1. If A is an alelian variety de ned over a glokal eld K then for all
but nitely many placesv the variety A has good reduction at v.

2. Let :A! B heanisogenyof alelian varieties. If A hasgaod reduction at v then
sodoesB.

Proof. 1. Choosea prime . Since T-A is a nitely generatedGal(K =K)-module, the
inertia 1, acts trivially on T-A for all but nitely many placesv. Therefore, Remark
2.52 provesthat there is good reduction outside a nite set of places(where T-A has
bad reduction or where " j char ky).

2. Via  the Z--module T-A hasimage a submodule of T-B of nite index. Therefore,
if 1, actstrivially on T-B, it will act trivially on T-A.
O
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2.5 Abelian Varieties over Finite Fields

Let A be an abelian variety of dimensiond de ned over a nite eld Fy. Let ¢ be the
Frobenius isogery of the abelian variety (acting as the identity on the topological space
underlying the variety as a schemeand acting on functions by f 7! f9). If End(A) repre-
serts the ring of endomorphismsof A (i.e., isogeniespreserving the identity of A), write
End(A)° = End(A) Q.

Lemma 2.54. There exists a monic polynomial P4 2 Z[x] of degree 2d such that for all
m;n 2 Z we have nZqu(mzn) = deg[m]+ [n] o) = jker(Im]+ [n] q)j. Moreover, Pq
is the characteristic polynomial of Frobq acting on V-A and the minimal polynomial of 4
in Q( ¢)=Q (where Q( o) End°(A).

Proof. See[Mil86a], Proposition 12.4. and Proposition 12.9. O
Write Pg(x) = Qizgl (X i), with ;2 C. To understand the behavior of the roots |
of Pq we needto understand the relationship betweenA and A-. Fix L an ampleinvertible
sheafon A andlet = | bethe polarization assaiated with L (i.e., anisogery [ : Al
A-). We de ne the Rosati involution y on End°(A) = End(A) Qby Y= 1 _
acting on A.

Lemma 2.55. The following relation holdsin End®(A)

é q=[d

Proof. This is equivalert to 1 3 qg=[dor g q = [d (since [q]
commutes with by construction). But for each x 2 A(K) we have ( 3 Q(x) =

at (b L )= t,( 4L)  4L. Since  acts by raising to the power g we get

(g d(X)=tL9 L 9=1[d (tL L H=I[d

O
Prop osition 2.56. Let 2 End°(A) suchthat Y = [m], wher m is a positive integer.
Let R bethe SeF} of roots of the minimal polynomial of over Q. Then for everyroot 2 R,
we havej j= " m and x 7! m=x is a permutation of R.
Proof. See[Mum70] IV.21.11. O
Corollary 2.57 (Riemann Hyp othesis). The roots 1;:::; »q of the minimal poly-
nomial of ¢ have absolutevalue ™ g and can be reordered suchthat >4 ; | = q for all
i.
Proof. Follows from Lemma 2.55 and Proposition 2.56. O
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2.6 The Tamagawa Measure of Ab elian Varieties

Let A be an abelian variety of dimensiond over a number eld K and let A be its Neron
model over SpecOg . We have seenin Section1.7 how to usea nowhere vanishing invariant
di erential form w on A and a setof corvergencefactorsf gto de ne ameasured sy ,g-
Howeer, this measuredependson the (honcanonical) choice of factors . We will usethe
results of Section3.1.1to prove that there is a canonical choice of convergencefactors given
by = 1,if visaninnite place,and , = Ly(A; 1), if visa nite place. This result holds
for tori aswell, but we will prove a stronger statemert in the caseof abelian varieties over
number elds.

2.6.1 The Formal Group of an Ab elian Variety

In order to analyze the Haar measures,it is enoughto look locally. This is best under-
stood in the context of formal groups. Abelian varieties are commutativ e groups so their
global analytic behavior is determinedin a local neighborhood of the identit y elemert e, by
translations. A powerful tool of analyzing sudc a local neighborhood of e is the notion of
formal neighborhood of e, which is a formal group for algebraic groups. Howeer, instead
of looking at the formal group of A, we will look at the formal group of A, since A has
much better arithmetic properties than A.

We will identify the point e 2 A(K,) with the (closed) point which is the image of the
map e : SpecK, ! A (since A is complete every morphism from an ane sdemeinto A
is constart). The group Ay is de ned over SpecO,. Let Oa, e be the local regular ring of
Ay at e and let ma, . be the maximal ideal of Op,.e. Let (’QAV;e = lim Op,;e=m} ., be the
completion of Op,-e. SinceAy is smooth of relative dimensiond, the ring Oa, e IS regular

have Oa, A yie e = Ovlysiiii;ya;ziiii;zql, wherex; 1= yi, xi 2= z, and  is
projection to the k-th factor.
The multiplication morphismm : Ay A ! Ay inducesamorphismm : Oy[X1;:::;Xql

1. F(y;z) y+ z (mod ma,:e).
2. F(X;F(y;2)) = F(F(xy);2).
3. F(y;2) = F(z;y).

4. F(0;2) = z;F(y;0) = y.

Proof. All the above follow from the formal properties of m except for the rst property.
The rst property follows from the fact that A has a di erential operator which takes m
tothe mapm :Ky[y1;:::iYa;Za;::::2q] Y Ky[Xe;:::;Xq] givenby m (y;z) = y+ z. O

Let A, lpe the formal group of A,. Similarly to the caseof the group A, itself, the
space = Oy[xs;:::;Xq]dx; is generatedby d independen invariant di erentials ; =
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ij (x)dx;. The fact that ; are invariant and they generate implies that they are a
unique scalar multiple of

@ °

0O ::: 010 ::: 0
@q

dax:

We have constructed a formal group @Av;e as the formal completion of A, along the

Theorem 1). On a small enoughneighborhood of the identit y wherethe seriescorverge,log
is a homeomorphism. The formal Lie algebra of A, is the Lie algebrastructure A, of G},
givenby [x;y] = Fa(x;y) Fa(y;x), whereF», represens the homogeneougart of degree2
of F.

2.6.2 Behavior at Finite Places

Let A bethe projective Ok -module of global invariant di erentials on the Neron model A

which is a rank one submodule of H%(A; 4_, ), the module of invariant di eren tials on
the abelian variety A (Section 1.7.1). Therefore, for every global invariant dierential
w 2 HO(A; A« ), there exists a fractional ideal a, of Ok, such that wa, = 1~ ::: "

4Ok = *9 A. Let vy = jawjy for every nite placev.

Lemma 2.59. If vis a nite place, then

Z

iwjv = o VA (ky)j:

Ay (Ov)
Proof. Let A,(Oy)1 be the kernel of the reduction map A,(Oy) ! A,(Oy=}y). For
every polynomial which de nes a smooth variety, Hensel'slemma implies that one can
lift roots of the polynomials in Oy=}, to roots in O,. Therefore, since A, is smaooth,
the map Ay(Oy) ! Ay(Oy=}y) = Ay(ky) is surjective by Hensel'slemma. Therefore
Av(Oy)=Ay(Ovy)1 = Ay(ky).

w; and j induceinvariant di erentials W; and b; onthe formal grQup /b\, of Ay at the identit y
section. Let A, be the formal Lie algebra of A,. Let log, = b be the logarithm maps

a homeomorphismbetweenthe neighborhood } Y ::: }N of (0;:::;0) 2 K for large
enoughN and a neighborhood Uy of e in Ay (Oy) (note that U; = Ay(Oy)1, see[HS00],
Theorem 2.6). In fact, the logarithm map log inducesa formal group isomorphism between

is an Ok -basisfor the module of invariant di erentials (see[Fre93, Theorem 1).

Sincethe di erential w is translation invariant we have
Z Z Z

jwjyd v = [A(Oy) : A(Oy)1] jwjvd v = JAY(kv)] W)y
A(OV) A(Ov)l v(}v)
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The log function allows us to compute

Z Z
jojy = jlog \jy;
AN P Ay
and so we get that
Z Z
jwjivd v = [A(Oy) : A0V T : (3 0™ jlog \wjy:
A(Oy) PN Ay

But log W is an invariant di erential on} Y A, soit must be a scalar multiple of dx; »
;..M dxy. To evaluate this scalar factor, we needto evaluate log W at the basis @@
N @@g. Then

. . @ @ . . @ @
log (Wi " 1M Wy, — NN = = juqy N Mg, lo — NN =
jlog (W Dy & & jWwy aly 109 & &g
. . @ @
= WM log, — " ::: M logy —
Jl dJ\/ gl@l gd@d
. . @ @
- N o N N o N\
W " o, Tod @
= E’\:::’\% Q":::’\—@
b by , @1 Q@q
= Vg
by de nition of the vy,. Therefore
Z Z
jwjy = [A(Oy) :A(Ov)l]q\r/](N l)VW dxi M i Mdxp = q, "V Ay (Ky)j:
A(Oy) Ay
O

Remark 2.60 Since A, (Oy): is isomorphic via the logarithm map to U; = Q }v, the m-
torsion A, (Oy)1[m] is trivial is m is coprime to char k.

Corollary 2.61. If A hasgaod reduction at v then
7 !
Wiy Lv(A; 1) = v
Ay(Oy)

Proof. By Proposition 3.10 we have that L(A; 1) ! = g¢5A9(k,)j and since A has good
reduction at v we know that A9 = A5,. But from Proposition 2.59

z
wivd v = a, VaiAy(k)j:
Av(Ov)
By combining thesetwo results we get the statemert of the lemma. O
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Remark 2.62 By the Neron mapping property, there exists a homeomorphism of topo-
logical spacesAy(Oy) = A(Ky). If wis an invariant di erential on A, then w inducesa
Haar measurejwj, on A,(Oy). Howewver, the sameis obtained if we considerthe invariant
dierential wx = w o, K on A, which induces a Haar measurejwg jy on A(Ky). The
main reasonsfor the introduction of the fractional ideals ay, is preciselyto allow the com-
putation of the (same) integral over A(Ky) = Ay(Oy) by using a dierential on A or a
di erential on A.

Example 2.63 Considerthe elliptic curve E de ned by the Weierstrassequation
yry=x® x

and let p 6 37. If E is the Neron model of E over Z, then E, consists of two b ers,
ead of which is an abelian variety, and is de ned over Z, by the (projectivized) equation
Y2Z+YZ?= X3 XZ3. Aninvariant dierential on E, is givenby w = dx=(2y+ 1). Since
the Weierstrassmodel we chosefor the elliptic curve E is minimal, in the sensethat the
di erential w comesfrom an invariant di erential on E, we may compute its power series
expansionin the formal group I'?p A detailed description of how to nd the formal group
law on Il?p and how to compute a power seriesexpansionfor w is given in [Sil92] IV.1.1.
Using the computer program MAGMA, we obtained the following power seriesexpansion

W(t)=dt = 1+ 23 2t*+6t° 127+ 63+ 20° 600+ 60ttt + 5012 2802 +
+420t%  2&1® 1190+ 252017 15961 42841° + 1360820 +

Integrating, we obtain

1 2 6 3 2 60 50

log(t) = t+ =t* =to+ =t’ Zt8+ S+ 2110 14 gl2 4 413 o4
9(t) AL A L 11 13
+28t1° Ztlﬁ 7ot + 14018 8at™ —1%71t20+ 64a* +

Sincethe coe cien ts of w are integers, the power serieslog corvergeswhenewer vp(t) > 0.
For the derivation @@ on the formal Lie algebra(x = logt) we have

@ = _@ = 1 _@: _@: N
log (W) @& =w log @ w og1D) @ dt a 1

Therefore, the invariant dierential log W is the standard derivation on the formal Lie
algebra, so (vp)w = 1.

2.6.3 Behavior at Innite Places
The problem of computing the integralsZ

JWijy;
A(Kv)

whenv is a real or complex place, can be done using the analytic theory of tori. For every
complexembedding ,:K | Clet A v bethe abelian variety de ned by the b er product

Av—I

SpecC —Y/SpecK
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Over C, the abelian variety A v isabeliansoA v(C) is acomplexanalytic abelian Lie group.
Therefore, it is topologically a complex torus and the homology group Hi(A ¥(C);Z) is a

variety A ([Mum70], I.1). Similarly, if v is a real place,then H1(A v(R); Z) is the subsetof
H1(A v(C);Z) xed by complexconjugation (the nontrivial elemen of Gal(C=R)) (assume

that H1(A v(R);Z) is generatedby 1;:::; 4). If wewrite w= wy”" :::" wy, then we may
compute R R
: RaWL o) Yl
o ) W1 i ) W1
Wy = :
A V(C) R . R
Wi i W1

2d 2d
for a complex placev and
R R
7 (Wi Wy
jwjy = :
ave R .. R
d Wqp Il g Wy
for a real placev. Sincetheseformulae have no immediate arithmetic signi cance, we will
not prove them here (see,for example, [Gro82], pp.223).
Let A be an abelian variety de ned over a number eld K. The period of the abelian
variety A assaiated to the invariant di erential w is
0 1
y 2 Y
Paw = @ jwj, A Vi
vemg A VIKY) vaM 2

If we changethe invariant di erential w by a scalar 2 K , thenv, =] jyv for eah
nite placev. Moreover, for ead in nite placev we have
Z Z
J Wiv=1] jv jwjy:
A v(Ky) A v(Ky)
Therefore, %
Paw = I jvPaw:
\"

But, since 2 K , we haveQVj jv = 1, soPay is independert of w. Therefore, the real
number Pa.y is called the period of A and is denoted by Pa.

2.6.4 The Tamagawa Measure of A(Ak)

Let A be an abelian variety of dimension d de ned over a number eld K and let w be
an invariant di erential onw. Let = f ,gto be a setof convergencefactors, suc that

v=1lif visaninnite placeand , = Ly(A;1) (seeCorollary 2.61)if v is a nite place.
Let S be a nite set of placesthat includes all the in nite places,all the placeswhere A
has bad reduction and all the placesv such that vy, 6 1. Recall that ¢, is the Tamagava
number at the nite placev (De nition 2.46) and that P4 is the period of A.
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Prop osition 2.64. If Dk is the discriminant of the numbker eld K then
Q
z _Pa Mmoo

d A; : - .
A ST

Proof. By Proposition 1.33,the integral makessense sinceA(Ak ) is a compacttopological
group. Moreover, the proof of Proposition 1.33 showed that if S is a nite set of places
that includesthe in nite placesand all the placesv where A has bad reduction, then the
natural inclusion
A(Ak:s) ! A(Ak);
Q Q

isahomeomorphism. Therefore,wemay integrateon A(Ak:s) = 25 A(Kyv) 25 Av(Ov)
instead of A(Ak ) (by Proposition 1.30) and usethe measured a.w: on A(Ak:s):

4 4

d AW = d AW
A(Ak) A(Ak:s) 0 10 1
P — dz Y Lo Y Lo 1
= ( bk 4 o @  jwiA@  jwiLy(AL) A
0 v2s A(Kv) vzsAi(%v) vaM} vamQ 1
P y 2 y <
= ( Dk ‘@ jwiyA @ jwivLy(A; 1) A
vami  AlKY) V2M© Av(Ov)

But, by Proposition 2.59 we have
z

Wiy = 0, VwjAy(ky)j = o YA (ky)j;
Ay(Oy)
which by Proposition 3.10is equal to vy,c,Ly(A; 1). Therefore, we get that
0 1

z z Q
d _ p — d@ Y f A Y _ PA VZMQ CV
Aw; = ( jDklj) JW)y Wl = —p—45
A(Ak) v2Mm L A(Kv) v iDk]

50



3 The Birc h and Swinnerton-Dy er Conjecture

3.1 L-functions Attac hed to Ab elian Varieties

Let A be an abelian variety of dimensiond de ned over a number eld K. We would like
to construct certain L-functions assaiated with the Gal(K =K)-represenation V-A. On
the one hand, these L-functions will give a canonical set of corvergencefactors for the
Tamagava measureon A(Ag); on the other hand, we will construct a global L-function
whoseasymptotic behavior is part of the Birch and Swinnerton-Dyer conjecture.

3.1.1 The Local L-function

Let A bethe Neron model of A over Ok . Let v bea nite placeof K andlet = be a prime
number coprime to char ky and the index of A\? in Ay. Recallthat VA =TA 2 Q =
Hom(Q-=Z-; A) which is a Q- vector spaceof dimension2d. Let , bealift to Gal(K ,=K\,)
of the geometric Frobenius elemert in Gal(K!"=K,), and let I,  Gal(K,=K,) be the
inertia at v. The group Gal(K ,=K,) acts on Hom(V-A; Q) by (f )(v) = f( 1v).

Howevwer, the action of , on Hom(V-A; Q-) dependson the choice of lift . We can
eliminate the dependenceon choicesif we restrict to the subrepresetation Hom(V-A; Q-)'v.
Then, for every other choice of lift 0, there exists 2 I, sudhthat 2=, 1 andthe
actionsof , and 0 onHom(V-A; Q-)'v areidentical. The action of , canbe represered
asa (2d) (2d) matrix whosecharacteristic polynomial is

v(X)=det(l XjHom(VA; Q)"):

Remark 3.1 A priori, the coe cien ts of the characteristic polynomial (X) lie in Z-, but
they lie in Z and they do not depend on *. This is essetial in de ning a complex val-
ued, holomorphic function L (A; s). This surprizing fact follows from the Weil conjectures
([mil86a], Theorem 19.1)

We de ne the local L-function at v to be
Lv(A;s) = v(a,®) L

To understand the local factors L (A; s) we look at the reduction of the abelian variety
at eath nite placev. Let A bethe Neron model of A over SpecOy , let A, be the special
b er of A over Speck, and let A is the connectedcomponert of the identity in A,. By
Theorems1.19and 1.20there exist smooth connectedalgebraicgroupsG, N, T and B such
that G isane, N isunipotent, T is a torus and B is an abelian variety, sud that there
exist exact sequences

1—c—Ix0—/B —N1 (3.1)

1—IT1T—Ig—Ju—"1

By Lemma 2.33, the fact that G isane and N is unipotent implies that, on the level of
Tate modules we have an exact sequence

11 wT1 vA%1 vB ! 1 (3.2)
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For any Gal(K y=K,)-module M, let M (n) be the Gal(K ,=K,)-module whoseunderly-
ing setis M, but whoseactionis  X(m) = (¢"m), where 21, and , 2 Gal(K["=K,)
is the Frobenius. Then M (n) is called the n-twist of M. For example,if Q- is the trivial
module, then Q-(1) = lim -n.

Lemma 3.2. There existsan isomorphismof Gal(K =K )-module Hom(V-A; Q) = V.A-( 1) =
VA( 1).

Proof. Recall that the Weil pairing

e VA VA-! lim «« Q = Q(1);

n

is a perfect Gal(K =K)-invariant pairing which induces an isomorphism of Gal(K =K)-
modules
Hom(V-A; Q- (1)) = VA- =) Hom(V-A; Q) = VA-( 1):

But A and A- areisogenoussoV:A = V-A-, which implies that Hom(V-A; Q') = VFA( 1),
as Gal(K =K )-modules. O

Using the exact sequences.2, the previouslemmaallows usto computethe local L ,(A; S)
in terms of the analogouslyde ned L -factors for the torus T and abelian variety B.

Prop osition 3.3. If A, T and B are de ned as alove, then
v(A; X)=det(l  (XjVB( 1))det( [ XjVT( 1)):
Proof. Twisting the exact sequence3.2 by ( 1) we get
11 WT( 1)! VA 1! vB( 1)! 1L

But, by Lemma 2.50, there exists an isomorphism of Gal(K =K)-modules V-A'v = V. AY;
sincel, acts trivially on the twist ( 1), we obtain V-Alv( 1) = V.AY(  1). Therefore,

10 WT( 1)t VAl 1)1 vwB( 1)! 1,
which implies that
det(  XjVAY( 1))=det (XjVB( 1)det(d XjVT( 1));

and the proposition follows. O

Lemma 34. Letl! M ! N ! P! 1bean exactseguene of algebaic groupsde ned
over ky, suchthat M is ane. Then

iM (kv)iiP (kv)j = N (av)i:
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Proof. There existsanexactsequencel! M (ky)! N(ky)! P(ky)! 1. The Gal(ky=k)-
cohomologylong exact sequenceds

1! M(ky)! N(k)! P(ky)! H(ky;M):

SinceM is ane, by Theorem 1.20,to show that H(k,;M) = 0t is enoughto show that
H1(ky; Ga) and HY(ky; Gm) are both trivial. But this is the statemert of Hilb ert's theorem
90. Therefore,1! M(ky)! N(ky)! P(ky)! 1 andthe conclusionfollows. O

Lemma 3.5. For the akelian variety B we have (B;q,?) = jB(ky)jq % and

2dim B
s .

ivBa% 1 g7

Proof. Let b= dimy, B. By Ler‘ej‘na 2.54, (B;X) = det(1 vXjHom(V:B; Q")) is a
degree2b-poynomial (B;X) = ,Zfl (1 iX)1 TiX) with j jj= " q,. Therefore,
b
jv(Big, 1 g7 %=1 g C

But ;=g = 1= which implies that
1 Y Y
vBig, )= (1 1= =)= (@ HE )= i

Since (B;1) = Q(1 i)(1 ) courts the number of xed points of the Frobenius g =
o (acting on B, asin Section2.5), we have (B;1) = B(ky)j. Therefore (B;q, h=
iB(kv)jg ™. O

We would like to do the same computation for the torus T. Let b= Hom(T; Gn) be
the character group of the torus T. The action of Gal(k,=k,) on Pis givenby ( f)(g) =
f( ), forf :T! Gnandg2T.

Lemma 3.6. We have (T;X)=det(l X jVT( 1)) = det(1 F\,Xj'|3 Q'), wher

- 1
Fv= "

Proof. The evaluation pairing V- T ('b Q) ! Q- (1) is perfect and Gal(ky=ky)-invariant.
Therefore, there existsan isomorphismof Gal(ky=ky)-modulesV-T( 1) = Hom(V:T;Q-(1)) =
P Q. The result follows from the fact that the Galois action on Hom is given by
f(x)="f( ). O

Lemma 3.7. We have (T;q, 1) = jT(ky)j=i™T.

Proof. Let t = dimT. The lemma is equivalernt to the fact that det(q, F\,j'b Q)=
jT(ky)j. SinceT is a torus, there exists a ky-isomorphism : T I” G . From the fact that
T= jGawededuce(by taking Galoisinvariants) that the map T (ky) ! HomGaI(EV:kV)('b; Gnm)

givenby x 7! ( x : 7! (x)) is an isomorphism (T = B). Therefore,

x2T(k) () x 2 HOMgyi, =) (P: Gm)
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which, via D: 8! 1 P, is equivalent to P2 Homg, i =) (B Gm)-

The idea is to uselinear algebrato compute the characteristic polynomial of F, and
for this we needto passfrom the Z-module HomGal(Evzkv)(@}n;Gm) to a vector space.One
way to achieve this is to tensor with Q-. The condition that x 2 T(ky) is equivalert to

X b 1 2 HOmGaI(Evzkv)(@}'n Q\ ; Gm Q\):

Since Gal(ky=ky,) is topologically generatedby F, it is enoughto chedk that b 1is
xed by Fy.

In Theorem 1.17we de ned a cocycleh : 7! () 12 HMky;Auty (Gh)). Let
be the standard basisof @En, i.e., i(x1;:::;%Xg) = X forall i. Sincehg, is an automorphism
of Gt,, the map Bg, de nes an automorphism of 8! soBr, 12 Aut(8,, Q). Then

det(q, FjP Q)=deta Be, 1)

P
In terms of the standard basis on 8}, we canwrite R, () = | hj | with hy 2 Z.

The condition that Fy, xes , P 1lisequivalert to Br, 1 xing L P 1, ie., for
every 2 8! we have

Fo( x P 1) 1)=(x P 1R 2

This can be chedked at eat basiselemert ; in which casewe need

X Y
Fol x D) D=(x BC hjj) 1= (x Bph ¢

i i
Write  (X) = (X1;:::;Xq) 2 Gi,. The advantagesof the formula above is that it takesthe
problem of nding points in T(ky) to ndir@ points on G!,. Note that ( b)( i) = X
(because i( (x)) = xj) which implies that j(Xj i = (xj 1)V, )

Therefore, to court T(ky) we only needto count (X1;:::;Xn) 2 G, sud that j(Xj

1M = (x; 1)% for all i. Obsenethat G, Q- is a Q--vector space;by diagonalizing the
matrix gt (hj), the number of suc solutions is equal to the determinant of the matrix
ovlg (hij) ([Ono61]], 1.2.6). O

Lemma 3.8. If N is a nilpotent group de ned over ky then jU(ky,)j = ¢dmY,

Proof. By [Gro64], Exp. 17, Lemma 2.3, the group N has a composition serieswith suc-
cessie quaie_nts isomorphic to Ga. But jGa(ky)] = oy so by Lemma 3.4 we get that
iN(k)i = N Galky)j = afm M. O

Example 3.9. Let E be an elliptic curve and let v be a nite place. If v is a place of good
reduction and if B is the reducedelliptic anddet(1 gq,3%) =1 ayq, S+ g 25, giving the
usual L -factor at primes of good reduction for elliptic curves. If E has additiv e reduction
at v, then Proposition 3.3 showvsthat L(E;s) = 1.

Assumethat E has multiplicativ e reduction at v. Then the toric part of the reduction
is 1-dimensionalso by Example 1.18, T is either G, or Rllvzkam, where |, =k, is a degree
2 extension. If E has split reduction then T = G, and the L-factor is given by det(1
Fvg, 5i@m) 1= (1 q,% L If E hasnonsplit reduction then T = Ri_ Gm andsoly is

givenby det(l  Fyq, 5jRL, Gm) *= (1+q,%) *
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Prop osition 3.10. For all nite placesv of K we havel,(A;1) = qsimAeszS(kV)j.

Proof. By Lemma3.4and the two exactsequences8.1wehavejA9(ky)j = jN (ky)jji T (ky)jiB (kv)j.
Combining the results from Lemmas 3.5, 3.7 and 3.8 we get

AUk _ BT (ky)ijU (k)i
dim AQ dim B +dim T+dim U
v o
= vB;qh) W(Tiah= vAgh
= Ly(A1) !

3.1.2 Global L-function

The local L (A; s) factors encade information at ead nite placev. In order to get global
information about the abelian variety A, we de ne the global L-function to be

Y
L(A;s)=  Ly(A;s);

\%

where the product is taken over all nite placesv. One could de ne local L-factors at the
in nite places,using variants of the Euler -function. However, suc factors are useful for
possiblefunctional equationssatis ed by the global L -function, and do not encade relevant
arithmetic data (for a discussionof the local L-factors at in nite places,see[Tay02)]).

Lemma 3.11. The function L(A;s) converges absolutelyto a holomorphic function for
Res > 3=2.

Proof. For all but nitely many placesv, the abelian variety A has good reduction, sothe

analytic behavior of L is determined by the product of the local L (A; s), such that A has

good reduction at v. By Lemma3.5we havej (A;q,%)j j1 o 2 %2 for all v of good

reduction for A. Therefore, the analytic behavior of L (A; s) is the sameasthat of

Y
j1og™ % M= k(s 122
\
Therefore, L (A; s) is holomorphic when Res > 3=2. O

The basic conjecture regarding the L-function is

Conjecture 3.12. If K is a number eld and A is an atelian variety over K then there
exists an analytic continuation of L (A; s) to the whole plane C.

Remark 3.13 In the casewhen K is a function eld then it is known that L(A;s) is
meromorphic on C. In the caseof number elds K, the conjecture is proven for elliptic
curvesde ned over K = Q, a fact that follows from the Modularity Theorem ([BCDTO00]).
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3.2 The Conjecture

The Birch and Swinnerton-Dyer conjecture relates the behavior of the global L-function
and the arithmetic properties of the abelian variety.

Conjecture  3.14 (Birc h and Swinnerton-Dy er, weak form). Let A be an atelian
variety de ned over a numbker eld K and let L(A; s) be the glokal L-function of A. Then
the order of vanishing of L at 1 is equal to r, the rank of A.

Birch and Swinnerton-Dyer went further and conjectured what the coe cient of the
rst term in the Taylor expansionof L (A; s) around 1 should be:

Conjecture 3.15 (Birc h and Swinnerton-Dy er, strong form). Let A be an atelian
variety of rank r de ned over a number eld K. Let L(A;s) be the glotal L-function of A,
let A(K )tors and A-(K )iors be the torsion sulgroups of A(K) and A-(K) resgctively. Let
Ra be the regulator of A, and let X (A=K) be the Shafarevich-Tate group. Then X (A=K)
is a nite group and

RL(r)(A; 1) _ RajX (A=K)j .
s @ aws JAK)orsJA-(K)tors]

This statemert of the conjectureis not e ectiv e from a computational perspective. By
Proposition 2.64 we may rewrite the formula as

1
rt

. Q
PARAJX (A=K)] ~yomo O
fd- .. --
iDk ] JA(K )torsjJA- (K )tors]

This statemert of the conjecture is extremely useful becauseit gives a computationally
e ectiv e method of computing the sizeof X (E=K) in the caseof elliptic curvesE de ned
over Q, which in turn gives an upper bound on the running time of an algorithm that
computes generatorsfor the Mordell-Weil group E (Q) (algorithms for computing ead of
the other quartities in the formula are discussedin [Cre97]).

Conjecture 3.14wasprovenin the caseof elliptic curvesof analytic rank Oor 1 (i.e., order
of vanishing of the L-function 0 or 1) by combining the Modularity theorem ([BCDTO0Q]),
the work of Grossand Zagier ([GZ86]) and that of Kolyvagin on Euler systems([Gro91]).
In most other caseslittle is known. However, there are theoremsabout the consistencyof
the conjecture. If A! B is an isogery, then Conjecture 3.15is true for A if and only if it
is true for B. To prove such a theorem one cannot use the above form of the conjecture,
sincethe Neron model of an abelian variety (and implicitly the Tamagava numbersat nite
places)doesnot behave well under isogenies.

What doesbehave well under isogery is the set of placeswhere an abelian variety has
good reduction (Corollary 2.53). So chooseS a nite set of placesthat includesthe set of
in nite places,the placesof bad reduction and the placeswherev,, 6 1. We will de ne a
new set of corvergencefactors for the Tamagava measureon A(Ax) by s =f g suc

LA 1) =

that =1ifv2Sand = Ly(A 1) if vZS. Thuswe obtain a measured aw: ¢ Sud
that
Z 0 v 1 Z
daw;, =@ Lv(A; 1)A d aw; s!
A(AK) v2 S\ MQ A(AK)
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Let Ls(A;s) = sz_s Lv(A; s), which has the sameanalytic behavior as L (A; s) since
we simply took out a nite product of nonvanishing, holomorphic functions.

Prop osition 3.16. Conjecture 3.15 is equivalent to

RLOAD  _ RaiX (AK)
r! A(Ax :S)d Aw; s JAK)tors)JA-(K)tors]
Proof. SinceA(Aks) = A(Ak), it isenoughto show that L (A; 1) = szs\ mo Lv(A 1) L(Sr)(A; 1).
We have
00 1 1
Y
LA 1) = @@ Ly(A; s)A Ls(A;S)A  jsu1
v2S\ M2
0 1
xt (i)

Y )
@ Lu(A;9)A  (Ls(A; ) Vs
=0 v2s\ M

But Conjecture 3.14implies that the order of vanishingof L s(A; s) at Lisr so(Ls)(" D(A; 1) =
0 if r 6 0 and the proposition follows immediately. O

Conjectures 3.15and 3.16 do not generally appear together in the literature. With the
machinery already developed, the proof was straightforward. Howewer, it required the prior
careful analysis of the structure of the local L-factors and of the local integrals.
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4 Global Num ber Theory

The fact that Conjecture 3.15 encades so much arithmetic data implies that any proof
involving the conjecture would require a large number of global number theoretic results.
In order to prove that the conjecture is invariant under isogenies,one needsto use global
Tate-Poitou duality and the global Euler-Poincare characteristic. First, we dewelop the
necessarymachinery to be able to manipulate long exact sequence®f Ext. Then we derive
the global results we will useto prove the invariance under isogery.

4.1 Deriv ed Functors

The absolute Galois group of a number eld K, Gal(K =K), is rather mysterious. It is a
topological pro nite group, i.e., it is Hausdor , compactand totally disconnected.However,
its structure is not fully understood. In fact, most information about Gal(K =K) can be
obtained not by studying its structure, but by studying represetations of it, i.e., cortinuous
maps

Gal(K=K)! Aut(V)

for some( nite dimensional) vector spaceV. More generally, if G is a group, Z[G], the free
group whosegeneratorsare elemerns of G, is a noncommutativ e ring that can act on a set
M. If the action of G on M is cortinuous, we say that M is a continuous Z[G]-module, or
simply, a cortinuous G-module. Let Mo dg be the category of cortinuous G-modules.

The most e cien t strategy in studying the represenations of a group G is to assiate
to ead represenation an invariant. For example,a covariant functor F from Mo dg to the
category of abelian groups is an example of such an invariant. More often than not, the
functor F is not exact in the sensethat given an exact sequencel! M ! NI P! 1
of corntin uous G-modules, the corresponding sequencel! F(M)! F(N)! F(P) is not
right exact.

Example 4.1. Let G = f 1;1g acting by multiplication on the setsM = N = Z and P =
Z=2Z. Considerthe functor F from Mo d¢ to the category of abelian groups, F(X) = X ©,
taking a module X to the G-invariant submodule. Then F(Z) = f0g, since G acts by
inverting the sign. Howewer, F(Z=2Z) = Z=2Z since 1= 1in Z=2Z. Therefore the exact

sequencel! Z 1> Z1 7=2Z! 1becomesl! 1! 1! Z=27, which is not exact.

De nition  4.2. The k-th right derived functor of F is a functor R"F from Mo dg to the
category of abelian groups such that for every exact sequencel! M ! N ! P! 1 of
continuous G-modules, we get a long exact sequence

1" FM)! F(N)! F(P)! RIFM)! R¥F(N)! RIF(P)! R?*F(M)!

Example 4.3. If G is a group and F is the functor that takesX 2 Mo dg to X ©, then
R"F (X)) is none other than the usual group cohomologyH "(G; X).

If the functor F is corntravariant, meaningthat amap M ! N inducesamap F(N) !
F (M) (in the other direction), then one can de ne the notion of left derived functor in the
sameway.

Let G be a group. Then, the functor F(X) = X & can be rewritten as the functor
F(X) = Homg(Z; X), i.e., G-invariant homomorphismsfrom the trivial G-module Z to
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the G-module X. More generally, for a continuous G-module M, the functor Fy (X) =
Homg (M ; X)) taking X to G-invariant homomorphismsfrom M to X is covariant.

De nition  4.4. Let Extg(M; ) bethe k-th derived functor of Fy .

Remark 4.5. If M = Z hastrivial G-action, then Extg(M;X) = H'(G; X)), sinceHomg(Z;X)
and X © are the samefunctor. The quickestway to compute Ext(M;N) is to useinjective
resolutions. Let

N :1! N°1 N1 N2i

be an injectiv e resolution of N. SinceHomg(M; ) is covariant, we obtain a resolution
11 Homg(M;N© " Homg(M:NZ) {2 Homg(M:N2) !

Then Extg(M; ) is simply the cohomology of the complex Homg(M;N ), i.e., Ext" =
keri;=Imi, ;. A quick corollary of this fact is that if M;N and P are continuous G-
modules, then

Extg(M;N P)=Extg(M;N) Extg(M;P)

Example 4.6. As an application of the previous remark, we will shav that if M and N
are abelian groupsthen for every r 2 we have Extlflg(M :N) = 0. Indeed, let N* be an
injective module such that 0! N ! NZ. If N2 is the cokernel of the inclusion, then it is
also injectiv e (see[Wei94] Lemma 3.3.1) so we get an injective resoluton 0! N ! N1!
NZ21 0. Therefore, Ext;lg(M ;N) is the cohomologyof the complex

0! Hom(M;NH ! Hom(M;N?)! 0

Sincethere are only two nonzerogroupsin the complex, all cohomologygroupsin dimension
r 2 vanish.

Remark 4.7. If M = Z, the previous remark shows that we may compute the cohomology
groups H'(G; ) by using injective resolutions. Such a computation could also be taken
as a de nition. However, in that case,the fact that H"(G; ) is the r-th derived functor

of F(X) = X © would no longer be clear. To show that the cohomology of the complex
Homg(Z; N ) doesindeed give the derived functors of Homg(Z; N ), we needthe following
general fact about cohomology (see[Wei94] 1.3). Consider a commutativ e diagram with

exact columns, suc that the rows are complexes,i.e.,d d=0

0 0 0

d

Une 1A — Ay S

By 1B —/Bysy 4

Yey 1o —HCh
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We may construct the cohomologiesof eadh complexH" = kerd=lImd. Then H' is a derived
functor in the sensethat there exists a long exact sequence

11 HO9A)! HOB)! HOC)! HYA)!

A similar functor to Homg(M; ) is the functor zie] N for a cortinuous G-module
N . Howewer, this functor is contravariant. De ne TorE’( ;N) to be the k-th left derived
functor of the functor zic) N . Again, Tor can be computed in a similar fashionto Ext,
but now by choosing a projective resolution I N2! N¢! Ng= N! 0 and taking
Tor®(M;N) to be the homology of the complex M AR

If H is a normal and closedsubgroup of G then G=H is a topological pro nite group
and we may naturally endow Exty, (M;N) with the structure of G=H module by letting 2
G=H actonf 2 Homy(M;N) by f:m7!' f( Im). If M is nite, then Ext],(M;N) is
a corntinuous module. Otherwise, de ne E'xtrH(M;N) =[n u cExth(M;N)Y to bethe
cortinuous submadule of Ext{; (M;N).

For every continuous H-module N, we de ne the induction Indg N = ff : G !
N jf (hg) = h(f (g));8h 2 Hg to be a set with a G-action given by f (x) = f (xg). The in-
duction is a contin uous G-module and for every G-module M we have Homg (M ; Indﬁ N) =
Homy (M ; N) (Frobenius reciprocity). Sincethe two functors are equal, their right derived
functors must be equal as well, hence there exists an isomorphism Ext (M ; Indﬁ N) =
Extl (M;N).

As usual for derived functors, there exists a Grothendiedk spectral sequencefor the
Extg(M;N). Spectral sequencesire an extremely useful tool for determining right derived
functors, such asExt and H . A spectral sequences consistsof a set of abelian groups
EP9forr 2and (p;g) 2 Z o Z o and derivations d : EP4 1 EP*" ™1 (derivation
simply meansthat d d = 0) such that EP;] can be obtained as the cohomology group

of the complex EP*¥"4 k(" D For each p and g, there exists ro sudh that if r > rg then

EP9= EPY. This occurs when the derivations that goin and out of EP% are the 0 maps
(sorp = p+ gworks). Denote this constart sequenceof groupsby EP9. To say that there
exists a spectral sequenceES™ =) EP*9 simply meansthat for eah n 0, there exists a
composition seriesof E" with successie quotients equalto EP" P. While a full description
of spectral sequencesnd their techniquesof computation would divergetoo much from the
purposeof this section, it is worthwhile to mention the similarity betweenthe Grothendiedk
spectral sequenceR'F R/G =) RI*IF G and the classicallLeibniz rule for di eren tiation
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P . _
d"(fg)= [, d(f)d" '(g). It is much easierto deal with spectral sequencewisually

Eg;3 E21;3

Eg;Z E21;2

£ £ %?%E

Eg;o %% e

Thus, the fact that EY'@ =) EP*9 can be interpreted as: for r su cien tly large, E" hasa
composition serieswhosesuccessie quotients are elemers EP% on the diagonalp+ q= n.
For certain groups Eg;q it is particularly easyto compute EP*9, sinceit may happen that
all EX9= 0for g> 0 (asit doesin Lemma 4.11).

Prop osition 4.8. Let H be a normal closal sulyroup of G, let N; P be G-modulesand let
M be a G=H-module such that Tor%(M ;N) = 0. Then there exists a spectral sequene®

Extg:H(M;éth(N;P)) =) Extg’ (M zN;P):

Proof. See[Mil86a], Theorem 0.3. O

4.2 Dualit y

All G-modules are assumedto be cortinuous. Let 1 represen the group of roots of unity.
For a Gal(L=K )-module M we will write M = Hom(M; ;) and M- = Hom(M ; Q=2)
and ™M = Hom(M ; G,) for the Pontryjagin dual of M. If M is a G-module, each of M ;M -
and 1 canbeturned into a G-module, by letting f(x) = f( x), wherethe action of G
on the image spaceis determined on a case-ly-casebasis. (For example,if G = Gal(K =K)
then the G-action on Gy, is simply the action of Gal(K=K) on K .)

Let K be a number eld. Duality in the context of arithmetic has been inspired by
duality theorems (such as Poincare duality) in the care of smooth compact manifolds.

4.2.1 Local Dualit y

Let v be a nite place of K and let M be a Gal(K y=K,)-module. Then H"(K,;M) = 0
for r 3 and there exists a pairing

H'(Ky:M) H2"(Ky:M ) HZKy:M M )! Q=2

given by H;giy = invy(f [ g), whereinv, are the invariant maps of local class eld theory.
For proofs of the following two theorems, see[NSWO00] Theorem 7.2.6.
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Theorem 4.9 (Lo cal Tate Dualit y). The pairing
hiv:HI(Ky;M) H? "(KyiM )1 Q=Z
is perfect.
If vis c_omplex, the groupsH"(Ky; ) aretrivial. If visreal, H"(Ky; ) are nite for
nite Gal(K y=K)-modules. There is a pairing
hig:H'(KyiM) H? [(Ky;M )! Q=Z;

given by the [ product (since H?(Gal(C=R);C ) = Z=2Z Q=Z). The pairing de ned
for these cohomologygroups is degeneratewhenr = 0;2. For ewvery in nite placev, write
R (Ky;M) = MCIKKINE M ifr = 0and BT (Ky;M) = H'(Ky;M) if r > 0. To

easenotation we will write BO(K,;M) = HO(K,:M) whenewer v is a nite place.

Theorem 4.10. The pairing
hiv: B (K;M) B2 (KM )! Q=2
is nondgyeneate.

If we cortinue the analogy with the caseof topological duality, Theorem 4.9 implies
that local elds behave like complex curves. This is not the casefor number elds, aswe
shall seein the next section.

4.2.2 Global Dualit y

Let K beanumber eld andlet S bea nite set of placesthat includesall in nite places.
Let Ks be the maximal algebraic extensionof K that is unrami ed at all placesv 2 S and
let Gs = Gal(Ks=K). We will denotethe nite sum ,,sK, K by IS and we will
write Cg = | S=OWS. Then, there exists an exact sequence

0! Op! 1S1 Cg! O

The construction of the 9-term global duality long exact sequencen Theorem 4.15requires
global class eld theory and an analysis of the Ext long exact sequenceshat arise from
the short exact sequenced! Ogg ! 15! Cg! 0. The particular caseof interest for
global duality is the caseof Gal(K s=K)-modules M sudc that no place of S divides jMj.
Before we write down the Extg,(M; )-long exact sequencefor the short sequenceabove,
we would liketo compute the Ext-groupsseparately Sincethe proofs of thesecomputations
are somewhatlengthy, technical and unrevealing, we will only prove the rst lemma, asan
example of the generalmethod of proof using spectral sequences.

Lemma 4.11. Let M be a nite Gal(K s=K)-module and let &1 = Hom(M;OWS), where
the Gal(K s=K)-action on OK_S is given by the action of Gg on OK_S. If S contains all
the in nite placesand all the places dividing jM j then

Extgg(M;O ) = H'(Gs; M)

forr O.
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Proof. The proof is nothing more than an exercisein interpreting the spectral sequencen
Proposition 4.8. If we apply Proposition 4.8 to the closedsubgroup 1 of Gs and the trivial
Gs-module Z (in which casethe hypothesisof Proposition 4.8 is satis ed) we get

ES° = Extp (ZiExti(M;Op o) =) EXCS (MO ):

SinceM is nite wecanreplaceBxt by Ext. Then H' (Gs; Ext$(M ;OW;S ) = Extg (Z; Ext{(M ;OK;S))'
Since Z[1] = Z, the groups Extﬁ(M;OK;S) are trivial for r 2, by Example 4.6.

Moreover, we have assumedthat no place of S divides jMj. Thus, jMj 2 OK;S and for

every " j jMj the roots of unity - areincluded in Ks. Consequetly, raising to power " is

a surjection on OK;S. Therefore, Extl(Zz‘Z;OW;S = OK;Sz(OK;S)‘ = 0 ([Wei94] 3.3.2).

SinceM is a nite abelian group, this implies that Ext(M ;OK;S) = 0 (by the structure

theorem for nitely generatedabelian groups). Finally, Ext°(M ;OK;S) = [ by de nition.

Thus, the spectral sequenceE;® =) E'Sis

OWW%%
OW%%
Extg (Z;®) Extg, (Z;®) Extg (Z;9) Extd (Z;9) S

and so
H'(Gs; M) = Extg (Z;M) = ExtE;S(M;OK;S ;

sinceon ead diagonal in the spectral sequencepnly oneterm is nonzero. O

Lemma 4.12. Let M be a nite Gs-module and let @ = Hom(M;K ) with the usual
Galois action. Then
Extgg(M;1°) = v2sH'(Ky; M)

Proof. See[Mil86b], Lemma 4.13. (Note that in our case,S is a nite set, sothe computa-
tion is signi cantly simpler than in [Mil86b]).
O

Lemma 4.13. Assumethat M is a nite Ggs-module suchthat S contains all the places
dividing jMj. Then, for r 2 f1;2g, we have

Extg (M;Cs) = H? "(Gs;M)-:

Proof. See[Mil86b] Theorem 4.6.a. This lemma is where global class eld theory is used.
U
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Consider the exact sequenceof Gs-modules O ! O?-s I 1S1 Cg! 0. The
Extcs(M; )-long exact sequenceassaiated to it is

0—/Ext® (M;Op ) —JExt_(M; 15) —/Extg, (M; Cs)
fffffffffff
fffffff
Extg, (M;Op.g) —/ExtL (M;19) L EXtE (M Cs)
ffffffffffff
rrfrrfee

Extg, (M; O o) —/Ext3_(M;15) —/Ext3_(M;Cs)

By Lemmas4.11,4.12 and 4.13, this exact sequencebecomes

0—HYGs; M)—/ VZSHO(KV,M)T/Ext (M:Cs) (4.1)
fffff
it
ffffff
ffffff
1(GS’M)4M/ vasH (KV’M)ffffff YGs;M )-
f
i
pfffff
eefffffe

HEGsM) T osH2(KyiM) RO G M )
Remark 4.14. By Theorems4.9 and 4.10, there exists an isomorphism
v2sHY(KyiM) = 2sHY KM )-:
Similarly, there exists an isomorphism

VZSI'bO(Kv;M)z VZSHZ(Kv;M )—:

Theorem 4.15 (T ate-P oitou). The mapsiy : HO(Gs;M) ! 2sMO(Ky;M) andju
v2sH?(Ky;M ) I HOGg;M)- are dual to each other. The mapsfy : HY(Gs;M) !
vsHI(Ky;M)andgy :HY(Gs;M)-!  osH(Ky;M ) aredual to eachother. More-

over, they induce an exact sgguen@

0—'HoYGs;M) —/ vstO(KV,M)—’HZ(Gs M )-

£
ffffffffffff”f
HY(Gs;iM) — asHY(KyiM) —/

ffffffffff

f fff 1(GS1M )_

ffffffffff
H?(Gs; M)—/ v2sH2(Ky;M) —IHO(Gs;M )- —0

Proof. By algebraic dual we mean Hom( ;Q=Z). First, by the previous remark, it makes
sensdo requirethat iy andjy bedual, andthat fy, andgy bedual, sincetheir domains
and rangesare dual. Thesetwo facts follow from [Mil86b], Theorem 4.10.
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Since jy is the algebraic dual of iy, which is injective, the homomorphismjy is
surjective. Therefore, the long exact sequenced.1 implies that we have an exact sequence

9
vasHI(KviM) S/ HI(GsiM )-
ffffffff”fffff
FFES

H?(Gs; M)—’ 2sH2(KyiM) 2 THOGg:M )- —0

Consider the algebraic dual of the previous exact sequencewith M changedto M . By
Remark 4.14, we get

0— IHO(Gs; M) " v2sH0 (KV,M)
ffffffffffff

fff Z(GS!M )_

i
H(Gs;M) T/ vasH(Ky; M)
M

But fy = gy soif we put the two sequencesiext to ead other, the new sequencewill
be exactat >sH?(Ky;M), since

g
H(Gs;M) —fM/ v2sHY(Ky;M) ——HY(Gg;M )-

is exact in the middle by the exact sequence4.1. This new 9-term long exact sequences
the one we neededto construct. O
4.2.3 Global Euler-P oincare Characteristic

For a nite Gal(Ks=K) module M write

jH%(Gs;M)jiH?(Gs;M)j |

stM) = TG )]

Theorem 4.16 (T ate). We have

YOO jROKyM ) Y ROK M )],

M) = By, AR, M I
s(M) My JHO(K v, M)j

1 1
V2M ¢ V2M ¢

Proof. The proof of this theorem is extremely technical and would take us too far a eld.
For a proof, see[Mil86a] or [NSWO0O]. O

In particular, if we replaceM by M , sincejMj = jM j we get
Yo MoKy M)j,

jHO(Kv;M)j”

s(M ) =
v2M 2 J
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5 Invariance Prop erties of the Birc h and Swinnerton-Dy er
Conjecture

5.1 Invariance Under Restriction of Scalars

Let L=K be a Galois extension of number elds and let A be an abelian variety de ned
ov% L. Then, by Corollary 1.12,B = R -« A is alsoan abelian variety, isomorphic over K

i as j rangesover embeddings ; :L ] K. Wewould liketo show that Conjecture
3.15 holds for A if and only if it holds for B. For this, we needto analyze separately eath
of the quartities in the statemert of the conjecture. In fact, it is more conveniert to work
with Conjecture 3.16 (which is equivalent to Conjecture 3.15).

To begin with, let S be a nite set of placesof K that includes all in nite places,all
placesof bad reduction of B, all placeslying under placesof bad reduction for A and all
placesthat ramify in L. Let T bethe setof placesof L that lie above placesin S. There exist
canonical choicesof models for A and B over O_.t and Ok .s respectively, i.e., the Neron
models A and B. Let wp be an invariant di erential on A and let wg its corresponding
invariant dierential on B, asin Proposition 1.45. Moreover, X the canonical sets of
convergent factors 1 =f g, sudhthat = lisw2 T and = Lw(A;)ifw2T,
and s=1f dgsudthat 9=1ifv2Sand 9=Ly(B;1)ifvzs.

By Theorem 2.51, for ea(h v2Sa place of K and w a place of L lying above v,
there exists * (su cien tly large) such that the Tate modules V-A and V-B are unrami ed
at w and v respectively. By Remark 2.34, we have V:B = Indga:gf LK)) V-A. Therefore
V:B = ff : Gal(K=K) ! V:Ajf(hg) = hf(g);8h 2 Gal(L=L)g with Gal(K =K) action
givenby f(g) = f(g ). In order to get the local L-factors we need (V-A)'v = V*A and
(V.B)'v = \\B, wherel, and |, arethe inertia groups. Sincev is unrami ed in L, we have
lw = Gal(K =LK ") =1, Gal(L=L).

Lemma 5.1. With the alove notation we have

det(1 V1lendga:EEV‘KV)VA)—det(l S S ESUIVYNE

(where , is a lift of the Frokenius , to Gal(Ly=Ly)).

Proof. Sincew j v is unramied by construction of S, the extension L =K, is cyclic of
order ny, = [Ly : K] generatedby '. Then

Gal(Kyv=Kv) \, A — - _ _ _
Ind CiCoety VA = QIGAIK V=K qreaimy, =L.y VA = QlGal(Lw=K\)] VA

in the following sense:if vi;:::;vyq form a Q,-basisfor VA (d = dim A), then a Q,-basis

for Indgz:g =EV; VA is given by the Gal(Ly=Ly)-equivariant maps f;; taking ' to v

and all the other powers of ! to 0. In that casefijvl = fj g fori > 0 fo;jvl takes

1
v Do w1vj and everything elseto 0, sofy) is alinear combination of f,, 1;-s
that correspondsonthe ,* action on V- A.
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matrix of ! on Indg::gvzzkz) , VA is
0 1
Ooq Oog 10 0y H
log O2g  :ii Opg Ooqg
O log i1 Ogg Oy
Oxg Oog::i: Oxg log O

Interpretted asa matrix with entries 0; 1 and the variable H, the characteristic polynomial
issimply 1,4 X" H. Therefore, the characteristic polynomial of the 2dn,, 2dn,, matrix
is the determinant of I, X "™H, i.e., the determinant det(1  ,,*X "wjV:A). O

Lemma 5.2. LetV bea Gal(L=L) module (e.g., V = V:A). If vis a nite place of K such
that L and V are unrami ed at v, then

Gal(K=K)\, _ ' Gal(Kv=Ky) /.
Indc;al(izL) V= WJdeGaI(szLW)V’

as Gal(K y=K,)-modules.

Gal(L=K ). We needto show that
Q[GaI(K:K)] Q[Gal(L=L)] V= ijQ[GaI(szKv)] Q[Gal(Lw=Lw)] \%

or Q[Gal(L=K)] V = ijQ[Gal(Lw:Kv)] V. This is equivalent to Indfal(L:K)V =

w Ind® v,

Note that 2 Djif andonlyif ; ;2 Dj,solnd?'V = (Ind2*V) ' (if givesthe
Galois action on W, then qx) = ( x 1) is the Galois action on W ). Therefore, we
needto shaw that Ind$*™)v = (indP*V) i. Considerthe map : Ind7*" ) v |

(IndP*V) i that takesthe function f : Gal(L=K) | V (ie., f 2 Ind>?(= ) v) to

i, wherefi(x) = f(x ) goesfrom D! V. Sincef 1;:::; g form represenativ esfor

DinGal(L=K), the map s injective. Moreover, for f; 2 i(Ind?1 V) i, the function
f :Gal(L=K)! V givenby f (x) = fi(x ; 1), forx 2 Dy i, mapsto f;, via . Therefore,
the two sidesare isomorphic.

O
Lemma 5.3. For eachv 2 S a place of K and w j v a place of L we have
Y
Lv(B;s) = Lw(A;s):
wijv
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Proof. Having assumedthat the Tate modules VA and V-B are unramied at w and v
respectively, for ° large enough, we have

Ly(B;s) ' = det(l .q,%jHom(V'B;Q"))
= det(1 ,'q,SV'B)
. Gal(Ky =Ky
= gl e Indgot oy VVA)
_ 1. s; Gal(Kv=Kvy) y,
= detd ,'q,% IndGaI(EW:LW) V-A)
v’v
= det(@ g, "SjVA)
P Y
= det(1 w0, °j Hom(V-A; Q")) = Lw(A;s)
wjv wjv

The secondequality comesfrom the fact that the action of onf :V-B ! Q- is given by
f (x)=f( x). The third equality comesfrom Lemma 5.2 while the fth equality comes
from Lemma5.1. O

In particular, for the canor&al choicesof setsof corvergert factors 1 and g, by the

previous lemma we have that = ;, w = 9. In particular, the conditions of Proposition
1.45are satis ed and A(AL.1) = B(Ak:s) (by the restriction of scalarsproperty) so
Z Z
d awa; 7 = dBws; s
A(ALT ) B(Ak:s)

We now turn to the question of rank and torsion subgroupsfor A and B. The following
lemma shows that R -x A- = B-.

Lemm@ 5.4. By de nition of restriction of salars there existsan L-morphism :B! A.

If % ., gA ! Aiisprojection to thei-th factor, then the map Pic°(A) ! Pic®(B)
givenby R ¢ :L 7! (L2 Pic®(B) is an isomorphism.
Proof. See[Mil72]. O

Corollary 5.5. There exist equalities of groupsA(L) = B(K) and A-(L) = B-(K). More-
over, theranksof A and B are equal, JA(L)orsj = jB (K )iorsj @and jA-(L)tors] = jB-(K )iors]-

Proof. The fact that A(L) = B(K) and A-(L) = B-(K) follow from the de nition of
restriction of scalars. The last statemerts are simple corollaries of thesetwo equalities. [

The Neron-Tate height pairing onAisamaphia : A(L) Pic°(A)! R. Therefore,to
analyze how the regulator behavesunder restriction of scalarswe needto look at the func-
torial properties of the Neron-Tate height pairing. By construction of heights on projective
spaceswe seethat hyig | = [L :K]hig.

Lemma 5.6. The regulators R and Rg of A and B are equal.
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Proof. Let tia and hig be the Neron-Tate height pairing on A and B respectively. Let
ay; il 6A(L) be a Z-basisfor A(L) and let by;:::; b beaZ-basisfor A-(L). Then let
a= (T a')2B(K) atsd let = R« b 2 B-(K).

The isomorphismB = = A i is de ned over L and by the properties of the Neron-Tate
pairing we have

X
[L:K] "R« big (L= [L:K] " ha k(B )ia «
k=1

e’ R big

X0 X0
[L:K]Y hy @)ib*iaw=[L:K]Y habia
k=1 k=1

(n=[L : KDhai;bia = hay;hia

by functorialit y of the height pairing and the fact that L=K is Galois.
Therefore Rg = j detha?; quBj = jdethai;hiaj = Ra. O

Lemma 5.7. The Shafarvich-Tate groups X (A=L) of A overL and X (B=K) of B over
K havethe samecardinality. In fact, there exists a canonical isomorphism betwesn them.

Proof. We have

_ Y _ = _
HY(K;B(K)) = HY(K; A (D) = HY(K;Ind g3 AD);

which by Shapiro's lemma equals H(L; A(L)). Therefore, the kernels, X (B=K) and
X (A=L), of the two restriction maps
HY(K;B(K)) — HY(Ky;B(KY))

HY(L AD) — wHY(Lw; ACW)
must be isomorphic, by the snake lemma. O

We have shown that ead quarntity that appearsin Conjecture 3.16 is invariant under
restriction of scalars.

Corollary 5.8. Conjecture 3.15 s true for A if and only if it is true for B = R -« A.

5.2 Invariance Under Isogeny

Let K beanumber eld andlet A! B be an isogery of abelian varieties de ned over
K. Then there exists a nite group schemeA[ ] = ker that ts into an exact sequence
0! A[]! A! B! 0. In particular this implies that 0! A[ J(K) ! A(K)'!
B(K) ! 0 and by taking cohomologywe get that 0! A[ (K)! A(K)! B(K)!!
H1(Gal(K=K);A[ ]). But A[ ]is a nite Gal(K=K)-module so A(K) and B(K) dier
by at most torsion, so the algebraic ranks of A and B are equal. Thus, the following
proposition will prove that Conjecture 3.14is invariant under isogery.

Prop osition 5.9. For every nite setof placesS we havelL g(A;s) = Ls(B;S).
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Proof. By Lemma 2.33, for °~ large enoughto be coprime to the size of A[ ], we have
V-A = V-B. Therefore, eath of the local L-factors in the de nition of Ls(A;s) and
Ls(B;s) are the same,and the conclusionfollows. O

Corollary 5.10. There exists an analytic continuation of Ls(A; s) to a neightorhood of 1
if and only if there existsone for Ls(B;s).

It is alsothe casethat if Conjecture 3.15holds for one of A and B then it will hold for
the other. To make senseof the conjecture, one needschoicesof invariant di erentials. Let
A and B bethe Neron modelsof A and B over Ok . Choosew an invariant di erential on B,
which inducesan invariant di erential w on B. Then w is an invariant di erential on A
and inducesan invariant di erential on A (if necessaryreplacew by wfor 2 Q to achieve
this goal). The proof of the invariance of the Birch and Swinnerton-Dyer conjecture under
restriction of scalarswas essetially easysincethe Shafarevid-Tate group doesnot change
under restriction of scalarsand the L-functions behave in a straightforward manner. On the
other hand, in the caseof the isogery invariance, the situation is reversed. Sincethe places
of bad reduction are very hard to cortrol via isogery, instead of working with Conjecture
3.15we will deal with Conjecture 3.16. ChooseS nite cortaining M} , all placesof bad
reduction for A and B, all placeswherevy, orv , isnot 1 and all placesthat divide jA[ ]j.
Moreover, choose s=f ygsuchthat ,=1forv2 Sand , = Ly(A;1)= Ly(B;1) for
v 2 S. We will denote by K s the maximal algebraic extensionof K that is unrami ed at
placesv 2 S, and by Gg = Gal(K s=K).

The key to the proof of the fact that Conjecture 3.16 is invariant under isogery is
expressingall the quartities in the conjecture in terms of the isogery . But, before we
can proceed, we needto assumethe niteness of the groups X (A=K) and X (B=K) in
Conjecture 3.16. One can prove that if A and B are isogenousthen one of the two groups
is nite if and only if the other oneis nite ([Mil86a] Lemma 7.1.b). However, the proof
would divert us from the techniques required to prove the invariance of Conjecture 3.16
under isogery. Therefore, we will assumethat both groups X (A=K) and X (B=K) are
nite.

We can now proceedto analyze the changesunder isogery of ead of the quartities
in the conjecture. The functorial properties of the Neron-Tate pairing suggestthat the
regulator of A should be equal to the regulator of B.

Lemma 5.11. The regulators Ra of A and Rg of B are equal.

j det(hey; Pi)j = jdet(hes; -(b)i)j = jdet(h (a);bi)j = jdet(ra’;byi)j;
by functorialit y of the Neron-Tate height pairing (Proposition 2.35). O

Howewer, it is no longer the casethat the torsion subgroupsare equal. Determining the
relationship betweenthe torsion subgroupsis a simple application of the snake lemma.
Lemma 5.12. We have

JA(K)torsJi A= (K )tors] _ jker j jcoker -j
jB (K )torsjj B—(K )torsj J coker J J ker —j .
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Proof. On the level of torsion, we have a commutativ e diagram induces by the isogery
P
0o— Za —/A(K) —/A(K)tors —Jo

‘ = ‘ tors

p
o—/ Zb —/B(K) —/B (K )tors —Jo

In this casethe snake lemma gives an exact sequencel ! ker ! ker s ! 1!

coker ! coker s ! 1. ThereforejA(K)iworsj5B (K )iwrsj = jker j5 coker j. The analo-
gousprocedurein the caseof the dual isogery - : B-! A- givesthat jA-(K )iorsj5B - (K )torsj =
jker -j=jcoker -j and the lemma follows. O

The only two terms in Conjecture 3.16 that we have not yet discussedare the global
integral and the Shafarevid-Tate group. For eadv 2 S, both A and B have good reduction
at v. Therefore, Corollary 2.61implies that for our choice of (canonical) convergencefactors
we have

z v Z RV - ! z
d aw: s = Wiy jwivLy(A; 1) = jwiy
A(Ak:s) v2s AKv) vas Av(Ov) v2s AKv)

and similarly for B. Therefore, to analyzethe behavior of the global integrals, it is su cien t
to prove the following lemma.

Lemma 5.13. If v2 S, then

Z . .
A(Ky) Y jeoker i g,y

where  :A(Ky)! B(Ky).

Proof. The Haar measurej wj, on A(K,) is induced from the Haar measurejwj, on
v(A(Ky)) = A(Ky)=ker . Therefore, in the exact sequenceof topological groups

1t AKYL T AKY) D v(AKY) ! 1

(note that the fact that is surjective does not imply that  is surjective), the Haar
measurej wj, on A(Ky) inducesthe discrete measure on the nite set A(K\)[ ] and
the Haar measurejwj, on the topological groups (A(Ky)) B(Ky). Therefore (by
Fubini's theorem)

Z Z Z z
J wjy = jwjy d = jker j JWjy:
A(Kv) AKV) vl A(Kv) A(Kv)

Similarly, the exact sequencel ! v(A(Ky) ! B(Ky) ! coker ! 1 showsthat the
Haar measurejwj, on B (K) inducesthe discrete measure on the nite setcoker , and
the Haar measurejwj, on (A(Ky)). Therefore,

z z z ! z
jWijy = jwjy d = jcoker \j JWijy:
B(Kvy) coker v v(A(KVY)) v(A(KY))

By dividing the two formulas, we get the formula in the lemma. O
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We have expressedall changesin the quartities that appearin Conjecture 3.16in terms
of the isogenies and -. This suggeststhat we should look for a similar formula in
the caseof the Shafarevih-Tate groups. In Section 2.2.5 we have seenhow the isogery

:A! B inducesamap , :X (A=K)! X (B=K). We needto look at the dual map
- X (B-=K)! X (A-=K). Thus, Proposition 2.39 becomesessetial in our analysis,
sinceit related X (A=K) to X (A-=K).

Lemma 5.14. If :A! B is anisogeny,then

X (A=K)j _ jker ,j.
jX (B=K)j  jker

Proof. Sincewe have assumedthat the groups X (A=K ) and X (B=K) are nite, Propo-
sition 2.39 implies the existence of nondegeneratepairings in the following commutativ e
diagram (becauseall divisible subgroupsare in nite):

ker coke6 -
X (A=K) X (AgK) —IQ=2
X ;B:K) X (Bsz) —1Q=z
coker ker -

X

Let g2 ker . The -(g)= Oand, for every f 2 X (A=K), we have If; ~(g)i = 0. But
the diagram is commutative, soh , (f);gi = 0 for every f . Therefore, for every 92 Im
we have H%gi = 0sog 2 (Im ,)?, wherefor X X (B=K) we denote by X? the
annihilator of X in the pairing:

X? =fg2 X (B-=K)jhx;gi = 0;8x 2 X g

Conversely if g 2 (Im ,)? then for every f 2 X (A=K) we have h ,(f);gi = 0 so
H; -(g)i = 0. But the pairing is nondegenerate,sog 2 ker .. Therefore, ker - =
(Im ,)?. But the pairing iyi is nondegenerateso(Im ,)? X (B=K)=Im , = coker ,.
Therefore,
jcoker ,j=jker -j:
Consequetly, the exactsequencel ! ker , ! X (A=K)! X (B=K)! coker ,! 1
shaws that ) ) ) ) ) )
JX (A=K)j _ jker j _ jker ,j.
jX (B=K)j ~ jcoker ,j jker

O

Before we can go on to prove the fact that Conjecture 3.16is invariant under isogery,
we needto construct a commutativ e diagram involving the maps and -, aswell asthe
long exact sequencdan Theorem 4.15.
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Lemma 5.15. Let A be an akelian variety de ned over a number eld K. For each place
v of K there exists an isomorphism A-(K,) = H(K,;A)- (where X- = Hom(X; Q=2),
exept for A-, which is the dual variety).

Proof. See[Mil86b] Corollary 3.4. O

We constructed S such that S contains all placesof bad reduction for A and B and
all the placesthat divide the order of A[ ]. Therefore, [Mil86a], Lemma 6.1 implies that

there exists an exact sequencel ! A(Ks)[ ]! A(Ks)! B(Kg)! 1 (wewill not prove
this statemert here, sinceit would be a too large departure from the subsequen line of the
argumert). By taking Gs-cohomology we get an exact sequence

11 AK) ]! AK)! B(K)! HYGs:A[ ])! HY(Gs;A)! HYGs:B):
Just asin the caseof the exact sequence2.1, we get the short exact sequence
1! coker ! HYGs;A[ ]! HYGs;A) 1! 1L

Writing the sameexact sequencefor the dual isogery - :B-! A- we get a short exact
sequence
1! coker - ! HYGs;B-[ -])! HY(Gs;B) -]! 1

Similarly, for ead v 2 S the short exact sequencel! A[ ]! A! B! 1yieldsa short
exact sequence

1! coker ! HYKyA[ D! HYKA)L ]! 1

Putting theseexact sequencesogether, we get that there exists a natural commutativ e
diagram whosevertical morphisms are restriction maps

0——Jcoker ———IHYGg;A[ ) ——— HY(Gs;A) ]|—0  (5.2)
resy f= resy resy

o— v2s coker v—/ VZSHI(KV;A[ ])—/ VZSHl(Kv;A)[ ]—/0

Moreover, the 9-term long exact sequencen Theorem 4.15implies the existenceof an exact
sequence
f 9
HY(Gs; Al 1) — vasHY(Ky; Al ) —/HY(Gs;A[ 1)-:

Lemma 5.16. The diagrams

vascoker v — [ sHY(K AL ]) vstl(KQf)?B—)[ -1— vstl(lf)v;A[ 1)
9 resy f
HY(Gs;B-) -I- —HXGs;A[ ])- H1(Gs:B-)[ -]®— HY(Gs:A[ ])

are dual to each other with respect to Q=Z.
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Proof. Recall that there exists an exact sequence

A(Ky)! B(Ky)! coker ! 1

If we dualize with respectto Q=Z we getthat 1! (coker ,)-! B(K,)- ! A(K,)-; by
Lemma 5.15, this is the sameas

1! (coker ,)-! HYK;B-)- ! HYKy;A-)-:

Therefore, we get a map (coker ,)- T HZY(K,;B-)[ -]-. Moreover, by Theorem 4.10
there exists an isomorphism osHY(Ky;A[ ) =  vosHYKy;A[ ])-. Therefore, the
groupsin the two diagrams are pairwise dual with respect to Q=Z.

We still needto showv that the maps are also dual. The lower horizontal maps are
dual to ead other by de nition. By Theorem 4.15 the maps f and g are also dual to
ead other. The upper horizontal maps are dual to ead other by Proposition 2.35, since
ALl =A-[ -] O
Lemma 5.17. There exists a commutative diagram

0——Jcoker ————JIHY(Gs;A[ [) ——IHY(Gs;A) ] —0
f

= resy = resy

00— oscoker y ——— HsHYKGA[ ) — vasHY(K ;AL 1—0

\'

u ‘g
0—/HY(Gs;B-)[ -} —/HY(Gs;A[ ] )- ———(coker -)- ——0

Proof. The top part of the diagram is the commutativ e diagram 5.1. By Lemma 5.16, we
can de ne the vertical map u: ysoscoker ! HY(Gs;B-)[ -]- to be the Q=Z-dual of

the map res, : HY(Gs;B-)[ -]! v2s(coker )-. Similarly, we may de ne a map
V: vwsHYKy;A) ]! (coker -)- that makesthe diagram commute. Note that ead
column is a complex, and the certral column is exact. O

Lemma 5.18. There exists a cohomolgy exact sgquen@
0! ker ! kerf! ker ! keru=Im ! O

Proof. In Remark 4.7 we described the long exact sequenceof cohomologyof cochain com-
plexes. In Lemma 5.17, eadh column is a complex. Let ci;cp;c3 be the complexesrep-
reseriing the three columns. Then H%c;) = ker , HO(cy) = kerf, HO(c3) = ker ,
H(cy) = keru=Im and H(c;) = kerg=lImf = 0 sincec, is exact. Then, the exact se-
guenceof the lemmais just the beginning of the cohomologylong exact sequencen Remark
4.7. O

Lemma 5.19. We havean eguality

o iker | H2GsiAL1) Y JHUKGALDI _ .
vesiker v jkerfi L 0K AL D]
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Proof. The rst six terms of the long exact sequenceof Theorem 4.15 are

0——HOGs; Al 1) — 2sMOKy;Al ) —IHAGs; Al ])-

HY(Gs; Al 1) — vasH*(Kv;A[ )) —/HY(Gs; AL 1)-

Theseinduce an exact sequence

0— HOGs; Al ) —— osMO(Ky;A[ ) —TH3(Gs;A[ ])- Ikerf /o

Since, HO(K;A[ 1) = A(K)[ 1= ker and HO(K\;A[ 1) = A(K\)[ ] = ker , and the
sequencds exact, the relation follows. O

The only objects that we still haven't describedare , and .

Lemma 5.20. There is an isomorphism

ker , = ker HY(Gs;A) 1 ! vasHY(Ky;A) ]

Proof. See[Mil86b], Lemma 7.1.b. O
Remark 5.21 From now on we will be implicitly using that if A, oA, P " Apar
is a complex, then

Rl _ Rl _

( D' HAij= (1) Yjkerfi=imf; 4j:
i=1 i=1
Having determined the relationship betweenthe variousmaps ; -; yand g, wecan

now state and prove the fact that Conjecture 3.15is invariant under isogery. The rest of
the proof is abstract nonesenseusing the commutativ e diagram in Lemma 5.17.

Theorem 5.22. Let :A! B be anisogeny of akelian varieties de ned over a number
eld K. Supmsethat L(A; s) hasanalytic continuation to a neightorhood of 1 and suppose
that X (A=K) and X (B=K) are nite. If Conjecture 3.15 holdsfor A, then it holdsfor B
as well.

Proof. We have already chosena nite set of placesS, invariant di erentials w and w
on B and A, and a set of convergencefactors s. By Lemmab’.9, the function L(B;s) also
has analytic cortinuation to a neighborhood of 1, sinceits analytic behavior is the sameas
that of Ls(B;s) = Ls(A;s). Rather than working with Conjecture 3.15we will work with
conjecture 3.16. If r is the rank of A and B, by Lemma 5.13 we get that

R

aAcs)d A wis Y jeoker

R = . —!
Lg)(B;l): B(AK;s)d Biw: s v2S jker ]

LA 1)=

Moreover, by Lemmas5.11,5.12and 5.14

RaJX (A=K)J=(A(K)torsiA-(K)wors]) _ jker .jjcoker j jker -j
RgjX (B=K)j=(B(K)torsjiB~(K)torsj) ~ jker j jker j jcoker -]
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To shaw that the conjecture is invariant under isogery it is enoughto show that
jker .jjcoker j jker —j Y jcoker .j
jker _j jker j jcoker —j jker j

v2S

By Lemma 5.20 we have ker , = ker and, similarly, ker - = cokeru.
Therefore, it is enoughto show that

jker j . jcoker | szsjker vi jker —j
jcokeruj = ,sjcoker j jker j  jcoker -j

Moreover, the column ¢; gives

jeoker j . 4 . . jker j . .
Q A . H ,B_ -y - V- .
v2s j coker VJJ (Gs:BAL -1 jkeru=Im JJCOkeruJ
Therefore, it is enoughto show that
jker j jker jj cokeruj szsjker vl jker -j

jcokeruj jkeru=im jjHX(Gs;B-)[ -1-]  jker ]  jcoker —j
By Lemma 5.19it is enoughto show that

jker | jker_jj cokeruj H2(Gs: AL 1)j jker - Y JHOKVAL DI _ .
jeokerujjkerusim jjHX(Gs;B-) -1-j  jkerfi  jcoker —j ... RO A[ )]
K

But the exact sequencen Lemma 5.18 givesthat
jker j jker j
jkerfjjkeru=im j

Therefore, it is enoughto show that
iH2(GsiAL )i jker -j Y JHOKGAL DI _ .
JHY(Gs;B-)[ -]-jjcoker -] vam iRO(K ;AL Dj

By Proposition 2.35, we have
jker —j=jA-[ -li=JA[ 1j=jH%Gs;A[ 1)j:

Moreover, we can compute j coker -j from the lowest row in the commutativ e diagram in
Lemmab5.17. We get

jHY(Gs;A[ 1)]
JHYGs;B-)[ -}

jcoker -j=
Therefore it is enoughto show that
jH2(Gs; AL 1iH%Gs;AL 1) _ Y MK ;AL D),

JHGs:AL 1)) oy KAL)

which follows from Theorem 4.16 appliedto M = A[ ] . O
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