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(Prime Numbers)

100 = 225202 £ 5 9l R Y BE o] Jok 2550 FHOR
s B@T 4 qlek. 2153 o] A 573 X
o seke AL ol 100042 o] 2o :
e 2 AZAE @A) Jlert Bohsseltd, 1) of

of QEle] A BAS At Sube] Aol i il Abg T 9]

LN ok N Ho
rr iy rr 2 we

Zolc}.
AGER BE ASES BET 5 9OnE A4Eo] duht go] E
WA S Abolo] LESHA FFAAE AL oFF AR 540

obd7t?

“There are two facts about the distribution of prime numbers.
The first is that, [they are] the most arbitrary and ornery ob-
jects studied by mathematicians: they grow like weeds among
the natural numbers, seeming to obey no other law than that of
chance, and nobody can predict where the next one will sprout.
The second fact is even more astonishing, for it states just the
opposite: that the prime numbers exhibit stunning regularity,
that there are laws governing their behavior, and that they obey

these laws with almost military precision.”
— Don Zagier[59]

A2 A 71 G5 nsfd ZA4¢1 g9t 7H4d (Riemann hypothesis)
< &0 Ao i At g £ Jlvkal @2 otREo] A=
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N ={1,2,3,4,...},
Z={.,-2,-1,01,2. .}
49 1.1.1 (U=th). a®t b7} L o b = ac]l ATt F o7t EAISHH
0= bE Wk 311 o | b2 2t} o] A a= b9 ok (divisor) 2kl ghet.
b= acdl A5 7t EAFA oW ok bE WA =tk B} a f b2
2t
& Eo] 2| 6012 —3 | 150|th. T BE HLE 02 F 02 22 0
Uieth. e 32 72 Aol Al UirA] ekt
FE 112, FAote] 4R oAk o7} b2 YethE BE bia 2 EAT
o},
39 1.1.3 (459 §4%). ne 180} 2 HZolck. o] 1 ne] o] ok}
13} o] @ &4x(prime), 124 ¢hod g4 ety H e

18 A5 GHSE ohth Az 24552 Gt

=

-

2,3,5,7,11,13,17,19,23,29, 31, 37, 41, 43, 47, 53,59, 61, 67, 71,73, 79, . . .,
o] A2 A5 dshd o2 Lt
4,6,8,9,10,12,14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 27, 28, 30, 32, 33, 34, . . ..

ZFZ 1.1.4. J.H. Conway+= [I1, viii|jo|A —1& 442 Hokslal, Lehmer
S0 45E B 18 45E S, of AL 12 45w
T E ofd = Ert

SAGE ¢J] 1.1.5. SageZ o]835}9] a2} b— 1A}0]9] RE A4 2

flo

% glet
sage: prime_range(10,50)
(11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47]



a9} b - 14j0]e] BE G4 S 4 9o,

sage: [n for n in range(10,30) if not is_prime(n)]
(10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 27, 28]

RE A4 YT HHOR AR RE TS0t
A 1.1.6 (A&9] 7|2 A8 (Fundamental Theorem of Arithmetic)). 1
Hef &R AU 275N FOL HIY U0 T Y HAE

Ho,
0%
il
lo
il
o
kl
19

B
ok

o] o} i_f}% gt 7o) A 9] Folt. 12 B3Rt

#2117, 4ol [10= [IIEoA 29stast shod] ool 42tal

AT AT, duA o2 A Be 2 de

olet eIt A9t HEA] 187 ehe Sk gtk A
Z[v-5]={a+bv/-b5:a,beZ} CC

AA 62 F 7HA o= IeReldtt. (CE Fa452 Hgtolt)

6=2-3=(1+vV=5) - (1-+v-5).

N
N
R
FE
e,
sal e

Hehgorol A olgste] 25l thg 4
plab = plaZ2p|b
o] A&eta Holzt o= 4H SOl HAUARN A=
9] 1.1.8 (Fks). & o} 00] obd & A 0,09 BE 35 5+ F
ol

).
oA 713 2 & a2} b9 A F¥FS (Greatest Common Divisor)at
stal ged(a, b) 2 2t}

O

ged(a,b) =max{d€Z:d|aand d|b}.

ged(0,a) = ged(a, 0) = a°] FHII.

a # 009 ged(a,b)= EATTE QukstA d | a]H d < |alo]1L |a|H T}
AU ZE A= Jaf JHE0]7] glEolth Z2 o] f & b # 0% HSk
ged= EA 7}

RZRE 1.1.9. 99]9] = ag} bo tfste] thgo] HE .

ged(a, b) = ged(b, a) = ged(+a, £b) = ged(a, b — a) = ged(a, b+ a).



59 T2 A9EE 2L YHOR SV 4 9O0E ged(a.b) = ged(a,b—
a)it o2k d7} a,be] Forrehd, 5 d | a, d | b2 dey = adt dey = b5
WESHE A ot o7t EAR}E. 228 b —a = dep — dey = d(ez — 1)
O|EE d|b— a°ltt. W2t ged(a,b)
oFrSo] a2} b— 0] PO}

M ged(—a,b — a) < ged(—a,b)o]
ged(—a,b) = ged(a, b)7F H o] ged(a, b)

HZAd 1.1.10. a,b,n € Z¢ off ged(a,b) = ged(a, b — an)o] A F el
29 nzAe Aol LG
ged(a, b) = ged(a, b — a) = ged(a, b — 2a) = -+ - = ged(a, b — an).

<

i Zolth. a5 —aR bE b— aR v
2 ged(a,b — a) = ged(—a,b —a) <
ged(a,b— a7k §P@t. O

X 0O

e [LLGE STk A 7Pdshak. Z1efH ged(a, b)E A4YSH
2 LLGE ©]8st oot bE 2459 Fo2 FH}

bE 2459 Ho= BISIE Aot A€ &
a = 2261,b=12750]% a = 7-17-19, b = 3-5%-17°]c}. wakA ged(a, b) = 17
oltt. 2y aft bE £pESHA] Falk offe] ¢l [LLI3E OIS
st ged(a,b)& T 5 ATt

L2 E[L113e] F7] HolE f1ote] ged(2261,1275)F Flell A 2 27}
ohe oz Attt WA o £-83 AMS 7] SR
712732 1.1.11. a,bE F5=0]Z b+ 00]c). Z&]H a = bg+ro] HE F+
q2F0 <7 < [b| 9] = ro] EAfol E Yol

29 AL at b7t Fpl AT TEech (YRbHQ FAeE HAke] &
o2 Hitt) Q& a—bn > 0% 271 obd A4 nE9] Yot 13H
0 € QolB=2 Qr FHE] ottt & a —bn > 02 n < a/b8} T[] RE
Qe e it o/bETt ZAY 2ot OBR QA 7 Z A 5

Vo
0.[11

AT % gk o)A r = a — bgehel ¢ < bolth. HFSHA r = a — by >
ol a—b(g +1) > 0°] Hlo] gt 2 ¢+ 10] Qo] &3te] meolct. u}
297} gt 248 WESIE 1, g7} 2T,

L a=0bg+r=>bg +r°]L 0<r <[b,0<r <|[b|o]2tH
blg—q)=ri—r (1.1.1)

olck. W ¢ # g0l [b(g — q1)| > [blQE] —[b| < 71—y < [plo]EE
b(g—q1) 7 r1—ro] & % iek. whebA] g = gi0]ck. o2 4 [LLIH thelsta
ri—r =00tk WebA g9 AL PRSI g9} r §LST

x

gasta MEA A} ves 54 A4S Sarsks a3t sjo] 2Ale
olo}. FHEL FelEe of7]4 oje A Beks &
o A3k on|2 Ao]7|% sH|ut o] oA o] ol FHait.
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At old ALOE a7t §4
12 B4 g wECE FolHE st

M
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o

L]-j\—*“ 0?_' a%g_— A& A851o] ged(2261,1275)F Al4FS1AL. 22618 1275

2261 =1-1275 + 986,

olEZ ¢ = 10]3 r — 9860} ZHAAZ: d7} 22613} 12752 TF Lpew | g
o] & Z=0] 22l 986-& LPEH A o A5] di= 1275% LHeth. BHdo] d7] 1275
o} 9862 PR, d T 4o] @ Upech ufebd] obg 7ol et
ged(2261, 1275) = ged (1275, 986).
ol S4e nzAe [TORREE 9L 4 Uk o] H3L A
1275 =1-986 + 289,
o]B2 ged(1275,986) = ged (986, 289). A|&5HH
986 = 3 - 289 4 119
280 =2-119+51
119 =2.51 4+ 17.
S Jdoma ged(2261,1275) = -+ = ged(51,17)0] Hid], 17 | 5lo]m=
sed(51,17)2 170]c}. Tk A
ged(2261,1275) = 17.
AAE Ata A4relZl shAeE o] A4k Jds] 22 A olH E (ot Z 9]
AL 250 BOT TG BE WS UAE BopATh) Fold 5 48
450 FO2 BAY WAL ol
312 F 1.1.13 (X goF At a, bell giste] o] ¢a12] 52 ged(a, b)
= Attt
1 [0 > b > 02 73] ged(a,t) = ged(lal,|bl) = ged(Jp, lal)ol 2.2 as}

bE O Aozt bo] ddUigto g Z47; vtk a = bo|H oE &
(output)stil T2 T2 Fidrh DQsttH a2t bE WSkl a > b
2 7143} b = 00]H o2 &3}

2. [H YA darelE ALESEe] a = bg + r= £th o] Tf
0 <r < bol1l g € Zo|t}.

3. [B7 r=00]H b|ac]B & bE ol Bytc}
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1. &g
4. [AHR719k FEol] a b, b ri v}
B RaelLLYLLLIG =] gcd(
A

HﬂlOﬂH %‘&E} O
of 1.1.14. a=15,b=62 ¥}

M
-loll
L
)
ﬁ
s
kv

o = O O
o] g E 7%

O

15 = 6-2+43 ged(15,6) = ged(6,3)
6 = 3-240  ged(6,3) = ged(3,0) = 3
10“H %O]E‘r St o] AL nITIA = 4, o] wE2 off A
2] THA ST 92 ot
o 1.1.15. a =150, b= 6002 =2}
150 = 60-2+30  ged(150,60) = ged(60,30)
60 = 30-24+0  ged(60,30) = ged(30,0) = 30

SAGE 9] 1.1.16. Sageol| A= gedZ} H-52FpE Fot= W ololt. d&
Ha}.

sage: gcd(97,100)

1

sage: gcd(97 * 10715, 19720 * 97°2)
97

BzAE 1.1.17. a,b,n7F F+Y of

ged(an, bn) = ged(a, d) - |n|

of

1. 149}@ 2E ZAT 5= gRo] fFe 5] G5O R ged

At wf ged(an, bn) o] 2} %74]94 A2 ged(a,b) 9] s @A 2] Aol ng
gk Alojt}. 7ieds] S 5t7] {15t alt b BF F42kal 7HF5tAl a + bl

Soha APES AL a+b= 2018 a = b= lo] B2 $]] WAL
o}, o, b 0 > b9 219 A%akT 817} a = bg-r, 0 <1 < bl 3
rolefi 1% 5491S LLILLIO olokl, g ) = g o1
bg+rofl nE HFSHH an = bng+rno] B2, ged(an, bn) = ged(bn, rn).

R > > o ri ot it ofn
ol

b+r=b+(a—bg)=a—-0b(g—1)<a<a+b,
olmz 45y g &5t ged(bn,rn) = ged(b, r) - [n|o|t}. ged(b, r) =
ged(a,b)o]| B2, o] HZ A= A3t O

2R 1118, 5 F7 0,09 P ged(a,0) 9] GFolck 2, H5n
0] nla,n|bo]Hn | gcd(a,b)O]E]-.
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2] [1.1.172 5 H, ged(pb, a

I ol

g

B X

£ gt

bged(p, a)
o/ [LLT7)

b-1=5b

bged(p,a) =
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8 1. &5

1275 = 5255011, 255 = 5-510] 3L 51 = 1730 2.2, 4a1-qm A5
So] A% 20 ATHE Arh Ae50] 2el5EH] §AFL Section[LL]
oA Stk

sage: factor(1275)

3 % 572 x 17

sage: factor(2007)

372 x 223

sage: factor(31415926535898)

2 x 3 x 53 * 73 * 2531 * 534697

AL ()9 BANAE G50] 20520 LRAEE0] ZATT. Lot

BHE 0l5H e SelGo] £AIE 4 QA obd sjast] Be 2 ash

ZAolth ng Q4-E|5t= & g]Eo] g4 A7t (polynomial time)o©]

B AL TR f(r)7} EAGH o] FaelGol A% e Q15-Rafek]

H Qg DA Q] 7} f(logi(n)) Bk 2+ g ofn|giet. ((logyo(10%) = k)
oA A& 5= o] logyg(n) no] AHSl4=9] F4tgtelnt.

Open Problem 1.1.22. ¥ no] tfgh4] Al7} QB s o1 eSo] Z)
o]-f7]'.?

Peter Shor= [46]of| A F2} e of| A 2] A4=2] tharA] Al7F Ql4-E5]
V5L wetstgith 2001 IBM A7 ¢E0] Shoro] ¢l

152 456kl AQATE ([34, 24]) o] AFA Qo= o] oA
THEE 9 ol =siAle g2 Aloltt. X 2 FA AFEE wEs
373 o2 1*043_% Helth

Oﬁﬂ%#% =5l stH =2 ¥ £ Q. omﬂx% o] ol4=E g7}
AotA gL 45 ﬂﬂ](cryptosystems)ﬂ- 217 A 4= e}, TFA, oFRE

A5/} oA AL YA E goronz A5o] ol ek A1
1z0]7] 95to] of Ao] A4Ballo] AEL A7) .

g2 Fa Qagahzd $100008] Aol A A4t 1749 B4

1881988129206079638386972394616504398071635633794173827007
6335642298885971523466548531906060650474304531738801130339
6716199692321205734031879550656996221305168759307650257059

o] E zxgrg,j } 47} 57602t RSA-576 0.2 <&Fe]zl Sro|t}. (o]ZH
P g2 AEE dR3.2AS Fx) o] 20039 128 ZAAT HE
German Federal Agency for Information Technology Security)

Pﬂi
o



oA |l sist (B3] H=)

398075086424064937397125500550386491199064362342526708406
385189575946388957261768583317
X

472772146107435302536223071973048224632914695302097116459
852171130520711256363590397527

79 RSA B4 Sk 155435 4n
1094173864157052742180970732204035761200373294544920599091
3842131476349984288934784717997257891267332497625752899781
833797076537244027146743531593354333897

o] 4 19999 89 2200 Q5Ho|EI ) 16

AREE dFstel Qe Ang. (1) F=) 1

we] A71go] 202 A
o] e 2
ohg 78-Ael o] 5 0] Folehe Aotk

A = RSA-155%

_E
=

p = 10263959282974110577205419657399167590071656780803806
6803341933521790711307779

g = 10660348838016845482092722036001287867920795857598929
1522270608237193062808643.

= 2= RSAE@% F. Bahr, M. Boehm, J. Franke ¢} T. Kleinjun®] 2005
L:3|11°~J°] ofS

B 6712 $20,000% 6] o] 2o 9191 E RSA-6400] 3t
= RSA-6407} o] 4=9] Q1% 5 Shifo|rt.

31074182404900437213507500358885679300373460228427275457201619
48823206440518081504556346829671723286782437916272838033415471
07310850191954852900733772482278352574238645401469173660247765
2346609,

16347336458092538484431338838650908598417836700330923121811108
52389333100104508151212118167511579

(0] B2 663 4= RSA £ Q52 oalsc)

ochH$30 000=-2 #H7| 95) l:._ A5t & 9= 71AF e 4= RSA-7040]|t}.
74037563479561712828046796097429573142593188889231289084936232
63897276503402826627689199641962511784399589433050212758537011

89680982867331732731089309005525051168770632990723963807867100
86096962537934650563796359

SAGE 9 1.1.23. Sages A-&-olH 99 4= RSA-704+= 2122}814=0] 9+
elg geld 2 ok



10 1. 2%

sage: n = 7403756347956171282804679609742957314259318888\
...9231289084936232638972765034028266276891996419625117\
...8439958943305021275853701189680982867331732731089309\
...0055250511687706329907239638078671008609696253793465\
...05663796359

sage: len(n.str(2))

704

sage: len(n.str(10))

212

sage: n.is_prime() # this is instant
False

0] RSAZ5-2 number field sieve2 E2]= & 18| 52 0]-85}0] Ql4-H5)
=Hl(EE), o 2eEL el BAo] L Reo] 1 K g
drgEo 2 AdHA rt. number field sieve 12| 50] o8 25 5=

1.1.4 Arz2] 7|24
2= oA o ofelHol&S ol&sto] A [L1L6E SHE TH|7t o &
et A% ng F 742 Wl QsRayetgta sPgeka e 119
£ o]-gato] T AgBafol A B9 £45S sy AAF Tefw A=
271e] Ql4Bafle Qo] e 2558 FAHo] e WA= Zoltt
ofefjell ZFA|5] Ay gtet
9 n = 1019 250 U] Folug fYUslrh. watq n > 10]2aL
7hgstet. 712742 [LL20p ofsted

n = pip2 DPa
Q1 &5 pr,...,pg O] ST BROF

n=4q4q2 - dm
ol HE E OE £4F i, ... gn°] AT 3124 2 W

P1 |n=(I1(QQ"'qm)

o182 Euclid®] Heol] oJaf pi = 101 At pr | g2 4, ¥ O F A5}
= AT ok ZoHIeh |4 piot g8 AL S1o14] @ A5 po,
JEl3 gy, 52 AT MRS RS B A Slels T AbA] g
7k 2ge gohuic. O



12 &24359 4

o] oM v Al 7HA] Aol thet g2 2raat ot

L Ast s ek
2. A% 0,08 Jelz HERS W] oo+ B 24 Lo} gol ZA4E
7}?
3. A4 A2 e o A5E2 oA xR
HA &g 736 W3S Hold, ged(a,b) = 10]H ax + b7} &% =
7} Bats] gol ZARITHE Dirichleto] 8 A7 Jel3 ruct 2o
ALE ZAEOR /log(x) 7] AR EASttHE A4 A2 (Prime Number

Theorem), B}Z|9to & o] &40 o] T
Hypothesis) 7] gA]o] tisf i=ghet.

o
rek
o
1
i)
L)

d

1 714 (Riemann

3=2+1
7=2-3+1
31=2-3-5+1

211=2-3-5-7T+1
2311=2-3-5-7-11+1

A2 1.2.1 (Buclid). 4= Hoks] ).

S p1,p2,.. ., ppOl 2T SEAL 1P H g o & PF e 4
p =2 gl A 0]
n+l= Ua= AR .

N =pipops---pn+1 (1.2.
Aolsiat. 71242 [1.1.200] o]l N > 10]22 3t 7 o|Afe] £4=0] F o

N =qq2 gm.
o]al m > 1o|t}. TteF ¢ = p,;©| |, p; | No|t}. =] (1.2.1)
ojlB&2 p, [1=N—-(N—-1)& d=4 o]= E&o|r}.
Nol QB aj o] Yetd 4= §lCB 2 oyt = e 37 A
EA pr,..,ppoll Gl A2 Agolth ] 245 FH
A5 dE F ong A4 FSloltt O

=)
i
B
i

<

SR
S

=
|

ot o
o - TIr

ofh > H o o
oz o CL Hl
=

HU |-

2,3,5 7,11, 13 ¢ 5 12 gt 5

do
(=}
N
1o,
P
>

2-3-5-7-11-1341 = 30031 = 59 - 509

£ 2 A 2471 ol Au Az e sl o8] tirolAiet,



12 1. 2%

Joke 1.2.2 (Hendrik Lenstra). gH4= Rots] ol =4, A dATE
TE7] f15]o] A nAle] FATE S F 15 tlotA] gfod Hrt

1.2.2 a2 A7)

o] oA AL n7tA 9] BE AE Akbolr] ot (HAH4E) AR A
e Ay /\7Ho1—1:} w7 1S xﬂﬂoP n7kA 9] BE £E A2 27 &
U Sl F 29 HH#‘E D5 Aeditt. o] TF-2 49 A HA 2 32
Ag0|B2 3 thFo HE 39 Hj4E At ] N THESHH n 712 9
nE 252 9=t %t o] I} FA garelEoltt
d18E 1.2.3 (A5A] (Prime Sieve)). o] 252 A4 n7tR| Q) LE
AFES AL

1. [Initialize] X = [3,5,...]%= 3%} nAto]o] RE Z4Eo|y, P = 2]

AF7A WA £ E

2. [Flnlshed7] p= XO A Hn Yio|th greF p >
Y45 Pol ¥il Edth I8 o pE Pofl HUIRlt
=

7t
d g 0] 40712 9] &25EE o] A& o]&sdto] FoEA}. P = [2],
X =[3,5,7,9,11,13,15, 17,19, 21, 23, 25, 27, 29, 31, 33, 35, 37, 39]

2 Aztdch 38 Pol A71SI 39 W4 EE XOIA Ae F A X

il

=[5,7,11,13,17,19, 23,25, 29, 31, 35, 37].

5% Poll H7lstal 59 WG5S A& 3 A X=X = [7,11,13,17,19, 23,29, 31, 37].
9849 72 > 400|282 X& BT Poj s

P =1[2,3,57,11,13,17,19,23,29, 31, 37]
7} "t kA 400]51e] LE A4
2,3,5,7,11,13,17,19, 23,29, 31, 37.

olt}.

9 [Fuals L2309 59 o] Fualgeld B e AL, 94 2
oAA, XO A ¥4 a7t a > /nE WEHSHH X O] LE A4} 5= BE
oltt. o]A-S FH5H7] Y5, m € X2t 7FHSIA}E. 13 H /n < m < nojil
mE nith A 22 off 4425 irol 2|2 gtk o)A m =[]
OF & UL ol W peE Aol p < p < 02 AAE F AT
A% pg Bgslo] RE p; > nolh rr%aw gok mo] Q15-ael % )
OS] 47k BASHIH, 2 57} oEHE, m > Vi Vi~ nolm
wolc}. O



1.2.3 K 2 2

)
u el [ZIh 255 236 gol ZATUTHE AL FohF71E shA,
e AV 2 247t Aok of

. 1o '1C—' E\_o E]—
W24l 4% (Mersenne prime): 20 — 1 Gefjo] ~Z-olct. [6]o] mp=w
20079 3¢ 7|Eo2 JHF 2 A4E ATt 9,808,35821 44 HA w2 Al

Aoz Il

o] A4 ZRESHH, g #lo]x]of gF Fof 807§2] -5 A2 60&°]
0 Ho]z]7} & @35}ttt The Electronic Frontier Foundation

0 A0 A5 ASOR AL Aol $100,0000] AR-S

o,
fol
!
K3
}_ﬂ
olo
oo
i,
|o
tru
o
N
olo
=)
il
Ho
gl
2,
o
o)
2
e
{4
rlo
i)
I
av
e
=1

glo] ZAISRAIAE. & U5 71 Azko] A 4 917] whze] ofefe] put s
2 ME st @) upeick

1

sage: p = 27325682657 - 1
sage: p.ndigits()

9808358

ohe pE 1040 27 A= WeksE 5% AelE BT,

sage: s = p.str(10) # this takes a long time

sage: len(s) # s is a very long string (long time)
9808358

sage: s[:20] # the first 20 digits of p (long time)
?12457502601536945540°

sage: s[-20:] # the last 20 digits (long time)
’11752880154053967871°

1.2.4 ax+b FEJO] £
2 FAE ax + b FO| Ago|t}.
A9)9] s ke Hek 5 Sl
222 Qo ax + b7} 4571 2
2r+2=2(zx+1)= 23 2 =0¥

'ehao] g st 9l d 74 @A 7P F e 20184 129 7Y U
248157} 24,862,048 51 WA w241 AR G p = 282,589,933 o)},



71249 1.2.5. 4o — 189 L5 Bebs] g}
9 o] Aol AFA AL QAT 4z — 1 BO| $2 RE AT 229l Ao
=

WE 71 55| B8 go] U 2 ki AR Wt ohel, A4 FHE
At
F8 prpe. . pel dz— 1 B0 N2 THE Adet S,

N =4pipa---pn —1

oj2tal FAb L& B iofl thste] p; t Nojok. Aet7h p | NQI BE 44
7} dx + 1Eo0| 2] ¢krh: thoF J™- oA NIk 4g 4 120]ojopdt eli=g] N2
4k — 18Ot T NL E40|B2, NO| RE 44 oF3E 4ot} nhahA
p| N 4o — 1 FO] 44 F57F ZARTE p £ pio] B 4o — 1 £ A=&
£ 2t o] S 7] HECl & 4 JonR dy — 1 FO| A
5] gt O

o). ekl do — 1 Zo] £245e)

N=4-3.7-83—1=697L,
% 4r — 189] dgolt AL
N =4-3.7-83-6971 — 1 = 48601811 = 61 - 796751
o] Hli=g] o] | 61L& 4z + 1 =4 - 15+ 19| AZ=o|x|qk, TajL} 7967517}
796751 = 4 - 199188 — 1-& THESH= 4g=0|t}. 0|9} o] A% dx — 129

A= o A
—/l\—_l‘a ?:4 O]r’}-

N=4-3-7-83-6971-796751 — 1 = 5591 - 6926049421.
ool ZHe 44 55910] dx — 1 o] Agro] 1l 2 44T} dx 4+ 1 o).
AT 1.2.7 (Dirichlet). a2} b7} ged(a,b) = 1 & TFEs}= Holcf. 12]H
ax + b ZO] 271 Bols] Hro] Zafsit].
o] ejo] T2 g HAFE9 HAFZHQ] 5 AMgstER o] o] |
9= JojArt. (o2 E°1 [18, §VIIL4S &=



1.2.5 A9 "

ALZIPIA 247F 785] Bol 98-8 BT o] AolA= Be £4-50]
OB ZASEAE U] SAstel B b EHeEAN ARES Ao
o 28T 9 71A) 24 EASE Aok, $ole] ARl tg 2
22 F= 425748 (prime number theorem)& 7]&3ttt. 18|11 o] A9}
7§73 2% 714 (Riemann Hypothesis)7H] A7H-S grope. of Ao
H 258 AL 219 B2 WAL ofF MAFH o]tk AAI¢ Y-8-2 Crandall
I} Pomerance®] W2 A [12] §1.1.5]-2 7] Hisot.

250 & (3.2 FAE)E 2ASHE Aoke WS AWa] Slatel o
QEES LA, AA50] B %7 B2l 1 S 50%0]c). A
O E %7t 4r—19] ERIZF? o A5 1/4, -2 25%. A4 S E %
7F AT RI7E o 0 HAE! AR ZFAg-ol| A Alg7t ZFA] 6k HlE&0]
A% 00] £RTEE vlelAich 5 o FotelA] AFeha

. #{n e N:n <z and n is a perfect square}
lim =0
T—00 X

oft}. Shupshal 910 AlolH HAE Tk (Eolal lim, o Y = 00]7] 1)
£olc}. v el L2100 25 BE Ao A%k 0 HAES
2SS & 4 2t (see Exercise [1J4)).

med $eE heT 2o GBS ol Sk anch A 28 4
FolA ABFE BE @ AN G o Vo oS aso] o $AT
qgoltt.

AR 1.2.8. 2Rt A 2L 5 FOIH ab B AN

i

m(x)=#{peN:p<uz pt is}
2tx shAb. 23|
7(6) = #{2,3,5} = 3.

olth. E[LIp] m(x)] gHEol FolA Utk I [LIFH[L.2= 7(2)0] T2 E
olt}. o] A LS AAAY HolAT o7k ofFf = F]ofA Qltt.

SAGE 9 1.2.9. Sageo]|A prime_pi(x) HHoE AFHESHH 7(2) & T+ &
At

sage: prime_pi(6)

3

sage: prime_pi(100)

25

sage: prime_pi(3000000)

216816

plot HHoIE AA n(x)9] T2l Bge 18 4 9ot

sage: plot(prime_pi, 1,1000, rgbcolor=(0,0,1))
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b
s

TABLE 1.1. Values of 7(z)

T 100 | 200 | 300 | 400 | 500 | 600 | 700 | 800 | 900 | 1000
w(x) | 25 | 46 | 62 | 78 | 95 | 109 | 125 | 139 | 154 | 168

200

(1000, 168)
(900, 154

100 (500, 95)

(200, 46
50 (100, 25

250 500 750 1000

FIGURE 1.1. Graph of 7(z) for < 1000

Gausst= 719] FHFEF 2ok, 1849 Ao 3,000,000 Hrf 2H2 4=
Foll= 216,745 7§ 9] A47F EATt WA £ JE T} (Gausse] ©]
At FE2 HlSot7]= AT Aol R]= okt AA 32 216, 8160]t.)

Gaussi= thZoll 270 ()0 theh 2AF 3412 FEH =], 1896 of
Hadamard®} Vallée Poussino] EFZ o2 ZH3Itt (B2 o] MoA=
ZYotA] =t

A9 1.2.10 (A5 2]). 7(z)2 z/log(x)=
m(x)

lim ——— =1

z—oo z/log(x)
Fot. o] & 22]& w(x)+= x/log(x) o] HZ(asymptotic)gFetal SFCE.
Y=o x/log(x) o]t
ol tste] TS & o A o] Hel
() 1

lim —= = 1i
wlanolo x xggo ]og(x)

= fEstER, 9919] aof Histo]

In|

7_
(

N Mo

A r

E
rol

TS

L
o

=0

lm —— &) gy, @ ar(@)
a0 x/(log(x) —a) =00 x/log(x) x '
utebA z/(log(x) — a) ERF m(2) 2] HZAolr. o a = 10] 2|4 o] A=A
= [12, §1.1.5]2 21s}7] sreth E[LJE @ < 10000 9 o] ZHollA] x(x)
o} 2/(log(x) — 1)& ¥l 2Fe}.
tje-2 o] #e A&k A9 n(x)e] A1 7| Soltt.

7(10%%) = 1925320391606803968923.

A ol ARTES ABHeE g P Aol ok ojf7] e 919 gho]
oRFe 59 4 g AHstL 4



1250]

1000]

750|

500

TABLE 1.2. Comparison of 7(z) and z/(log(z) — 1)

x m(x) | «/(log(x) — 1) (approx)
1000 168 169.2690290604408165186256278
2000 | 303 | 302.9888734545463878029800994
3000 | 430 | 428.1819317975237043747385740
4000 | 550 | 548.3922097278253264133400985
5000 | 669 | 665.1418784486502172369455815
6000 | 783 | 779.2698885854778626863677374
7000 900 | 891.3035657223339974352567759
8000 1007 | 1001.602962794770080754784281
9000 1117 | 1110.428422963188172310675011
10000 | 1229 | 1217.976301461550279200775705

10000

7500

50001~

2500

2500

5000

7500

10000 25000 50000 75000

FIGURE 1.2. Graphs of 7(x) for x < 10000 and = < 100000

100000



of (x)2} auwwm‘q WA AT
G A ()t 2% WEE o | T 2 Bl gg
C\{1}2 o4 24 EE
o1 Clat G Bl Mt B Re(n) 1391 A1l ol 0]
L 7bolct. o] ML Clay Fata Aol Wutizel A4 AW 24 Z9
shfolct B

12, §1.41)0] 2w, durbae

’;U

7t w(x) 9] ‘2 TAgkel = 7Hd A etal g A ot HgstA A
St o3 2t
7Hd 1.2.11 (Hypda} 52
x> 2.01¢] BE zof tjsfo],
m(z) — Li(z)| < Valog().
groF ¢ = 20]9H 7(2) = 1, Li(2) = 0°o]t}. 12t} v2log(2) = 0.9802...
o|lB 2 Qo] KFALL x > 20f tfofiA= A H k] gA|ut 2.010]H FHstrt.
o] 7Hd2 o A2 oFx] &al =24 ol E A Aot npRE| it
o 1.2.12. z =4-1028]1 sk#F. O™
7(x) = 783964159847056303858,
Li(z) = 783964159852157952242.7155276025801473 . . . ,
|7(z) — Li(x)| = 5101648384.71552760258014 . . . ,
Vrlog(r) = 10408633281397.77913344605 . . . ,
z/(log(x) — 1) = 783650443647303761503.5237113087392967 . . ..
SAGE 4] 1.2.13. Sage2 A8} n(x), Li(z), 18]l /zlog(z)E 18 E
Z}.

_—

]l)-

sage: P = plot(Li, 2,10000, rgbcolor=’purple’)
sage: Q = plot(prime_pi, 2,10000, rgbcolor=’black’)
sage: R = plot(sqrt(x)*log(x),2,10000,rghcolor="red’)

sage: show(P+Q+R,xmin=0, figsize=[8,3])

1250
1000~

750

250

2500 5000 7500 10000




1.3 Exercises 19

71 919 A2 Li(z), a2 w(z), 7 ofeff A& /xlog(x)oltt.
444 2] (prime number theorem)®} 2Tt 7Hd(Riemann hypothesis)<
b5 e} [B8E =gt

1.3 Exercises

1.1 Compute the greatest common divisor ged(455,1235) by hand.

1.2 Use the prime enumeration sieve to make a list of all primes up to
100.

1.3 Prove that there are infinitely many primes of the form 6z — 1.

1.4 Use Theorem [1.2.10| to deduce that lim M =0.

r—o00 I

1.5 Let 9(x) be the number of primes of the form 4k —1 that are < x. Use
a computer to make a conjectural guess about lim,_, . ¥(x)/7(x).

1.6 So far 44 Mersenne primes 2P — 1 have been discovered. Give a guess,
backed up by an argument, about when the next Mersenne prime
might be discovered (you will have to do some online research).

1.7 (a) Let y = 10000. Compute 7(y) = #{primes p < y}.

(b) The prime number theorem implies 7(z) is asymptotic to ()"
How close is 7(y) to y/log(y), where y is as in (a)?

1.8 Let a, b, c,n be integers. Prove that
(a) if a | n and b | n with ged(a,b) = 1, then ab | n.
(b) if a | be and ged(a,b) =1, then a | c.
1.9 Let a,b,c,d, and m be integers. Prove that
(a) ifa|band b|cthena |c.
(b) ifa|band ¢ |d then ac | bd.
(c) if m # 0, then a | b if and only if ma | mb.
(d) if d|a and a # 0, then |d| < |al.

1.10 In each of the following, apply the division algorithm to find ¢ and r
such that a = bg+r and 0 < r < |b|:

a=300,b=17, a=729,b=31, a=300,b=—17, a = 389,b = 4.



1.13

1.14

1. &%

(a) (Do this part by hand.) Compute the greatest common divisor of
323 and 437 using the algorithm described in class that involves
quotients and remainders (i.e., do not just factor a and b).

(b) Compute by any means the greatest common divisor of
314159265358979323846264338

and
271828182845904523536028747.

(a) Suppose a, b and n are positive integers. Prove that if a™ | b”,
then a | b.
(b) Suppose p is a prime and a and k are positive integers. Prove

that if p | a*, then p¥ | a”.

(a) Prove that if a positive integer n is a perfect square, then n
cannot be written in the form 4k + 3 for k an integer. (Hint:
Compute the remainder upon division by 4 of each of (4m)2,
(4m +1)2, (4m + 2)?, and (4m + 3)2.)

(b) Prove that no integer in the sequence
11,111, 1111, 11111, 111111, . ..

is a perfect square. (Hint: 111---111 = 111---108+3 = 4k+3.)

Prove that a positive integer n is prime if and only if n is not divisible
by any prime p with 1 < p < /n.



This is page 21
Printer: Opaque this

2

N = S
¥ 0 ASE 0] 4

(The ring of Integers Modulo n)

o

=)

ufr

)

N oo
rt

AL 1000 AH2150] 9155 A7 HopA] % Z1vIA 1 57}
A5 Pshdls Q25 A delx] oFethe Aoltt. ol 2
ol 2] FAHSHE L) 5L no] 24:Lf ol ko] we} T
Fow @ ojw Q4te] o] &t A el A4S o] 15
n
T

!
ro

b
e
o

—1}ell &5l F Y4E HotAY Folle thA] o] Hof Fol7h=
Sl AL A oletal of Y A QlE A4t A ES Fropditt
EoHE AP n = 1234!2349078%0 0} Zho] ofnfojulslA E 45 o
aglo] w1t 100023155 SA oA AlAte 4= Qlek. B2 oAk
-..,n —1}9] late] o]Egict.

ol ¥l n Ao g Folghs A L2 E e Z/nZ

BSTr O Poox
3
fle
N

2
5

el o &

ool e b
=

o
S

~ 1o

=

\'H

et
Mo
kI

=
flrt
A=

a

2 BA|Sof oJgA -85S At o]
A 7127} fek. RIS H nojAle] Aapdg o]
3 Euler9] ¢ 5 A5 Euler?] # 29} Wilson
PR E 22910 Y] Hejs 2yt 2
o Hlo] A2 429 o APARFHEA]9] Ffjo] Tt
: 722 5td RN ¥ nol Ao ASAET
Ao] Fi8 Fole AN ES TFste] FHet AL FTHES &
- mpAEko & RAE A ] nof A 9] 4HeS o] g5te] 448 BAGHE

o [ rsh el
L
Ho,
lon
i
o
i
e
-,
>,
rr
e
ridl
lo
o)
R
-
EN
©
I
.y
N
il
o
2,
>

L rlo b

T
i)

ol
T

N
=

oo
A
o X,
o ofN fu
rh S 2 H
S

rE ol B N

_0‘ r

rhu 5
ﬂllﬂ _Iﬁ
fllo

SR
oft TL
o

)
o tL ot O,

o
Ir

o L 0 o, 10, ot O, 5L 2

o o



21 HndE
49 2.1.1 (#). #(group) th3 JAE W5 5 10] e ol
A G x G — G 7 Aol
1. BE a,b,c € GOl tho}to] (ab)e = a(be)7} 43
2. GO] Z+o] Y4 qo ti5te] la = al = a7} A

Z7.

5tal, ab =131 b e G7}

Aol 2.1.2 (o). ofdli(abelian group) G= BE a,b € G7} ab = ba
£ sl 2ol

49 2.1.3 (). Blring) RS T /19| oJAR +9} x 2
2 G4 +of o= Y 0% Zh= opdlgtolal FAo ¥
a,b,c € Ro|| s}t

e la=al =a%l 1e Ro] &A]

e (ab)c = a(be)

e a(b+c)=ab+ac, (a+b)c=ac+bec
= WEote Aol whef B a,b € R0ﬂ tiste] ab = bas F7FE W=
51 R2 7188 (commutative ring)o|

o] Aol Z/nzoz EAT W n 14*:4 $he gelakn, 2/nzo) 4
49 A9} B0 FE Buler o848 A71a

neNol|I a,be ZQ W, n|a— 07} AHSHH a9} b= 9§ n 5ol
53 a =0 (mod n)2 2t} a =0 (mod n)= A4 AT ZoA 52T
AL Ak o] WS 0] HIE nZ = (n)2 A%, (A% nZ = (n)'= o=
898 7] ofol T2 (deal)ol 2} B2l oIt
Aol 2.1.4 (H n A4). B n A4(integers modulo n)E2| 3 Z/nZ°
H n 5 (congruent modulo n)of| A FXFEL Agolt}. o] A 0L0ﬂ 23
20 bt ol ST AL elhE fo] ek,

(a+nZ)+ (b+nZ)=(a+b)+nZ
(a+nZ)- (b+nZ) = (a-b)+nZ.
9l 2.1.5. & =i
Z/37 ={{...,-3,0,3,...},{...,—2,1,4,..},{...,—1,2,5,.. .} }.

SAGE ] 2.1.6. Sageoll M= ta1} 2o Z/nZ0] 94 ot HIE 4 3t



[\
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E
3

il
oft

23

sage: R = Integers(3)
sage: list(R)

(o, 1, 2]

] poll B JolRES] AL Z/nZO R BRI 0|8 Z/nZE A5
£ ¢ Z5 no| Hl5E9 el nZE WrolA 9 it 2 tiidoel]”]
mizoltt. o] Wizl Zo] ST w0l Z/nZo] Sl wAlS AL
TRtk ¥ nol A af] FA R a+nZE 5] a(Sage o 2.1.6/°] =9 Fx),
52 a (mod n)S2 HE7|q}.

o] 2.1.7 (4)). A(field) K= K©] 00] ofd BE A% a7} ab = 1S
TESh= b5 Kol 7FA AL Qe ZHetstolot.

A g Eo] p7} 250|H, Z/pZE Aot ( Exercise 212 F%).
9] 2.1.8 (FF & &9). A5 oF a+nZE HUl= AdAAHE 9
v:Z — Z/nZE ¥q n F%(reduction modulo n)o|gt BEt}. ~(b)
a+nZel b5 a+nZ2 ¥ n P (ift)o]2} ot watA, 7+3Z=1+3
ojlmg 72 1 (mod 3)2] &Ho|t}.

o8 %7} nO.2 LProl A A sHelahy] Slstol Z/nZo] 4] Astol
% IRk AE o188 4 S (Exercise Bf 22)
71239 2.1.9. F=n € Zo] 302 Lo]Holz]7] Q3 HaFHREHL
0] F514-0] go] 702 thi-ojmo] = Ao]ch

29 A= no] A-4Tt a, b, ¢, SO.2 ALHH

I

N

n=a+ 100+ 100c + - - -
o2 £ £ k. 10=1 (mod 3), 100=1 (mod 3),

n=a+100+100c+---=a+b+c+--- (mod 3),

AAFEFA az = b (mod n)7} § nolA & 4R ok

o] AojlA=
E 24 & J= TS ol jtth ar = b (mod n)9] HE ALloH=
Fae)E2 R3] Aol

2] FHol 22 47F FolA e FeAlA dA 2AT 5+ A=AE
Srofiey.
71zA4 2.1.10 (&7A). 2FeF ged(e,n) = 10/

ac=bc (mod n)



24 2. HnASE

lo
N
il

%9 7ol olstol

ged(n,c) = 101822 A (B2 AL52A 1.8(b)C2EE n|a—b
oftt. wehA]

£ derh O

s

| | 1 (mod n)o|H) 454 ar =

z = a’b (mod n)—‘g— zt=t}. wtetA Z/nZof A &

WAL 7L BE U4EL o 24T > UohE ofF Fu2E Aol
2t gt

N
~
3
N
=2
o)
Q\
o
e
()
%Elzl

TAGYE 7= YA E 719 Y (invertible element, unlt) o|zg} gttt
ojA ¥ n AJAYES o835t a € Z/nZ7t Z/nZ8] 7t HAd A2
2 ao] ged(a,n) = 19 A&l gt

29 2111 (SAYINR). 0a7} w9l 29 REYY RO BE A
7t ¥ no|lA A= o] ofdd ot R2 ¥ no] $AYPAF A (complete
set of residues)o|t}. =, Z/nZ_J 71’ Ao A AES] oF o EETHS
Bolx 74T Wol Aol
d& =
R=1{0,1,2,....n—1}

'1% @ ne 93_—1‘] O‘Io:];gﬁ]—o]]q-. n= 50]%7 R= {Oa 1, _17 23 _2}a 1:"% {57 67 73 8; 9}
%_ 001 T .

%% 7,2’ € RO|X az = az’ (mod n)o]H 7] x4 2| 2.1.10]9]| o|5te] z = 2
(mod )7} 4YTh. Rol AHAIHHO|BE ¢ = oI}, melA] aRe] =
= QAL ¥ no] thE ool 5] glmolch 1Y #aR = nol B aRe
‘ZS n_‘_)," _%]—'/‘8010:11] o]-o]ﬁ'-.

O

1243 2.1.13 (719 9). g
E 7 afli ¥ nol Bajo] 5 2a}

2oz o] 7|2A2 e ged(a,n) = 1019, a5 IFH| HollFE o=
Z/nZ — Z/nZe FHL d-eolete FH FLst



o 2.1.14. dxgE4] 22 = 3 (mod 7)5 Aoty 919 7xAE e F
S wettEak R = {0,1,2,3,4,5,6}2 ¥ 79 ek Joizgtolal,
ged(2,7) = 1ot} 12H

2R =1{0,2,4,6,8 =1,10=3,12 =5}

© opA] A7} At E 3 € 2R O]HE 2.5 =3 (mod 7)E FET}.
uetA 22 = 3 (mod 7)9] s+ z = 50|t}

ged(a,n) # 1019 WA az = b (mod n)& S 71 45 27 92 &
T ot d& B9 2z =1 (mod 4)= 37} AT, 22 =2 (mod 4)E= FHE
JHAu W 40 pstel 3t o o] 49] S ATk ARl x = 13} £ = 30]
LE dfjoltt. 7|29 2.1.13:5 AWralsto] Azt 524 o] o] Ao tigt

w /5= ¥
5

71ZAe 2.1.15 (

1
o] ofF 71d B

v}
= e

Ad-sA0 sfo] EAA). IR gE4] ar =b (mod n)

w22 ged(a,n) 0] bE Y Aol

%9 g = ged(a,n)ol2 312} ax = b (mod n) 9] 3 27} Z2AFCIT 6}At.

2 FAS] n | (ax —b)olth. 19 g [ n, g | a®]BRE g | b7} HT
qo g g bty s2F 1WA n | (ax — b)=

n a b
-
g g g

o e,

~—

8} $xo]e. ek A az = b (mod n)7} S48 ZH=the Rk 22 =  (mod 2)
7} shg ZHEThE 20| B0l ged(a/g,n/g) = 19|22, 7|22 BLI3
o olste] ubx|st Alo] sk 7Hx| B2 FHo] ehyHct 0
oA AAHEEAo] HE 2 WYL Lok T QAL W ne] o]7}
FEAlo] S ZEAS WY 5 Uk AN TUHL 2R ot

2.1.2 FEuler 2]

(Z/nZ)*= ged(z,n) = 191 [z] € Z/nZE2] AT 9u|sitt. ([z]&= z +nZ
oltt.)

oA ofF Fr|RE o] HZ o] Hi=d o] 2 & Z/nZo| 7t
HEY Folgtilk E9t) o] 9] BE YA (Z/nZ)* 9] Y49 fputE
AEA G0t 4 10] Hrt. F-Eo) A 2 += Lagrange”d 2] of Avte A<l
g], 8= no] 242 AL “Fermat’s Little Theorem” 2, JuFA ]
“Buler’s Theorem” 2hi= 0] 522 A& A Qli= o] A& +&9] o|&
7 o] ol 275t ) H 02 Fe Aol

SR S |

Aol 2.1.16 (Y5). n € N, z € Zo|11 ged(z,n) = 10]2} 51k 22 ¥ n
Q4= (order)+=

o oy
[% o

e

2™ =1 (mod n)

o] Bz 2L 244 m € Nojt}.

rlo



of EAgtE Hofof ottt ¥ nollA

m
—
0?00, % AR 0 JARES 98 FT) Hojnz

9l io} j7} EAIEHS dho] §lth. ged(x,n) = 10]B2, 7] 24 BLI0o 25
a8 4738 5 9lom (i < j2 7HAshE)

7"=1 (mod n).

E o ]2 1. 17 Sageoﬂ/\‘] x.multiplicative order ()& ©|83}o] Z/nZ
of 2140] $14-5 T},

sage: R = Integers(10)

sage: a = R(3) # create an element of Z/10Z
sage: a.multiplicative_order()

4

A% a9] 947} 42k AL ao) AEABS 0] F717} 49 £F5AL 0|2

the Aol thee AFAFES Adslehs 0,

sage: [a"i for i in range(15)]
[1’ 3, 9, 7’ 1’ 3’ 9, 7’ 1’ 3, 9, 7’ 1’ 3’ 9]

o] range ()= 0 and n — 1744 9] A4 WgIol4 0171 2he 7
e ojolct.

39l 2.1.18 (Euler®] -9t). A4 nofl diste] nik A= 4Q1 nolste]
Ad4-52] W45 p(n)olet shal uler -kl it &,

p(n) =#{a € N:a <nand ged(a,n) = 1}.

=

ot
rr

& &°1,
e(1) =#{1} =1,
p(2) = #{1} =1,
90(5) = #{1v27374} =4,
»(12) = #{1,5,7,11} = 4.
P2} a0l

op)=#{1,2,....p—1} =p—1.

HR.2.1p1 A ged(m, r) = 1019 p(mr) = p(m)p(r) D& SHIE °15 o1&
SHRl ne] AQISHNZIE p(n) 47 A 5 Aok
SAGE <] 2.1.19. euler_phi(n)< ¢(n)& AASH= SageF = ot}



21 ¥ ndE 27
sage: euler_phi(2007)
1332
AT 2.1.20 (Euler A3]). ged(z,n) = 10]H
2™ =1 (mod n)
o] geet.
38 AolA A5kl Eulerd] A2l= 29 o] 28 o8t d¥ T =
SIc}. WA Z/nze] A Se] Ht

(Z/nZ)" ={a € Z/nZ : gcd(a,n) =1}

2 9157k p(n)Q) Folck. THW 910] Bl (2/n2)" 0] AT 95t
(Z/nZ)*9) 9120 p(n)& LHeths Aotk o f3ho] Tt Lagrange
90|t} Lagrange®] Hel: G7} 3ol g € G o] g
o 94t 2 GO 95E etk ool 229 48 olgatA g

1o
2
i)
1o
Am
ik
e
o F

ofk
rE
o
fru
T
3
=2
r <]
ol
R
I
]
ol
o

SAGE 9 2.1.21. Sageg AHgoto] 2 d& o] A& o= Ittt goje
A4 o] tiote] SageZ = Mod(x,n)+= Z/nZo| &9 z2] 54

e,

sage: n = 20

sage: k = euler_phi(n); k

8

sage: [Mod(x,n)"k for x in range(n) if gcd(x,n) == 1]
(£, 1,1, 1,1, 1, 1, 1]

4
i
)
2



28 2 W n3sE A

)

2.1.3 Wilson9] A 2]

o 1TT0E 78 d&o] Helz I 240 4ol 11 o] 4
2l Hx= YT A2 Lagrangeo|tt.

71279 2.1.22 (& Aa). p> 1V 24Y HaFERAL (p-1) =
—1 (mod p)ojct.

AE 5ol p=3°1" (p—1)!=2= -1 (mod 3). p=17°]™H
(p— 1)! = 20922789888000 = —1 (mod 17).
T2 p = 1509
(p—1)! = 87178291200 = 0 (mod 15)

dHdroltt. whahA] P=0] Al Amy FEg
Ake] B A & o AldollAl 71 Bl a2l e
(n — 1)IE A= AL o} Eidslr] wlizolh

3% p =22 A= AYstE=, AFHEE = p > 28+ 7HYSHAE WA pe
At 7HGSH (p—1)! = —1 (mod p)d= FTHoHAF a € {1,2,...,p—1}
d o, ged(a,p) = 10|82

olB & 15= 3}

ar=1 (mod p)

o gAdT A € {1,2,...,p-1}8 71 7| lak. W a — a0l a? =

(mod p)S WESIEE p | a®> — 1= (a—1)(a+ 1)o|ct. WekA p | (a — 1)
0]7%14'p|(a+1) 1DE@€{1P_1} ﬁ {7 a"'7p_1}01/\1 1_1-])_1—
AR {2,3,...,p - 2}9] RE 4SS 717 41T thE 24l o] A LET]

#g o]FOR, BT Foby

2:3-----(p—2)=1 (mod p).

= dent o719 gl p— 15 Fohd (p—1)!'= —1 (mod p)o] S HC}.

e, (p—1)! = —1 (mod p)& WE5HH p = Apofopt o TH51k
o5 flall 247t ok etal ZHgskAh. J1eR p do)fe] ol = p
O] A ofeetal spAb T £ < po]BE s ] (p— 1) B 7HEe
S

Clp (e =1+ 1)

o|E= £] 1] A sHof Sh=H] o] Reoltt O
o 2.1.23. d0] Hejo] FHof A @Al {2,3,...,p—2}°] BE U4
So| 717t AA19] S NET AG 95 o]F0] U & LS p— 179 1

selstay.

2:3---15=(29)-(3-6)-(4-13)-(5-7)-(8-15)-(10-12)-(14-11) =1 (mod 17).



22 2919 4] Ha] 29

SAGE 4 2.1.24. SageE ©]-835l™ n, (n — 1)! (mod n) —1 (mod n)Ei
TE A Fel =8 s EX} otz EoA A BWH < n, = RA G

(n —1)! (mod n), Al ¥4 €& —1 (mod n)o|ct}t. A HiZZH o] /\/‘01 73
Sofnt FHA et Al WA Ho ] 2o sl & ‘?J«E]r (Sageoﬂlﬂ e 0431
22 Uehte A8 BASE 02 HES

sage: for n in range(1,10):
print n, Mod(factorial(n-1), n), Mod(-1, n)

JH
o
s
oH, -
mO]x
gL
ko
rr
Q.
T

© 00 NO O WN -
O O OO PNMN+- O
0 N Ok W NN - O

22 F319] A e

o] Mol FRele] L) Aele el A AAFEFA o] g A
24 FHAT 4A7]0] AR FHe] & ot et gL dEe
sheant

AE 221 3740 el 2h7L d, s R Wiew A A7E Ha,
TR WHew £ A7} gerhe o] ke ddupt Bl A1}

Z3919) o] ABL A S5tow BAW thg Al o] LA} FEA

x=3 (mod5)
xr=2 (mod?7)
= Ao TEohs g A4S = Aol T8 YA 42 (Chinese
Remalnder Theorem)—— |71 23t o] 11 o] )& ZH SF 717 UG
FTHAA & = At (BT daelee AR Hx)
e 2.2.2 (%%"J—‘ﬂ U2 Q). a,b € Zo]1n,m € N& ged(n,m) =1
ojct. 12

a
x=b (mod n)

& U=ols Fedl « € Z7F EAJo1AL T Yol v B mnof BofA 7



a+tm=>b (modn)

L 5o 15 2 5 At @ = atimE 919 5 FEAL wE
it ey EE HAE I3 ag W im=b-q (mod
S}

| &<ld n)

o] 7127 ged(n,m) = 10] = A9 7H& ol-8stH 4
s Zr=r f e"* & Hol7] fisto] 29} y7} Aelo] A-tsA o ot
it d8H 2z =2 — y= 2 =0 (mod m)&}t z = 0 (mod n)E THEsIE 7
m | z and n | zo]t}. ged(n,m) = 10|22 nm | z& 3 Wb 2 =y

G E 2.2.3 (=99 UHA] H). AR 29 F A5 m, ndt B4 a
S b2 Z 1) 2= a (mod m), 2 = b (mod n)& FAl] WEF}= 25 Fote
el et

1. [Extended GCD] o}2 9] Algorithm [2.3.71& AF851] em + dn = 1&

RIS 4% o, dS PO,

2. [Answer] z = a + (b — a)emE E<5t1 d2 5 S W
ZFW c € ZO|ER, z = a (mod m)°|1l, & cm +
(b—a)em=a+(b—a)= d =

oA AR R21b] et He & 4= YUt AA, 2 2275 o] gsto] kg

= o] FHEA]

x=2 (mod 3),

x=3 (mod5)
o g Btk a=20b=3m=3n=5 %54 z =2 (mod 3)
9 = x :2+3 olBg 1dAE=¢-3=3-2 (mod 5)9 3f| t& F+=
t = 27} sfo|t}. (a,b,m,nO =2 Eﬁjé}uﬂt m = b—a (modn)) 1A
r=a —|—tm—2+2 3 = g8o|t}. B:_ mod 15)& JI&sl= BE o'=

o

Bl FoH Aol Fof A 491 BEAS ok o) B, (o
=8b=2m=15,n=T0|ER2)SH ] ¢t-15=2—-8 (mod 7)9]

g Fohn

4N o
-~ x
I r{r
|

r=a+tm=8415=23

E At o] 2/ =2 (mod 3-5-7) = S7F Hl B2 ohE SlEX =4
S elelA S 5o] 23+3-5-7— 1252 I k2 ofolet.

SAGE 4] 2.2.4. Sageo]| 4] CRT(a,b,m,n) =2 =a (mod m)x =b (mod n)
o 3EHE At



2.2 F=919 Yz e 31
sage: CRT(2,3, 3, 5)
8
Al ool 91 dEA2 CRT1istE g3ttt o] A& A& 24| 2.2.1
Lohe meelz 98 4 gt
sage: CRT_list([2,3,2], [3,5,7])
23

2.2.1 FA4 o+

74 9] 2.1.18l9] Euler -3 th-3 3} At
o(n)=#{a:1<a<nand ged(a,n) =1}.

ol

HzAd 2.2.5. m,n € NoJ1 ged(m,n) = 10]2}1 7} 5[} 12{H

¥(e) = (¢ mod m, ¢ mod n)

b (Z/mnZ)* — (Z/mZ)* x (Z/nZ)* (2.2.1)

% 1A v7F Ao FrdS Hol&b vHeF ¢(c) = o(d)ol™, m [ ¢~ ¢
| e o] AP 7ol 2J5e] ged(n,m) = O] B, nm | e — 7}
Asitt wetA (Z/mnZ)* 9] YA RA ¢ = o]t}

o A| 7} AL Holz}b &, (Z/mZ)* x (Z/nZ)* Q] BE YAt AFst
7t o] Y(e) 2 EFEHES Ho|H Ht. ged(a,m) = 10]3L ged(b,n) =121 a
S} b7} Fo|A]H, Fele] Lol el 2R c=a (mod m)%} ¢ = b
(mod n)& WEsl= o7t EATH 1 < ¢ < nmo|2tdl 7HAE 4+ QA &
ged(a,m) = 1, ged(b,n) = 10|22 HFEA] ged(e, nm) = 10]ojoFqt it
kA g (c) = (a,b)oIH- O
He] 2.2.6 (FATS). 85 £ N = O} ged(m,n) = 191 5 7%

f(mn) = f(m) - f(n).

£ WESHH FAES(multiplicative function)zhil St
12739 2.2.7 (FATS ). 292 g4 o= FgolH

)
Y A ol @21)9] 9% Fgolt



o] 7|24 e, oL $&7t ng AAFENT 5= ATHH, p(n)S AL
o o}F -85t} (ng AR5 A3t ¢(n) 2] & Fohe At A=
A B4l Zugtt) o2 Sof

p(12) = p(2%) - p(3) =2-2 =4
En>1d o,
n Y e
pp") =p" = —=p" —p " =p""p—1) (2.2.2)

p
ol AJyiettt. djufshd prETh 22 4 Fo| A pet M= &7} obd & p
gis#ol7] izoltt. 2B, 4& =0,

©(389 - 11%) = 388 - (112 — 11) = 388 - 110 = 42680.

= T A 5 Qe w29 ol oEstE bRt g T tis
= o] Al 7] Pl E2 BF B Be] g daldse] 7] He
T8 dazlEEelt

2.3.1 ax =1 (mod n)o] o]

a,n € N& ged(a,n) = 191 A4=Eoltt. 2819 71242 R.1.13p] 5t

A2}t 54 ar =1 (mod n) FL3 S5 7HIt. o] SiE Foh= HH-2?
=

71249 2.3.1 (&%
spAf. 22w

)
o
y
iC)

ke

). a,b € Zo]1 g = ged(a,b) B

ar + by = g.
Y € Z7F EAj3H.

3.2, W e = cg©|™ cax + cby = cg = eQ|BE, e = (cx)a + (cy)b2}
A a2} b2 EAHL}

3,
I
\OL
rr
8

o
BN
[ N ]

N
N
L

NoN
EN' R,

x, y7F EA gt O



2.3 A3 o}F 2 AFAFY ME A 33

712749 2.3.10] T2, ¥ nollAd LA dEAe Fe dalgewe v
7HdsHH, g = ged(a,b) D W ax +by = g5 WESH= z,y8 FAHOR
22 % 9t PHS ANTL. b4 e 18 FUASE REnz 1of B
:rLiﬂXq E 22 Qe Wil tisl o)A R ot 1z} gt o] Aire
n AFEAE = 4= Q1A sttt gcd(a n) =14 faxr=1

(mod n)—% oW, az + ny — 18 VEE o9} y2 Folie I 125 P37
E ARgRt
o9 23.3. a=5,b="1% 1 ged(5,7) Atote el s [113e] 7 T
£ o3t 2k of@ Sl Yol A gl « o y& o7 Slste] of
”Cﬂlﬁ‘ﬂﬂ A off t=ofl = A 7] %ﬁﬁfﬂolﬂ}.
T=1-5+2028  2=7-5
5=2-24+10]H8  1=5-2-2=5-2(7-5)=3-5-2-7
022 Ao 7t PAAL] YIS as} be] YAAT R ey 913
A4tolct. mf ] GA A ged(a,b)E 271 Yotz a2t be] dapEg o=
hebiict
of 2.3.4. ko] HThe oFZF BASE A5 A4taEA} a = 130, b = 61
oz o
130=2-61+8 8=130—-2-61
61=7-8+5 5=-7-130+15- 61
8=1-5+3 3=8-130—17-61
5=1-3+2 2=-15-130+32- 61
3=1-2+1 1=23-130—49-61
2 ettt et =23, y = —497]- 130z + 61y = 19] 3fjo|ct.
o 2.3.5. o] & HIE o of R34pIA @ E2%0] AL WHR ZhdeA
2] g o]t}
130=2-61+8 8=(1,-2)
61=7-8+5 5= (=7,15) = (0,1) — 7(1, —2)
8=1-5+3 3=(8,-17) = (1,-2) — (~7,15)
5=1-3+2 2= (—15,32) = (=7,15) — (8,—17)
3=1-2+1 1=(23,-49) = (8,-17) — (—15,32)
7t eAelA 92Zo] ulel £ oA ghe] wEjolA 3 ThA| oFe] ulel o)
At Al Wl A1 o] A= ZF dA oA 9] Foltt. ZF TA oA
QEZ O WE = T oA o] ME oA §F TA ¢ ME o] o] ZofA E2
ko] 44l ool W o)

(=l

SAGE of 2.3.6. xgcd(a b) FFol= ast
2 wEell 1, 48 AL

o] Ht5ef gt ar +by =g



34 2. ¥ nAss A

]

sage: xgcd(5,7)
(1, 3, -2)

sage: xgcd(130,61)
(1, 23, -49)

g

—_

A Setx=1,y=0,r=0,5s=12 ==
?] If b = 00]"H g = ao]2} =11 npXict.
Jer}‘ﬂZ]] S EMTI2E o] 851 0 < ¢ < b7} HEE a = gb+c

?}ﬂmTﬂ:

@

r

W~
?
=
-
N

. ” (a7b7 T,S,l‘,y) = (b7 ¢, r—(qgr,y—qs,r, S)a— l%';j— D]—Zﬂ ZJ—E]—
(o] &7l DAE Aol HAA A =] AUA)
¥ o] dAEES, 7t H B2 W 1y, 59 G AL FARTE

Aejetae, ¢ (1138} ZORE d = ged(a,b) et
tualSel Add ZHe geatt. 1 Qi =A5L 27 §1.21)2
O

i
N
}11
mti
T
O

1. [P GCD ARH STl E R3S o181 az-+ny = god(a,n) = 1
2 WS A% 2,8 AT

% ar+ny =158 Y no 2 ZF51H 27t ax =1 (mod n)S WEStct. O

o 2.3.9. 17z =1 (mod 61)& Zojat. ¥ ¢ a5R.3.7& A-&-5lo] 172+
6ly = 1E Tt=ot= 2,y & T8t

61=3-17+10 10=61-3-17

17=1-10+7 7=-61+4-17

10=1-7+3 3=2-61-7-17

3=2-3+1 1=-5-61+18-17.

wabA] 1718 +61 - (—=5) = 10]|P & z = 180] 17z =1 (mod 61)2] 3fjo]ct.
SAGE <f] 2.3.10. Sageo| A= 9o 41852 FLASte] ¥ n YL h=r}
A= &

sage: a = Mod(17, 61)

sage: a~(-1)

18
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2.3.2 a™ (mod n)o] A}

a 9 n Aoli me 547t obd Aotk o oM o™ (mod n)
Atets BE2Q] dueES APt & Beld gzl &8 we

3
)
S)
o,
S
ftlo
)
2
ot
rr
¢
>
2
L
IS ru
o ro
S
i
L
b
I
ot
ol
a
%

riu
4
o,
=)

3
filo
lo|o rr .

-0,

o

o,
e

SR

IR ot
Jn

3_[5

o,

Rl
o
ojn
Mo

NI

—=
[¢]
'

o L >
o 3:9‘[‘
l:o[l [l ﬂ Tl
o 27

-{O]l -

)

lo

re

rx

>

rir

3

1o

o

™,

rE

S
.ﬁmloH
o M
i
s OO Vo)
w O
g
o
r
g
|o

U]

I

Om

(S

O ot
RS
fir
o

3 e

{0, 1}o]HA m =

2

=

w o=
O
UL S
I~ 3 o
= I
) o
2o g e
3 o
o Ir

o
i
o

SAGE o] 2.3.12. Sage® o §ko] Zol 2l 42 o] 0.2 EASH= Beo]
L stro]t}.

sage: 100.str(2)

€1100100°

0] Ale gut2 oy HAYL SlstEE.

sage: 0%270 + 0*271 + 1x272 + 0*%273 + 0%274 + 1x275 + 1%276
100

ATEE 2.3.13 (ASAHAZALD). a9t ne HZ, me 2271 opd HZeol
ol IREAEL W oAl & Aneh
1 [e]x42 md] daeE 2311 o]8ste] me o33t Zo] o™ =
H€i:1 a2 (mod n) O];\(_]ESQE 3.
2. [ASAE A r+ 10] me] o)A ztalsabd, a, a2, a2 = (a?)?,
a® = (a®)?, ..., ¥ & AT
3. (ASABENM & =19 o 52 BT Foch BE AL A H 0

Aol
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)

of 2.3.14. 7°! (mod 100)S Ao 2H 7910] npxut & A2ALE o 5
9t} ged(7,100) = 10|22, A [2.1.202 K€ 790190 =1 (mod 100)o]c}.

o= BAESo| B,

©(100) = (2?2 - 5?) = (2% — 2) - (5% — 5) = 40.
wehbA 740 =1 (mod 100)0] 37
791 = 70RO = 711 (mod 100).

o)A o] LT E-L o gste] 7' (mod 100)& Tk} o] Axtgrtt. wl
7], 118 28 A% bzt

11=5-2+1
5=2-2+1
2=1-240
1=0-2+1

whabAd, (11), = 1011, o] ], A4Fsha
11=1-84+1-2+1.

o2, a,a?, a*,a®& AASIL o - a? - o & EYTeh 22H
a="17
a® =49
at =492 =
a=12=1

7915711Eas-a2~a51~49-7543 (mod 100).

SAGE orf] 2.3.15. Sageol| A= 919 dagl5S APAIA AGATS el
o &

sage: Mod(7,100) 91
43

B2 Sageod] 7 & HlE 1Y SE Gk T o] g £02 A
Axrskel 1 s AR

e

o%‘:‘

sage: 7791
80153343160247310515380886994816022539378033762994852
007501964604841680190743
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24 A2 EHAE

R 2.4.1. 1HTF 2 F5p > 17} £50]7] 9] HAFEEAL a 0
(mod p) ] BE = a7}

a? ' =1 (mod p).

7h ol 724 el BI2dlo 2 e Waxo] ufeteth prt 34
p2o] ok a7]— ZA5 2 < a < polth. WeF aP~t = 1 (mod p)
plaP~t —1& FEESIT) o | po]BE a | aP~! — 17} A Yot whEhA
=aP~! =191 5 k7 EAFTH aP 7 —ak = 10]BR2 a(aP 2 — k) =1
A o] A2) a | 1& FESIER 2 < a < pdl ARl Roltt. O

n € Noletal shat. 12w A2 R4kt e E 2313 o]-§ato]
7t obd A WA Z“ﬂo}ﬂ‘)ﬁ Z2 ( o] i—’F
‘”X]”}) 24 A Aol A =tk O‘ﬂ
O|F no] &7} ofdo] Z‘I‘QE} ‘*”401] 7 —4 aol
(mod n)o]H no] A4Y £& Qi /\"7%1' 2~ 9.2 molct.
A4 4> (pseudoprime) 2yl HE2c}

e FolA ged(a,n) = 1& WESHE 2E ao diote] am !
(mod n)e TEoh= old sk A4S 2= A4S nol +7~H°}—"—ﬂ
£~Z5 Carmichael £t 22t} A WA Carmichael $£~%= 5610]H, ©
o] Ratel weol A At Bl
q 2.4.2. p = 3235 A91717 2322 (mod 323)5 At
Glol A Mt e g ER3 130 2 A4tslr] 913 Zoloh,

2
=|<>H3rlri

rﬁ s
4>
w

__II
I

rst
K
o
rlo
)
fijo

i m £ 2" mod 323
0 322 0 2

1 161 1 4

2 80 0 16

3 40 0 256

4 20 0 290

5 10 0 120

6 5 1 188

7 2 0 137

8 1 1 35

b
2322 = 4.188-35 =157 (mod 323)

ojm 2 3232 A7t otk & o] A4t 3239] AQ14 Zofjof iRt olH
AR F2] B3t AMA 323 = 1719902 92l= BY 4= Qi)
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SAGE 9] 24.3. 2 9] o5& A& HotiA rd2 dA B =

At A5 =
n = 95468093486093450983409583409850934850938459083

S 2771 £1 (mod n)o|B& n gAl4oltt

sage: n = 95468093486093450983409583409850934850938459083
sage: Mod(2,n) " (n-1)
34173444139265553870830266378598407069248687241

ng A%Rafstds 44 11 Ajzto] 4a .

sage: factor(n) # takes up to a few seconds.
1610302526747 * 59285812386415488446397191791023889

E Th2 418491 44 1.0 2 Miller-Rabin test7} 9=, o] B3%-2
ol 4= nol 21451 Hets] A5k ohlekn PelFIAL LAY o]
oEsh 82 449 ol FelEch wek 4414 no] Miller-Rabin
WS ml Aldoto] obibE A4 S ki ehdtd 459 SHES
ni} mol wket 435 EAE % ek

9 Miller-Rabin 4112158 23] 7142 sHA% o] el 5o
S50 Bt g2 S5 o

=

¢t318] 5 2.4.4 (Miller-Rabin®] A4 ®A). 5Rtt AAY e A4 n >
of tisto] o] dalE]E2 true F2 falseE EERITt. trues & n
“otutIz 4<>(probably prime)” |11, falseS &25IH, nx= 5] dAG0]

o}.

L 29 AGAF B8 n—1=2"-mE 29| AGAFH &5 mo] Fo 2
BHSt= FAT ket me ALttt
2. [E5 A 1 <a<nfl oE T2 A=
3. [&5 ASAF] b=a™ (mod n)2 ==th. b= 41 (mod n)°]A true
£ St edth
4. [FE AFAFE] 1 <r <k—12 oJd rof A v*° = -1 (mod n)o|H
trues Eotal Bt 194 ¢fo falseE ST
nof gJgt Miller-Rabin©] trueE 259, St ¥ ¢ Miller-Rabin H|AEE
St & trues EEoHH ng Aot A% BAste SE2 datitt
T o] dgEe] IS Hoh 2y ofgA dA+E et 4
g AR A FY5HA] Gtk Y& o] daYEe] ng e
ToHH n 42 Hojopat ghet. mhebA] nol A4=91d] o] &alg]Eol n
= ekl WAL 75kt 8™ o™ # £1 (mod n)o], E =
1 <7 <k—19ro] tfsA a® ™ # —1 (mod n)S FHE3JIct no] 450] 1L
2kl = (n — 1)/20]22, 7|2Aa U2.122H o2 '™ = £1 (mod n)7}
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Aidstel, $el9] pgo B, o " =1
HE (02" "™)2 =1 (mod n) ]Di 71247 2.5.30] olste], a2 ™ = +1
(mod n)o] FHT (71242 2.5.3f= o] di1=)52] 5 HfR Fof el
S A7 FEHE R Ao Z“*O] He Aol BR o]8 7he ). 129
714S 3 A o H8etH o ™ =1 (mod n)olth. o] 2L AgHoR
S EOI51A o™ = £1 (mod n)& P o] o] 20| Bsolc. D

H27k7] o] g Pt chA] Al7keke] SR ole] el 4%
oA dnEEo] A5t A= A QA ot Agrawal, Kayal, and
Saxenao] H2o] T4 A7 2% WAHE (GO WA sttt (Bl). ]
A0 1% 2 el e SEo 2t Mille Rabin £ 444

2k2

PO ZE FHIDE o150 YT EE o7l B Zlei A e
o] gael5-2 UL Ch. 21)°) AHA|5] drwle] gloy Hasty] uteict.
SAGE 9 2.4.5. Sageol| A is_prime T FolZ A7 2491 ofd R

£ 244

sage: n = 95468093486093450983409583409850934850938459083
sage: is_prime(n)

False
is prime T2 o] 85t & W O] w24 A4 EE WEof B} (A[[23
ilz)
™).

sage: for p in primes(100):
if is_prime(2°p - 1):
print p, 2°p - 1

13 8191

17 131071

19 524287

31 2147483647

61 2305843009213693951

89 618970019642690137449562111

Mersenne 5~of tjjst %i}ﬂ A WA Ho] 9ltt. o] TAH-L Lucas-Lehmer
T 2 — 10] £4917] OMZF 719] uheA] @Ael ofz 7hpe
wHelt. 9 %4 £ 3015 35l Lucas-Lehmer 74 -& ARg-5to] &+
H2AM 50] 4 o 7S wARIT)

sage: def is_prime_lucas_lehmer(p):
= Mod(4, 2°p - 1)
for i in range(3, p+1):
s =8"2-2
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!

return s ==
sage: # Check primality of 279941 - 1
sage: is_prime_lucas_lehmer (9941)
True
sage: # Check primality of 2 next_prime(1000)-1
sage: is_prime_lucas_lehmer (next_prime(1000))
False

w24 Agrof tiste] o &l A O™, http://www.mersenne.org/ollA] the
Great Internet Mersenne Prime Search (GIMPS) i}A4| & &115}7] dtghct.

i
i3
>
ot
B
oz
foli
ok ¢
L)
filo
o\
oR,
st
R=)
>
oo
e
-

o
lo
[\V]
9}
'—l
> o
>,
i
rE
3
1o
rio.
>
rH
)
=,
g,
e
<
(0]
=
5]
o)
&
rlo
4o
4>
N
N
Sy
=
rO

(Z/n2)" 9] Azoltt.

RE 44 pk YATL 71E B Aol (2/pZ) L p- 1Ae] 94E
Mo, YAZ A= (Z/pZ) o] =2t

910} 0] E2re 2572] AFA g, ]
x). Ao 222 YAITE 2] o, ot
&=t} (Exercise Zx).

4 (Z/pZ)*o] =8-S Hol=H| ofF 244 9T= ). 7]
A p—19] WE ot de] tfste] (2/p2)" o] D2 F1A §157 de] opal
A7+ A%5] d AYE Btk I F AR5 gl o] ARE olgatel,
259 AFAEL ¢ ol p— 1S Ure
(Z/pZ)* ] 945 Prsojdlitt. 12l o
1 (Z/pZ) o] Y25 Dt
SAGE 9j 2.5.2. Sage 7 & primitive rootE ©]|85H ¥ no 7}3 2H2
LAG AL 5 ok T2 p < 2081 ¥ pel FA|Zol.

sage: for p in primes(20):
print p, primitive_root(p)

> 391 2" YA ZHA]

= N oW N
W NN -

2(Z/pZ)* Q) BE 947t ¢O] ABAFOE ZIHE g € (Z/pZ)* 7} ZAT o] &80l
21 skl (Z/pZ)* = (g)&2 EQ. o] g7} YA Zolth


http://www.mersenne.org/

25 (Z/pZ)* 2] 7% 41

=
©O© N w
N W N

FR]

; 3,5, Tl 709 S5 Zteth iR A o= oy
oAl A Stoj A= @otof d 7o) sfuhS 7S

v
>~

.
=

ry
&
— o9

3o N T 2o
N
N
&
¢

e &
N
~
o)
o N
=2
_>_

M 2k

v g flr

A
o

N
Lt

> B dlo Purogh €
O ol o oX 1

DRE g By

i
= AL 6]1_04 ). k= Alo]1L f € klz]= Fol ofd of
fla) = 0L UFESH= k9] @ a € k u?—o]—o]: deg(f) 7H

I"E, —~

l‘l-zl 321',
=
=)

O, ofx
2 of

“wod
Il 63

anx n+ alx—f—aoi A2}, GEeF f(a) = 00]H

f(x) = f(z) = f(a)
=ap(z"—a")+ - +ta(z—a)+ap(l-1)
=(x—a)la, (" 4+ a" )+ Fas(r+a)+ar)

k[z]olth. th=, B # a°]HA| f( ) =00
1E1 ﬁ—a#OolL k= AolBR, g(B
o], g= wolok n—1 7]9] sjE 712 B =,
IcF. WebA) i Brotokn 7o) o 2t

SAGE o 2.5.4. Sageg o|-gsto] Z/13Z0)| AlG-E 2= ohd2] 9] off & o}
Z}.

sage: R.<x> = PolynomialRing(Integers(13))
sage: £ = x715 + 1

sage: f.roots()

[(12, 1), (10, 1), (4, 1]

sage: f(12)

0

e 293 0 7 o] FEEE @ EEEE 99 AL RE o9
Z25} 10]T).

O'_'

Ieba
) =0
Bofo}
0

712449 2.5.5. p= L0l dEp— 19 oFfolrf. I&H f=a%—1¢
(Z/pZ)[z]= Z/pZo~ “F2F3] d 717’4 HE z=t)

35 Bof p7t a0l ® A 1 F9out Z/pZ A



olt}. o] W g € (Z/pZ)[z]o] L deg(g) = de —d = p— 1 — do]ct. K]
B, gr-] —1f, BE 7/p29) 247} o], 2/p2e) 4 A% p ]
A sl 2t 71282 REIPI elafel, gt Boporp —1 - d Al 9%
24 — 12 gofof d 7114 A Zreth. (2 — Dg(x)e] S 2t — 1011} g(x)
o] sfobst shat, ar-l — 1.& H3te] p— 1 2] )8 A B, g o]
p—1-d 7ol hE, E ot — 1% A%5] d o) 6} Aokt stk O

SAGE ] 2.5.6. Sageg o]-§5to] 7|24z 9] A& A siEA

sage: R.<x> = PolynomialRing(Integers(13))

sage: £ = x76 + 1

sage: f.roots()

(11, 1, 6, 1, 7, 1, 6, 1, (6, 1, (2, 1]

olA] A W] A% pE A no &2 HHLH 7127 o] o4
ol ofate= *V‘ < ZI5HA}. o] = F 42 Fol § nof|A] 0o]2t st gt
Z4Zvo] 0o] & "o 7t Q7] ROtk & E0] f=a?—1=(z—1)(z+1) €
Z/15Z[z]= 4 7] 8 1, 4, 11, 145 Zr=t}.

l

252 X2 2

&l HE feto] dAa 29 -r]-r(OPdel") = 1& W& 71
EG0] HAsAet. ol Aol 8 EATE ol Belol p 18] dok op 4o
el 1471 d9 (2/p7)" 9| % ol 12 B ot 1471 p 1
A LT WA, (2/pZ) 7 £ RFAS LT

8 HEPE oL Ealol Q4] p- 19 ofel ULEE Zeatel 9457}
p— 1% YAE wEaa gt
HZXAE 2.5.7. a,b € (Z/nZ)* 9] 7F ZF2F rF so]1l ged(r,s) = 1
o]ek1 51, 12l abo] S5 rsolch
T8 oA Ao Fof|A A= weto] 7HEe HAaEo] s A "ok Ayt

TS

A9l AAolc. whabA] 929 ZHE ab = bagl AHATHE o 8311, (Z/nZ)*
I sl ol AL o] &aA Pith.

r°l'
.{

2

(ab)TS — aT‘SbTS — 1

o|B =, ab®] g rso] oFpo|tt. o] FpE s ® A2 o] W BEE oy | 7
s1 | so|t}.

G,rlslbrlsl — (ab)ﬁSl — 1



5(Z/pZ)' e #2743

o ro =r/r ASATFS ATt

g ITes1priTesT 1

arszsl — (aT1T2)31 — 1O]E_§,

priTest — q

o] gttt Wb s | riresi. R ged(s,rire) = ged(s,r) = 10]|B=,
o= sy0lolobut Gtk 2o WM O R r = 1y & AL % GOBE, abd] 9L
rso|tt. O

A 2.5.8 (YAID). p7}F 2500 B po] YR]Zo] EAstct. 3], (Z/pZ)*
= s3htoldl.

% p = 20]% 10] YATo|RZ o] Helt 4
AR p- 15 AR G 4559 v o] F

O
k)

Els A p > 280
2 E’(‘E’E}Eﬂ

Lol

ny n2

p—1=q"q" -q'".

712742 .5.500 lated, chapa] 2% — 12 45| g Ao ShE 2w, kA
20— 12 A5e] g e SiE ZHeth mhebd 2/pZ9) 94 % 9147}
gQl FAES Mk g - q?'_l = ¢ (g = 1) Meltk a € Z/pZ7}
7 Paehd oo = 10]AR a0 £ 18 PEFTh whebA i =1, ol
gfstol, 1571 gl U 0% A 5 ek ol 4] B2 gel EEAE A%

A5t

a=aias---a

© A7 at qrr = p— 1 7F Ak OEbe e ] po] PAIZol O

o] 2.5.9. p=13L 71X A2 =8 i},
p—1=12=2.3.

ohghA] ot — 19] = {1,5,8,12}0] 1, 22 — 19] j= {1,12}0]B2 a; = 5
2 3 4] ad — 19] S {1,3,0}0]22 0 — 302 1€ % Irh
d8iH a =53 = 15 = 27} FA|Zoltt. Zelslr] 9519, 2 (mod 13)9]
AFAEES o ALt 2 o233 2o

2,4,8,3,6,12, 11,9, 5, 10, 7, 1.

o 2.5.10. Ae] E58= p7h AT} 2 20] AS A Folahn A e

oS Sol, (2/82) 9] 10] obd BE 4] 9J4L 20|, (8) = do]c.

He) 2.5.11 (F pro] LA D). B4 249 ASHF pre UA2S ZH=r}.
Z1.2 Exercise ]E}



14 2 nASEe

N
et

71279 2.5.12 (YAZ2] ). ¥ no] YAIZE 71X H, ¥ ne ot
o(p(n)) 7He] YAIZS ZH=rf

-

N of
%
S
1o
rio
>,

l-l
rlo
’N\
\
0 3
5
e
oX
.~
ﬁ
2
)
N
N
o
fo 2
1o
[e]
o,
2
N
~
3
N
"i
F o]
do

R MR ST SA A v IR om—m

i 4B o] AL A4t 2ok 18 957 1l 2B (9)9] €

g 57t rd BAaFEEAL ged(k,r) = 10|82 & 1 < k <

NeL o(r)olth. TatA, (Z/nZ)E 947} p(n)ol B, o(p(n)) 7
1

O

-~
r
9

N

Aol EA et 0
al 2.5.13. W 172 p(p(17)) = ¢(16) = 2* — 23 = 879 AT Zt=
o} m% oKW, 3,5,6,7,10,11,12, 140]th. ¥ 9= o(0(9)) = ¢(6) = 2
Mol fAZL Zret], 22} 571 1 99 °JA]:LO]E} oFof A sHolstgl %ol 82]
AA T2 gt

2.5.3 Artine] 7}

7Hd 2.5.14 (Bmil Artin). §5+ 0 € 2 L& OB A opely
s}3}. 2219l a7} PAl20] Bl 44 pis Bits] B,

Artin9] 7HA-& THESH= St 7)1 9] ok oA 7R = e A QQA] 9t 21 9] 9]

A4 aoll EHoPO% Pieter[37]= a®] $157F p — 19] 7P & &4 <fpoll ol
UHirolx]= &4 pe 789 ol 2= A2 59 O}Oﬂqﬂ Hooley [22]
L 49 gutA el gt 7pdoleta Bl YA 7o) Artine] &2 [2.5.14
fEgiths Ze Byt
ZFE 2.5.15. Artm_J 7H4-S Z ] Aste] Agstd a7t ¥ po] FA|2o] &
L g o|5}9] 42 pEo] A4E N(x, a)E}_L SHA, aoflt OJEsh= Fo A
C(a)7} %ZHO}O% N(z,a)= Cla)m(z)°] 7P7H - v= Zoltt.

2.5.4 %W—_LPJ AL

e L NS Atels g7 ST AAGHA S ettt ¥
P2 °Ml%é_’._ AA| Alaretz] el A, p7t ﬂoﬁzmja: 27} YA Lo
ASAGS Atei2et. Aol o = 302 1 22 AL vhEsi),
957t p— 191 a2 ZS uf 712 o] AXLS vhESIT) (Z/pZ) o] Ui
9)50] Aol p — 19] Q47 Waghy), dytdo= HH}E Q4= E5)
HPe or gl A Qi gkt kAl 2 A% po] YATS FHE JL ojEe B
AAE Helct.

AT 2.5.16 (YAD). 2% p2 FH o] TS 7P 22 po] YA

= AT
L [p=27] gtof p = 20|W 15 E¥st1 Edth. 187 o a =22
et



2.6 Exercises 45

3. [ 97] wref BE p;of thated, P 1/Pi £ 1 (mod p)olW, a¥= (Z/pZ)*
5 AT tel oF Feshy By,
4. [ &9l a =a+ 12 ¥ Step oz 7}
§9 0 € (L) 2R A 2 (@02 Hkp - 1012 o) 413
By 18] Sl 4 = (o D/ (0 191 el 2, Sk o
(2/y2)"2] 336l S ek, 1 < [ oIBE, b, 0l 19] 25
O
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2.6 Exercises

2.1 Prove that for any positive integer n, the set (Z/nZ)* under multi-
plication modulo n is a group.

2.2 Compute the following ged’s using Algorithm [T.T.13}

ged(15,35)  ged(247,299)  ged(51,897)  ged(136,304)

2.3 Use Algorithm [2:377 to find z, y € Z such that 2261z + 1275y = 17.

2.4 Prove that if a and b are integers and p is a prime, then (a + b)? =
aP 4+ b (mod p). You may assume that the binomial coefficient

p!

is an integer.
2.5 (a) Prove that if z, y is a solution to ax + by = d, with d = ged(a, b),
then for all ¢ € Z,

'=x+c- -, y:y—c-% (2.6.1)

is also a solution to ax + by = d.
(b) Find two distinct solutions to 2261z + 1275y = 17.
(c) Prove that all solutions are of the form (2.6.1) for some c.
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Let f(z) = 2® +ax +b € Z[z] be a quadratic polynomial with integer
coefficients, for example, f(z) = 22 + x + 6. Formulate a conjecture
about when the set

{f(n) :n € Z and f(n) is prime}
is infinite. Give numerical evidence that supports your conjecture.

Find four complete sets of residues modulo 7, where the ith set sat-
isfies the ith condition: (1) nonnegative, (2) odd, (3) even, (4) prime.

Find rules in the spirit of Proposition for divisibility of an integer
by 5, 9, and 11, and prove each of these rules using arithmetic modulo
a suitable n.

(*) (The following problem is from the 1998 Putnam Competition.)
Define a sequence of decimal integers a,, as follows: a3 = 0, as =
1, and a,42 is obtained by writing the digits of a,41 immediately
followed by those of a,. For example, a3 = 10, a4 = 101, and a5 =
10110. Determine the n such that a,, is a multiple of 11, as follows:

(a) Find the smallest integer n > 1 such that a,, is divisible by 11.
(b) Prove that a,, is divisible by 11 if and only if n =1 (mod 6).

Find an integer x such that 372 =1 (mod 101).

What is the order of 2 modulo 177

Let p be a prime. Prove that Z/pZ is a field.

Find an = € Z such that z = —4 (mod 17) and z = 3 (mod 23).
Prove that if n > 4 is composite then

(n=1)!'=0 (mod n).

For what values of n is ¢(n) odd?

(a) Prove that ¢ is multiplicative as follows. Suppose m,n are pos-
itive integers and ged(m,n) = 1. Show that the natural map
Y Z/mnZ — Z/mZ x Z/nZ is an injective homomorphism of
rings, hence bijective by counting, then look at unit groups.

(b) Prove conversely that if gcd(m,n) > 1, then the natural map
Y :Z/mnZ — Z/mZ x Z/nZ is not an isomorphism.
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Seven competitive math students try to share a huge hoard of stolen
math books equally between themselves. Unfortunately, six books are
left over, and in the fight over them, one math student is expelled.
The remaining six math students, still unable to share the math books
equally since two are left over, again fight, and another is expelled.
When the remaining five share the books, one book is left over, and
it is only after yet another math student is expelled that an equal
sharing is possible. What is the minimum number of books that allows
this to happen?

Show that if p is a positive integer such that both p and p? + 2 are
prime, then p = 3.

Let ¢ : N — N be the Euler ¢ function.

(a) Find all natural numbers n such that ¢(n) = 1.

(b) Do there exist natural numbers m and n such that ¢(mn) #
p(m) - p(n)?

Find a formula for ¢(n) directly in terms of the prime factorization
of n.

(a) Prove that if ¢ : G — H is a group homomorphism, then ker(y)
is a subgroup of G.

(b) Prove that ker(p) is normal, i.e., if a € G and b € ker(p), then
a~1ba € ker(p).

Is the set Z/5Z = {0, 1,2,3,4} with binary operation multiplication
modulo 5 a group?

Find all four solutions to the equation
> —~1=0 (mod 35).
Prove that for any positive integer n the fraction (12n+1)/(30n +2)
is in reduced form.
Suppose a and b are positive integers.

(a) Prove that ged(2® — 1, 20 — 1) = 28¢d(a:b) _ 1,
(b) Does it matter if 2 is replaced by an arbitrary prime p?
(¢c) What if 2 is replaced by an arbitrary positive integer n?

For every positive integer b, show that there exists a positive integer
n such that the polynomial z? — 1 € (Z/nZ)[z] has at least b roots.

(a) Prove that there is no primitive root modulo 2" for any n > 3.
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(b) (*) Prove that (Z/2"Z)* is generated by —1 and 5.
Let p be an odd prime.

(a) (*) Prove that there is a primitive root modulo p?. (Hint: Use
that if a,b have orders n,m, with ged(n,m) = 1, then ab has
order nm.)

(b) Prove that for any n, there is a primitive root modulo p™.

(c) Explicitly find a primitive root modulo 125.

(*) In terms of the prime factorization of n, characterize the integers n

such that there is a primitive root modulo n.
Compute the last two digits of 34°.

Find the integer a such that 0 < a < 113 and

1027 +1 =63 (mod 113).

Find the proportion of primes p < 1000 such that 2 is a primitive
root modulo p.

Find a prime p such that the smallest primitive root modulo p is 37.
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1. p=97,9g=5

2. n=231

3. m=95

4. ng =58 (mod 97)
5. mg = 87 (mod 97)

6. s =nmg =78 (mod 97)
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3. Michael= A m2 ALt Sx}uF 7] o sic].

4. Nikitas= 2199 ZHFE A ¢g" (mod p)= Attste] 11 gt Michael
oA Mtz defErt.

5. Michael2 Nikitaol| 7] g™ (mod p)& &aj&rt.

6. o] FA] 27l

1. p=97,9g=5
2. n=31
3. m=95

4. ¢ =7 (mod p)

5. g™ =39 (mod p)

6. s=(¢")™ =14 (mod p)

3.2.1 oJRF2 1EA]

o]A| Nikitat= Michael?} RE ts-E (& 59 AES, Arcfour, Cast128,
3DES, ¢ Blowfisho} 28 %2 t4 952 AFaste]) % Aol a]m 7
2 183151 Gslolol FATc 189 S ool E
Qotof qtrt. D2yt A&l FH p, g, g" ¥ g ZRE sE ﬂ]*}o}i A+ O}—r

Azl ol A= Aot ?F P2 g0t g" C 2R H ng Foh= A
Q2L AEe R AR Ao YA ANHeE A
E7Fs" stk A2 Atsh=t] AlZto]l YR e8] A7 A-84 o)A %5}‘:}%
SJ]o]et.

0, b o] A%0]3 ne A%l ©] B4} 19] log FHE
logy(a) =n <= a=0b".
2 HOHES 7IolaAl. tastollAl log, Bt
a=1>0"

2 WESHe A% 0 FaH7] 91 @itk X, a = b3} 17} Fol RS )
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SAGE o] 3.2.1. a = 19683%= b = 39| n¥ A SA|Fo|c}. =, 3" = 19683.
T2
n = log,(19683) = log(19683)/log(3) = 9

olt}. o] gt Sageoll A HA 7+ & Ut

sage: log(19683.0)
9.88751059801299
sage: log(3.0)
1.09861228866811
sage: 1log(19683.0) / log(3.0)
9.00000000000000
Sagel=s BE o] thafe] log(x) ] 2AHES (ol oW o Wele] M) el
SYShE AAT B G55 o ste] We] 7 4 9
o]At2 124 (discrete log problem )= log, (a) & A= AT} -F-AFSHA 2
714 b} a7k fretto] Y40t

24 3.2.2 (JARIEA). AY Gk o2 Sof (Z/pZ)* 9t T& FaHzol
th b € GOl a7t bo] ABAIRY uf, b" = o WHHE FO] AS ng
Fatelat.

/pZ) N M 9] o] = AE A=

S22k ol @ p7} BYE) 2 249 1 (2
U dEse] 2 5 A 4

agHon Tgdd 158 52 92 5 9l
2 Aolth. Bas| @A 927k ALgste AR o2 1EA} ok
o Tk 21 ZW ¥ 99tth. I Peter Shor [6o] 4 527} 585 2
e P2 AFEE WSS Tk ol HR1BAE 4G9 AR5 Tk A
4 Fol A ARE o] B 4 9182 Bt
RESED EREEF
|

g A O 2 B 5
p = 23012k3 715}

bt=5,02=20>=10,..., b2 =18,

& ANEL] 1 = 128 2 Aolth. T2 pr} ofF 2 A9 ol los
o[t 1EAE FE AL g ol gt AupshE 27k AXE Akt
A Aol Wa

o] offolatslA] 71 A1zk0] R sl7] TjEo]CY.
SAGE 9] 3.2.3. ofuti o]4t= 71 Alito] o] - o] F9] PH = Ao A9
2294t @5ed W ol e 20 Aoz ol 3 Fow Yehlr:
A 2~ 9itt. o] M2 dAS 713 3.9 -oﬂ/\ﬂ 2514}

4 2oc 198 asdeg e

sage: plot(log, 0.1,10, rgbcolor=(0,0,1))
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FIGURE 3.2. Graphs of the continuous log and of the discrete log modulo 53.
Which picture looks easier to predict?

SRR e A = A L
sage: p = 53
sage: R = Integers(p)
sage: a = R.multiplicative_generator()
sage: v = sorted([(a"n, n) for n in range(p-1)])
sage: G = plot(point(v,pointsize=50,rgbcolor=(0,0,1)))
sage: H = plot(line(v,rgbcolor=(0.5,0.5,0.5)))
sage: G + H
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3.2 Diffie-Hellman®2] ¥4] n 3} 55

= 9345098309485093845098340961 12} =2} T2 p= AZ=o]Z 1t (p—
>/ & 27k opfck. web pol 28 Ak HotaA AR At FAAS
AE Adsto] p thael fatasE Farh

q = 93450983094850938450983409623.

r£ =

£ §ARRSOLRL (g~ 1)/25 AR50l oA, g7} A Sk A4
e, 29] 1371 (g~ /298 SHlsto] g — 27k 4 ol Bolel i)
qg— 194 <t

Nikita2} Mlchae7]- At v 7= Z+7F
n = 18319922375531859171613379181

o]J_
m = 82335836243866695680141440300

oltt. wratbA] Nikita:

g" = 45416776270485369791375944998 € (Z/qZ)*
2 Michaelof|A] EWj37, 18]17 Michael-2

g™ = 15048074151770884271824225393 € (Z/qZ)*
= Nikitao| 7| 242} iy, 150] @7 373t BD7]+=

g™ = 85771409470770521212346739540 € (Z/qZ)*

o]ct.
SAGE ] 3.2.5. SageS o|-85}o] $lo] A A A4S S oA o]ct.

sage: q = 93450983094850938450983409623
sage: q.is_prime()

True

sage: is_prime((q-1)//2)

True

sage: g = Mod(-2, q)

sage: g.multiplicative_order()
93450983094850938450983409622

sage: n = 183199223755631859171613379181
sage: m = 82335836243866695680141440300
sage: g'n
45416776270485369791375944998

sage: g™m

15048074151770884271824225393

sage: (g™n)"m
85771409470770521212346739540

sage: (g™m)"n
85771409470770521212346739540
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B2E Hlich N1k1ta7]— Michaelo|A] g™ (mod p)-& -E—X]-Q' o] The Man2
o] A= slgal T 2FAlo] 20l 4t )& Michaelo]| 4] Hficy. A&
Z 0 7 Michael1} The Man& g (mod p)olgte H|WU 7| & F85HA =1
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Michaelo|| 7] &A1& E"“ o vy 7] tn (mod p)& o|-835174 E11, The Man
2 ol ARA) HEsorL e HE F g7 (mod p)S AEelo] HIE
W8S oA ?}'ii}é}oi Michae10ﬂ7ﬂ HWch o]A The Man& MichaelZ}t
Nikita Abo]o] BE 2212 912 4 9laL A7o] ha7HA BHE: % gl Lp
297} Bl

o) BAL W 4 Y T 7P WIS RSA FEE Mo I A A
scheme2 AH8-5H= 2 O]ﬂﬁ AZLA ol oAl += o] HofA] B o4 =5HA]+=
42 Zo| ANt RSA= th& HollA] =21 gt

3.3 RSA &2

Diffie-Hellman®] 7] W gofli= Do) glet. A B.2.3pl A =otg=ol, 7t
At A 1o TS B & A0k o) ol Die Hllman] i
° © 2 Rivest, Shamir, 71811 AdlemanB] RSA 37| S E A7fSH}H43).
RSA B/7] Go ALEsI]o] & o A Asthy el ot

W7 RSA o & d9stal, O] FoE 34T o Yo disl =37tt.
RSAQFEE AF4al0A ole] 4l 442 o}4) 917] FsHe o] I
SFHE2 ok glofof it 1elit o] |k RSALF CHE oho 5] S5t

Aol tiet 7he’t 40l tsid= 719 theA] 2ok

3.5.1 RSA Z= 2a]

RSA 9] 7] & ofo]tjo]= o]H 37t Xof trap-door -2 AY3F o= (one-way
function)-2 YFEX Aolt}. o] g4

E: XX
+ kgl A%t BT E Nikita= g7 AATE 4= 9loy uma] A
Ha2 A7 17t ofF of 2 eoltt.
NikitaZ} 3 nofl ¥t Fp59] ool @4 o BE YA TEESAE
of7]e] g etet.
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= =Z =] -
£ wEst= A

- 1
4. Nikita= 2 B3.20] 1252 ALgsto]

o o v = d Bk
5. afz|ato & Nikitat«= < F : Z/nZ — Z/nZE
E(z) =z°® € Z/nZ.
= Qo3
AN AEAFLTEES ol gotd ES Aes] we Aaret
=) =6

2= It} Nikita9] F7]7] (public key) = F A4 (n, e)0]H, o]= AFFE0]
EE A ]}‘]'0]'7] H5te] & Z a9t HJHolrt lelta—: ed =1 (mod p(n))
S MESI g2 2w glonz, 2 9w SIS AT, E-Le 41 Aake
% gl

Nikitao] 7] B2 2] e ot Zo] Agstch. HEE 4 no

e 4550 $9 (2RI EE
mi,..., My € Z/TLZ,
o2 39T &

E(mq),...,E(m,;)
< Nikitao] Al =HT}. (E(m) = m® (m € Z/nZ)Jq At e =)
Nikital= E(m;)E Wo} E~1(m) = m? ¢} 7|24 3.3.12 BE §r=
S olgsted m, & FE
712747 3.3.1 (B57] (Decryption Key)). n: A2 L2 2459 701,
Hd,e € NiEp | n9l 24 po] j51o] p—1 | de—1 £ ol G5o]c).
J8H BE g€ Z9 gj5lo] a?® = a (mod n)o] A oI}

29 n | a® ok p | nQl BE 4% p7k p | o — agl A3} FA0|2
2 0o BE 24 o poll thoko] a® = a (mod p)UL Holw FEstr}
ged(a,p) # 1°]H a = 0 (mod p)o|RE ade =a = 0 (mod p)7} AHTH
tt. ged(a,p) = 1019 A2 2.1.2001 2J3] ¢~ = 1 (mod p)7} FHTct
p—1]de—10]B& g% ! =1 (mod p)&E AP} FHE o= F5HH
a® = a (mod p)o|t}. N
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WehA E(mi) & B53} 517] Ssto] Nikital -8 Attt
E(my)? = (m$)? = mi.

SAGE 4 3.3.2. SageE ©]-25lo] RSAYSE APt} rsa gk bitE
Aalzw (Fd) 1 bit7} S 718 WECE Z, bits7} 20008 n = pgdl
715 AAsted o] 40 A7)% oF 2203 ko|rh. A A&EE RSA 7]9]
7] 512, 1024, 52 2048 bito|t}. SageE o]-gsto] 2 7|52 YA R
J7to] Auht Az Selsjra),

(chg-2 Sageoll RSA 7|9} 153}, 855 @48 Holshe e e
ZF1 9tk A& Eo] 15a(20)2 98 T ALbsHA (7177, 13753, 33169) =
ZY3}. 55} ALk R vhe)

sage: def rsa(bits):
# only prove correctness up to 1024 bits
proof = (bits <= 1024)
p = next_prime(ZZ.random_element (2x*(bits//2 +1)),
proof=proof)
next_prime(ZZ.random_element (2% (bits//2 +1)),
proof=proof)

S~

q

n=p=*q
phi_n = (p-1) * (g-1)
while True:
= ZZ.random_element (1,phi_n)
if gcd(e,phi_n) == 1: break
d = lift(Mod(e,phi_n)~(-1))
return e, d, n

sage: def encrypt(m,e,n):
return 1lift(Mod(m,n) "e)

sage: def decrypt(c,d,n):
return 1lift(Mod(c,n)"d)

sage: e,d,n = rsa(20)

sage: ¢ = encrypt(123, e, n)
sage: decrypt(c, d, n)

123

8.3.2 RS 2z Fd517]

RSAYSE N85Il B S YREoS S fIstel U 2
B RE SEel 42 290ren oL Aolst s

Qli
-~
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9] (block) ©] A2 Qo] Hte] & 2 Wol
JE o] LhQ L= it} o] WS A B
=k,

o|A s7} Gl tfEAtet Oi‘ﬂl.q(space)o F-golal oful o = A|Z}s}A] oF
Lohy ZpAsH 2w oWe 0, AL 1, BE 2, 181 Z- 2608 H}J;Loi
5= 27 0] 22 FEghch Taw “RUN NIKITA” = 27211 o] T}-&
BT e

RUN NIKITA <« 27718 +27%-21+277-14+27%.0+27°- 14

+274. 9427311 427%2.94+27-20+ 1
= 143338425831991 (in decimal).

o 272 AL Hiro] Ao sigsts

oh oo sfe ujuleh A e

o] F4E& e ° =50l

o] SARYH U] BAL
2AE R o] gow Hrk

143338425831991 = 5308830586370 -27 + 1 “A”
5308830586370 = 196623355050 -27 + 20 “T”
196623355050 = 7282346483 -27 + 9 “

7282346483 = 269716536 - 27 + 11 “K”

269716536 = 9989501-27 + 9 “

9989501 = 369981-27 + 14 “N”

369981 = 13703-27 + 0 “r

13703 = 507-27 + 14 “N”

507 = 18-27 + 21 “u”

18 = 0-27 + 18 “R”
Hhef 278 < nolH k7l o] 2RSS 919 HAE 2 Xﬁé oF ®of et
orepA] ghef nololel Faese weet € 4 oty fEe] BEs 27t

Ao logyy(n)7} 5|22 B (block) 52 eolofat g,
SAGE ] 3.33. 914 Sage o] 83te] BEI 57 Afolo] HeE FRs}
fiotel W4S 272 Warw olt A 3R msl sk ok A
o] 22 dolth. PHHoIA A BE st ASCIE et g0z A
e T 2F B (letter) = 03} 255 Afo] o] oo} BT, o] H Wof
ora o gato] olct

sage: def encode(s):
s = str(s) # make input a string
return sum(ord(s[i])*256°1 for i in range(len(s)))
sage: def decode(n):
n = Integer(n) # make input an integer
=[]
while n != 0:
v.append(chr(n % 256))
n //= 256 # this replaces n by floor(n/256).
return ’’.join(v)

—}
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sage: m = encode(’Run Nikita!’); m
40354769014714649421968722

sage: decode(m)

’Run Nikital!’

3.3.3 RSAQYS O] 2FFIGH g A]

ARLE RS B2 $15tel A 45 pot g5 AHgoto] RSAGEO]A T
27 X5 GEakiiet. WA RSAGHS S| th/pEE-S Atee

1. p&} ¢2 A= p =17, g = 198 AHSH n = pg = 323.
2. p(n)= Ak
p(n) = w9 =) v@=pE-1)(@q-1)
=pq—p—q+1=323-17—-19+ 1 = 288.
3. T2 e < 2880]|11 ged(e, 288) = 191 4~ AH : e = 955 A EHS}AL.
4. GCD €1 8E5% o]gd}o]
9%z =1 (mod 288)
9] 8 d = 1915 et
QlollAl RSA F77] 459 v ES Alstatdnt. 717]& (323,95)
ojm, wratA a3} e
E(z) = 2%

2 Aol=| 1, B5 35} gk D(z) = o' o]},
02 X5 gosleled WA X8 5oah 242 Fs5a

E(24) = 24% =294 € Z/3237Z
£ Attt 553} shr|9laid e BN E Ak
~1(294) = 294" = 24 ¢ 7Z,/3237Z.
2 d= o 2 $E& RSA 4% A4S o AgHt
p = 738873402423833494183027176953, ¢ = 3787776806865662882378273.
e g A ]
= p-q = 2798687536910915970127263606347911460948554197853542169,

pn)=p@-1)(¢g—-1)
— 2798687536910915970127262867470721260308194351943986944.
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ARH G R YIE o) gatel AR HL5 o A

r°1'

o}
e = 1483959194866204179348536010284716655442139024915720699.
WL
d = 2113367928496305469541348387088632973457802358781610803.

logyz(n)o] ©F 38.040] B & 38 SAHE ¢t {9 £ Aot 4ot & 4
QJt}. RUN NIKITAQ] FEX= m = 1433384258319910]2 2 ¢S5 L t}S8a}
at

E(m) =m*

= 1504554432996568133393088878600948101773726800878873990.
FE 334, AARE ok 22 57 Adsted], o7} 2tk 3= RSAY| ¢
o] oFeljz] 2= 7] wiZoltt. dE S°] RSAS] A3je] tigt OpenSSL

B Aof o]51H (http://www.openssl.org/| & Z) “The exponent is an odd
number, typically 3, 17 or 65537.” ©.& 93] 9t}

3.4 RSA FZ35}7]
Nikita’s€] 37471 (n,¢)oll 1148 228} 711 dofar 71314 ed
(mod p(n))= i) ng pg= QPR & o

= ¥ -
1)(g—1)& At 5 917, mebd di 7 4= )k webA] ng 4-Raf
2= 9l o™ pol] Z/E RSAUYTE A 4= Qi)

= =
o] F 4 nf] p(n)& UH n = pgE WEHote F £

A T p g T
AL At

pn)=@-1(@-1)=pg—(p+q) +1

Ol%pqznolﬂiwq:wrl— @(n)o] JHetc}. ohabA pet = oA
34

2 —(p+q)z+pg=(z—p)z—q) =
o] 7} et o] AL 2] BALZE S 4 Ao,
o 34.1. n = pg = 31615577110997599711.C = A2=0] Fo|T p(n) =
316155770985748674240]t}. walA] pe} ¢ The é}&i—‘?—ﬂ SISE=Y

il

f=a?=(n+1-gmn)z+n
= 22 — 12422732288z + 31615577110997599711
= (z — 3572144239)(z — 8850588049).


http://www.openssl.org/

—b+Vb% — 4dac
2a
__124227322884—x/124227322882——4~31615577110997599711
o 2
= 8850588049.

kA n = 3572144239 - 885058804942 & 4 2
SAGE o 3.4.2. TS Sagedt$= nit p(n)o] F
T L
sage: def crack_rsa(n, phi_n):
R.<x> = PolynomialRing(QQ)
f =x"2 - (n+l -phi_n)*x + n
return [b for b, _ in f.roots()]

sage: crack_rsa(31615577110997599711, 31615577098574867424)
[8850588049, 3572144239]

5.4.2 petqZt 7k o

T A5 pot ¢9 27F ZHo W #H 2uto] Q4B H (Fermat’s factorization
method)ole}t &2l= #H2rk] I4-Eof W& 2 ng fA ApEold
% ot

)t}

n = pg®|il p > q=tal 7HskAy 12 H

(5 -0

P9t g7k 7P Selnz

s_P—4

2
=& Soln

,_ Pt

2

L /Bt oz & SoldA 2 —n = 5202 A F4ol}, uhebA
t=[vn], t=[vnl+1, t=[Vn]+2,...

SO Fi t? —nol & AFSE 527 2 uf 742 Al ALt (7]4
2] & 2Bt ZAG 2 45 5 71 Ze QS| I H

p=t-+s, g=t—s
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of 3.4.3. n = 233609476090t} 1a|H
Vi = 152842.88 . ..

ot

t = 1528430|H t2 —n = 187.18....

t = 1528440]H v/t2 —n = 583.71....

t = 15284509 t2 —n =804 € Z.

wEtA s = 8040| B2 p =t + s = 153649, g = t — s = 1520410]t}.
SAGE e 344, n = pgol L pot ¢ %9] ShF= Vil ke 49, 919

Q5B L5 A

sage: def crack_when_pq_close(n):
t = Integer(ceil(sqrt(n)))
while True:
k=t"2-n
if k > O:
s = Integer(int(round(sqrt(t”2 - n))))
if s72 + n == t72:
return t+s, t-s

to+=1

sage: crack_when_pq_close(23360947609)
(153649, 152041)

o2 Sol AYEL DAL 25 IS AL T IS 258 F A A
4ot AESH £ Ak A 5 gl 2w FY ST S ol

oF57} Het.

SAGE 4 3.4.5. sage: p = next_prime(2°128); p

340282366920938463463374607431768211507

sage: q = next_prime(p)

sage: crack_when_pq_close(p*q)

(340282366920938463463374607431768211537,
340282366920938463463374607431768211507)

8.4.8 d& g1 nS Ql4E5E7]

o] oA RSA Lol H23t 7] d7F FolRle W ng As-Esfishe
G54 G 5S 2707 o] A2 RSA 4R oA 5535} 7
AL Aol AA] o] §st= GHME At oz ng Qed
olg}¥ dolgte A2 ofuljitt
B ni} 4535} 7] ¢S 2= RSA 452 AZslat. o2 sto] BE o]

s

LRIl
2

(¢}
—_

)
[¢]
-



= WEshe dg 2P sk 131”4 m = ed — 1= n2t A2 £ &
of thate] @™ =1 (mod n)E WEHFIC. A BATRA Bkl so( )%
HEE ng Q152 4= ¢ E’r A=l ”} d% ?_}E’rﬂ A GA ng A5
o %E} :LEiUra =1 (mod n)%l mE o=

o]

ol 84 Ty

ro,
—l>3
Az go
2 o
Bl
=
2N
E“ZE
N ol
QE
:_wa
_urﬂ.r
8, 0,

L. [29] AGAIFER 7)) mo] Aol x Rap9) 2 gt of2] aof of
sto] om/2 = r ( od n)g TrE5H m = m/ /202 wWA5t] THA [1
2k 187 e A4S at a™/? #1 (mod n)oltt,

2. [GCD A R4 2 aE A=l g = ged(a™/? — 1,n)E Zﬂ*ﬁiﬂr
3. [BY] g7} n] Aek5eold, g% ZeoL ohAlch. 187 Qe Ste
2 7t

272 o] Wol tjsste] ol @ AH o Asat
R 3.4.7 (F E5RAA). Gof HE Tolth @5 p: G+ H 7L 2 &
S5 AME(group homomorphism)o|zt= 7L EE a,b € G7} p(ab) =
pla)p(b)E TEFE Aotk # FFHAFo] AH(surjective)ebil Wt
W= LE c € Holl 51o] () — o8 BEIRE a € G7} T4 EATE 29

;194 9l (kernel)-2 ker (i )_EL 2 p(a)

ofct. | EEFAY ¢ G ~1
£ Axse ol AT F ZEPY0l k() = (18 P2
Al (injective)o|th. FiE 7 5 wcp G — Ho| ker( ) = {13017
EARG R P S AR A
490 5,48 (0). Wk (7] ol V) Go| HEGYL W, V) GO
Ao ol I 1 ol FEE (subgroup)olet s ¥t

o 50, ¢ : G — H7} 2EFFAI, ker(p) £ G HEZolth

(Exermse Zx).

O
)
o
i)
lo
i

>
o

9,
Rl

e gaelE BAder Eeiat oA [IIA,

1 (mod n)o| m< &AL olty. whebd m/2S AZsh= Aol ou|7t Q).
a2 =1 (mod n)o] BE ao] 4 BYATH: AE ANehE Ao 1F
g Aol Bastae el g el B A9 04 ool ool
At 9101 &k, wkeF o™/2 = 1 (mod n)o] ErIEH mS 28 il whof
a™? # 1 (mod n)Ql Me) azhe —L':XH"JE}ES? a v a™?E olH g
(Z/nZ)" — (£1)7} 20} ZSRAAol nE AN ok 2 AL BEa.
7Z1zA e .53 22E qkeF 22 = 1 (mod p)o]H 2 = £+1 (mod p)Y-S
ottt Step [2014, (a™/2)? = 1 (mod n)o]BE | (a™/?)? = 1 (mod p)<}
(@™?)?2 =1 (mod g)°] APt WabA a™/?2 = +1 (mod p)} a™/? = +1
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(mod )& YTk a™/ £ 1 (mod n)o| 22, A 712] 7PsAol AL, b
b5 %ol shrt g%l g ek

1. a™?=+1 (mod p) and a™? = —1 (mod q)
d p)

2. a™?=-1 (mo and a™'? = +1 (mod q).
$U8 ThE JHs A BE H87h 191 A9olth A A Bk

pla™?—1 oA gfam? -1,

OB ged(a™? — 1pg) = p7t HI webA ng JAFRHAT 5
A2 T HA ALo)E ged(a™? — 1,pg) = ¢ =
QBT 2 A

o 3.4.9. v= il M4

n = 32295194023343, e = 29468811804857

oX
ot 1
ol
ol
o

2 71 RSA 959 B535}17] d = 111277633192732 rolwitia 61 o]
AR} A2 F 3.4.612 o835t ng Q14Eofgtet

m =ed — 1 = 327921963064646896263108960

OlH p(pq) | mO| B2 nit A2 A% BE a= a™ =1 (mod n)E& &3
a <2091 BE a7} a™? =1 (mod n)YL T3t & me

% = 163960981532323448131554480.

o= viith o] Y2 mO=E a <209 BE a7} a™/? =1 (mod n)o|B &,
EmE 2, 2 819804907661617240657772402 HHEL. o] W3] o < 2091 RE
a7t a™/? =1 (mod n)& PESHEE THA] m-2 40990245383080862032888620
© =2 "Rt o)A 2™/2 = 4015382800099 (mod n)o] E|BZ mE ¢ o]} 2
& s Za+ gl oA

ged(2/? — 1,n) = ged (4015382800098, 32295194023343) = 737531,
o|B g no] ok 737531-% Zkgktt. whetA]
n = 737531 - 43788253,

SAGE < 3.4.10. €125 [3.4.6/ Sageo A F-@3tct.

sage: def crack_given_decrypt(n, m):
n = Integer(n); m = Integer(m); # some type checking
# Step 1: divide out powers of 2
while True:
if is_odd(m): break
divide_out = True
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for i in range(5):
a = randrange(1,n)
if gcd(a,n) ==
if Mod(a,n) "~ (m//2) '= 1:
divide_out = False
break
if divide_out:
m=m//2
else:
break
# Step 2: Compute GCD
while True:
a = randrange(1,n)
g = gcd(lift(Mod(a, n)~"(m//2)) - 1, n)
if g '=1 and g != n:
return g

422 9lo] A A 9]at Sage T E 2 o At A2 gelshs Hhy o]t

sage: n=32295194023343; e=29468811804857; d=11127763319273
sage: crack_given_decrypt(n, exd - 1)

737531

sage: factor(n)

737531 * 43788253

rr

N © 2 58 g5

sage: e = 22601762315966221465875845336488389513
sage: d = 31940292321834506197902778067109010093
sage: n = 268494924039590992469444675130990465673
sage: p = crack_given_decrypt(n, exd - 1)

sage: p # random output (could be other prime divisor)
13432418150982799907

sage: n % p

0

944 BE 27}

RSASISE AAS 315 3 7] olalof & .5 ololrlolol o 51

O oS 5ol BEe) 7 BEuitt o2e] URES Asle Sk 9L, E ofd

string-2 453} & ottt =24 dsste 4~ T Qitt o] Yst APFEL 1

Aol FERI BES T Y= BAAGE 1 Ho| FEES T o}
H EA] LA A= RSAQ 7| ETA Q 4 (module)

=
A v 5 Ao =8
e glo] Az g9t 340 7hs g ok At
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RSA+ OpenSSH protocol version 1 (see http://www.openssh.com/))o]
AREHEE 5 &0 AR e 42 A2Eol (S Ut A BRldS

A Oﬂ/ﬂE AHEEAL 9lt)

L A [42p1 4 ElGamal ¢5-& dopk gy g} o] ¢ RSAS
vﬂ}o} Uﬂc’ FATF o @ oA o FAsiTt
ofu} 7}7& og@_}zq o] RSA/I zA 3 i] A2 7][Y|the number field sieve)

A oI Ae 7 250 F po IO 48 ARl Sl 71 Adrael
ERoZolet o) Sl AL Ao o] ol a1 erar], i

o2 AgEE 0*"!“4 Eo2 et F4 (elliptic curve) HHo] Q=g A
of| A ZA|5] Aot i ik

SAGE <] 3.4.11. =4 A=27]2] Hg el o]z} A= El(quadratlc sieve) & ©]
85to] ¢F 192 HIE S| RSA 7| & ?l 1‘5:5]13}% et ol 5 ofgfjof] ArfRtct

sage: set_random_seed(0)

sage: p = next_prime(randrange(2796))

sage: q = next_prime(randrange(2797))

sage: n =p * q

sage: gsieve(n)

([6340271405786663791648052309,
46102313108592180286398757169], ’’)

3.5 Exercises

3.1 This problem concerns encoding phrases using numbers using the
encoding of Section [3:3:2] What is the longest that an arbitrary se-
quence of letters (no spaces) can be if it must fit in a number that is
less than 10207

3.2 Suppose Michael creates an RSA cryptosystem with a very large mod-
ulus n for which the factorization of n cannot be found in a reasonable
amount of time. Suppose that Nikita sends messages to Michael by
representing each alphabetic character as an integer between 0 and 26
(A corresponds to 1, B to 2, etc., and a space , to 0), then encrypts
each number separately using Michael’s RSA cryptosystem. Is this
method secure? Explain your answer.

3.3 For any n € N, let o(n) be the sum of the divisors of n; for example,
0(6)=14243+6=12and 0(10) =1+ 2+ 5+ 10 = 18. Suppose
that n = pgr with p, ¢, and r distinct primes. Devise an “efficient”
algorithm that given n, ¢(n) and o(n), computes the factorization

lsiever} $-2|% Ao|BE F2 SAAEt FEh A%t obd 2 AE Pl ek ofn)z
A2 vels) Boke
20]24]
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3.4

3.5

3.6

3.7

3. L7 4%

of n. For example, if n = 105, then p =3, ¢ =5, and r = 7, so the
input to the algorithm would be

n = 105, p(n) =48, and o(n) =192,
and the output would be 3, 5, and 7.

You and Nikita wish to agree on a secret key using the Diffie-Hellman
key exchange. Nikita announces that p = 3793 and g = 7. Nikita
secretly chooses a number n < p and tells you that g = 454 (mod p).
You choose the random number m = 1208. What is the secret key?

You see Michael and Nikita agree on a secret key using the Diffie-
Hellman key exchange. Michael and Nikita choose p = 97 and g = 5.
Nikita chooses a random number n and tells Michael that g" =
(mod 97), and Michael chooses a random number m and tells Nikita
that g™ = 7 (mod 97). Brute force crack their code: What is the
secret key that Nikita and Michael agree upon? What is n? What
is m?

In this problem, you will “crack” an RSA cryptosystem. What is the
secret decoding number d for the RSA cryptosystem with public key
(n,e) = (5352381469067, 4240501142039)7

Nikita creates an RSA cryptosystem with public key
(n,e) = (1433811615146881, 329222149569169).

In the following two problems, show the steps you take to factor n.
(Don’t simply factor n directly using a computer.)

(a) Somehow you discover that d = 116439879930113. Show how to
use the probabilistic algorithm of Section to factor n.

(b) In part (a) you found that the factors p and ¢ of n are very
close. Show how to use the Fermat Factorization Method of Sec-
tion B.4.2 to factor n.
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Printer: Opaque this

4
oA 5 ¥
(Quadratic Reciprocity)

o 5 A oA S TR 4 Gl 715G 2 THelA Zroldl o
ssehe sofol gt o|op/| S oleli Bt ola} fHEAlS] Bol, thrie]
A9, F210] LA Aot oA Ale] FA 02 of@ % a7}

poll Fsto] Al EQ171e] ZA1= A2 EH
GaussQ] o)zt Hzl.e

B2 a7k (Z/pZ) A BAAFLI} HE p ofT 25T
o ek ABT TS AT of Tl 92} Bl ZYT Hod
APAE 1 o] p (mod 4a)o] ]EJItH= Ao|th whetA] o 7F ¥ poj] ZFsto]

AFretd, pE 402 tie Yo R]PRS J18folH Hrj= A2 PAo] et
H 218 class field theory?} Langlands program™}

=

= 7] Aol =L ot

o|AF 22 o] Fg> 1007HA] 7} HLEWJ 552 BlE &x). ol 9d
AAE ot F 7 SHE 2@k A R3eNA 2ok A WA S
o} 712 Ae]l 202 ol | To|Ae] Hoel HEL FHL P X
o1 9k, o] 2L FAA NS Wol A gfa BE ARA ZHL
ofsiig 4= = Aol YA, FAe st ATt g A ez & olsirt



1jedel). 4% pE TS p= rolA A o A% a7l
3 pell Bejel ol 491 AT AT 0 3 98 oA (quadratic
resdue)ﬂ- kA, 1 a+= 0] AHH] Y o (quadratic nonresidue)

2kl gt
o E ol ¥ 59 ¥sto]
12=1, 22=4, 3%=4, 4*=1, (mod 5)

o|B &, 13} 4= o]z ool L, 20} 32 ofxpu]J oot}
oATHE Halk o AolH Zete T o}b 714 Ao at Aao|tt.
o eI A4 a7t ¥ pe] olklol et tat BAE ae] 2t A4 v}
§ po] oA 7] EA o AEARIH. o5 & ]Eo}y] o5}
AEE 271HE A7k

A9l 4.1.2 (Legendre £3). p

rr
e

% 40l 3 ak Aoltt.

(0 (Gedle) #1018
(5) =1+ @t oaela
P71 (@t ol geterm)
g3l oF£:5131 o] 255 Legendre £ (Legendre Symbol)z} =}
qE =°1
(5)-r ()= ()= )+ ()=
5 5 5 5 5
o] it
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sage: legendre_symbol(2,3)

-1
sage: legendre_symbol(1,3)
1
sage: legendre_symbol(3,5)
-1
sage: legendre_symbol(Mod(3,5), 5)
-1
(£)E 2 a (mod p)ofet lEetn 2, a € Z/pZel thato] (£)& ac
Qlele] 27 a2 ot (2) 2 Aolselm 2L gholojof g,

T EFRAY (O BLTR) 0 G - HE 919 a,b € G7} o(ab) =
2 mEse olth E 909 ¢ € Hol tfoto] pa) = & W=
SFE a € G7h Ao ok ANl the HARe o)l et

B2 414 v (Z2/p2)° — {(F1}F p(0) = (2) 2 oo v
AR =& GAFolt). Ye] EeolH o= F4124 oholrt.

79 Aol EEER R 2% pol YAZ go] EATICh web

2, g2 gt )/

9,9, 7917—1:1

o] (Z/pZ) o] BE YaFoltt p — 1o] BALoln=, (Z/pZ) o] AAE]

925947 o ,g(p—l)/2-2 = 1’gp+1 = 92’ v ’QQ(P—l) =1

olt}. (Z/pZ) Q] YAEQ] AFEQ] g AEA (¢rTD/2)2 = grtl = 42
el Azbste] 1 51 ofo] Ueh e BE g0 ARAFES 1 He] ehd
ZEo|th. et (Z/pZ) oA o] Aluaed 8gs] ¢", n=2,4,...,p—1
o|i ¢g", n = 1,3,...,p — 2= AFS7F okt I9H &5 Holr] &
L A, A Bel] A4l AL, 4 o] Ahe =
TE ISl AlTt7t g7t AlE47t ofH B & o(g) = —10]4L, WebA =
ARl

O
#2415 []919 39 222 AR vIHEAL 2 G = (Z/pZ) & 957
p—19] Eolt}. p7} 40| B p—1L B40] 1 G| AFFER o] Fo]
Z Go] REL HO| 2 E(index)+= 20]|t}. (H7} HEZQl o] G-= Exercise
£ Zzspr) vateh) (£) = 1012 AL a € HOF SA0IBR, v & F45
G — G/H = {£1}9] FAott. &, & WA FITSE G/HO HE 1],
e Qi —17 g-gA7 FSolch
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TABLE 4.1. oJ@ &4 po] §ollA 57} Alg171?

P (%) p mod 5 p (%) p mod 5

7 -1 2 29 1 4

11 1 1 31 1 1

3] -1 3 37| -1 2

17 ] -1 2 41 1 1

19 1 4 43| -1 3

23| -1 3 471 -1 2
FE 16 (Z/pZ)" 7} 2Folehe AP o §5HA gl kgt Zo) the
o SHF S Ik vt a € (Z/pZ)* 7t AFFEE o = b (mod p)
gty & 4 9la, 28jd oP /2 = 7l = 1 (mod p)O|BE, ok f =
2P0/ —10] gfjo]ct. 7] 242l 2.5.3p1 Sl5ted, ek fi= otoF (p—1)/2

— 5]]
el gzt wetA fol a7k 514 gt (2/pZ) 2] 4 a7k EAR.
£ (o) = (8) = —18 W=akT, ® AP w(1) = 1082, v
HARolTh. B2 o] Agogt ¢7t FEYAGYL BY S Qirt.
2

¥
(2)%€ a2l 1 pe] YoAgoler ojzateh. DA 7P57 BE aof

5 ]
stof (¢)o BE WEE A 4ok B 4% poll detel (3)ef diet nE
RrEE AR 418717 B [LIe B ofubk of@ iohg 1Hlo] gl A
59lek (2)7}p (mod 5)f] SEske AAY Bk & o 28] Aatw

I

) = 10171 918 aFRazIol p= 1.4 (mod 59 A A BT

ol p7t ¥ 59 AlF4<l Aol
184|719l ole] f8tatEo] & [Pt Ajtste= Al
QA APES Frotyioltt Erje] 17964 49 8¢

l

B9 4.1.7 (Gauss®] S| THA). ps} g A2 F2 4 Lotk 7
2

(5)-coemea (3)-{0 I ey



4.2 Euler?] 7]& 73

):<]3): +1 ifp=1,4 (mod5)
5 -1 ifp=2,3 (mod 5).

SEORA, g ol ¥ 09 UM ZA a7t AFS7} sHe AR A
2 178 o8A H85te A& HolZr;
o 4.1.8. 3892 H o7 T uf 69 AEL=Q171? o] 7] A] 389 Agro|Th.

() = (50) = () ()

T @m0
@)-(2)-0-6)
(2)(2) -

(3) = DD =1

olck. whebA] 695 1 3899] Lhul A 2 (zhek] ¥l 38901 4) AlFAolct.
SAGE < 4.1.9. Sageo]A 2] o] A4t th3 #t.
sage: legendre_symbol(69,389)
1

69 389014 AlFol ARk, a? = 69 (mod 389)& FHEsH=
o] gt ol ASEAE SHAE g
e RA4A1E AFAXIH-
FF2 4.1.10. &5 HolA 9] Legendre S E A4 7R st AL
Jacobi 5 2t1 sttt A AL Exercise S IVl

PE &4 £50|T at p2 Yol 4] 9 H40lch Bulert (¢) 7?1/

AAE FEE ) YA 2] EAE ol He
dHEA o2 ARggh.
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712449 4.2.1 (2989 7]F (Euler’s Criterion)).

(a> = = a?=V/2 =1 (mod p).

p

38 T ¢ (Z/v2)" — (Z/pZ) 5 ¢la) = alP~ D2 2 HoJ5tat. T2)w
A 29 EFFAMELE B 4 cH(Exercise [lR). &4 : (Z/p2)" —

T
S

wla) = (2)Q B2 |11.40] FEFAAIT WF a € ker(y)

ol Y b € (2/p2) 7k EAGTS a = V& TESHE,

ola) = aP~D/2 = (p2)P=D/2 — pp—1 =1

o] AT WA, ker(y) C ker(p)oleh. BEHe) 2, ker(y)
© (2/pZ)* o1 H index7} 2010k =, #(2/pZ)* =2 #ker(v)olch. ZFBA
AFo] SlE Fol 3 RETO| 94k 0] 148 B, ker(p) = ker(y)
A ¢ = 19] = A7} FHsaieh. whok o = 10]7, ThabA] or-D/2 — 18
A Z/pZel p - 1702] 82 AR s 2ge REap] Reolth TR
ker(p) = ker(4)7} ZotzIc}. wera] o] 7] 2427t A Wsher. O

SAGE o 12.2. Wl 23z (2)5 Belah Adre & gk ol
Sageol| 4] of A1,

sage: def kr(a, p):
if Mod(a,p) " ((p-1)//2) == 1:
return 1
else:
return -1
sage: for a in range(1,5):
print a, kr(a,5)

11
2 -1
3 -1
41

42448 4.2.3. g5EY4] 22 = a (mod p) 7} F& ZHR] UL WRFEX
o

yolch. mapA] (2) = o=V (mod p)7F T4

i

"ot a2} pr} & o Ul 2 St EE, e 1T e (4) ] Auke
a9] 4915 RNE 8ot 2 AgH o)A e Foft. webA nhe7 el E23p]
ot Ag Atelr] g1 F7HHel B g7 ask ook
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RE Aas AFEL ixq

o 4.2.4. p = 110]at 71454}
J11Z)*e] BE

(Z/11Z)" 2]

H 1104 9] AlEE2 {1,3,4,5,9} 9= Sheh oha2 (

aoﬂ tisto] aP~V/2 = 52 74]* g+ Axtolr}.
15=1,2=-1,3"=1,4=1,5°=1,
6°=—-1,7=-1,8=-1,9=1,10° = —

Ao 2 HE o5 = 10] Bl o= {1,3,4,5,9} 1], 7| 2 2.2l A oAt
Astolt}.

9] 4.2.5. &4 p = 7263773595 Ho g & uf 30] AR obdAE A
A5},

sage: p = 726377359

sage: Mod(3, p)~((p-1)//2)

726377358

ojlmg

N

iih3

3(P=1/2 = _1  (mod 726377359)
ojtt. wehA 32 Hol pd w AlF47t okt o] At oY A= AT
£o 2 it P4 ;1 1174% dgZlolrt 32 ZH2 fo| B o]z o A S
o] 51T ofF [heHet £AMO T BE A 4 9t

(—1)(B=1)/2)-((726377350-1),/2) <726377359)

3
< 726377359) 3

N
(@]

o
—>|i[‘
oz,
ol

rE
e
10
Sl
rE
)
o|X
o,

oz
fol
i)
)_h‘
o
P
rE
)
oN
-
B
=2
o
1o
o
i
i
filo
o
2
ot
ol
rlr
ol wY,

Sl
2 E oF,
o
i
)
il
2
&
4
()
H:11
el
ol o
) i,
A|m
Nk
<
Lol L Iy

E H ogl o
o otlo Nl e o Lo oot

o ral
o 1t
N

lo
mH

oL 4 ox 9L o
o b >l
jus)

o 1o, i
[ o2
ol O

X
o
kd
N
Ho
[>
lo
b
NN
o,
)
il
)
oo
_?L
e
I —
e
N—
B
o
o,
.
2
3
lo, N
N o
_?L
rr
w =

o
L
e
)
N>
Jo 1IF
o=
N~
1=
N
9,
<
m
uy
mln
fu
Jr

o
o,

)

o

a

ch

M

l'l?l

ﬁ Q

il

\T [

e

= b

OL %,

‘b‘ ™, I"lC'
=
rr
ﬂJ}o\.
A
Ex
3
29,
ki
S
3
o
rlr
e
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o



-1
S{a,Za,...,p2 a}

% pol 4w thacth web §o) 948 ¥ pa sfo] 77t
b Dyo] SolE2 ANLS ofo] A WS Taka obv [ 9] Yo
M (p—1)/2 Tk & So] Qlolo] £ Zeo] G po] Hl47} ofuTh. ok

W 1<k )< (p—1)/29) h5tod ka+ ja = 0 (mod p)oled &k +j =0
5t o= maolty. IHma

{1,1,2,2,...,’)1,”1}

o] BRI Tol jot —j7H 5 Ao ShAls operh. whebA k € {1,2,..., 251}
ol ke} —kg A8ts] shiet To] 4olofgt gt 2,

-1
T = {61-1,52~2,...,E(p1)/2~p2}.

o]l if gi= +1 T2 —1F stHo| v ¢
PAE0] F T HE Y4AE9 H2

i = —191 i59] A%t §9 BE
¥ pel A EolnE

—_

(1a) - (20) - (3a) - - (”
(e1-1) - (e2-2)-- (E(p1)/2 . p_1> (mod p)
S Qo ojabA

aPD/2 = ¢ gy Ep-1)2 = (—=1)V  (mod p).

HES

)

2 21z2e (2) = ar-V2ojRR $ele) B2 FYH

QIgeh. ok o] gauss 4t 7h9A0] BaA R0 FHolA dFe WE T

o 45S FAYE okl 2 Ao, (-1)” = (2)olc



4.3 o5 o) 3 WA

olN

2] "

sage: def gauss(a, p):
# make the list of numbers reduced modulo p
= [(n*a)¥p for n in range(l, (p-1)//2 + 1)]
# normalize them to be in the range -p/2 to p/2
= [(x if (x < p/2) else x - p) for x in v]
# sort and print the resulting numbers
v.sort()
print v
# count the number that are negative
num_neg = len([x for x in v if x < 0])
e return (-1) num_neg
sage: gauss(2, 13)
[-5, -3, -1, 2, 4, 6]

sage: legendre_symbol(2,13)

sage: gauss(4, 13)

(-6, -5, -2, -1, 3, 4]

1

sage: legendre_symbol(4,13)

1

sage: gauss(2,31)

[-15, -13, -11, -9, -7, -5, -3, -1, 2, 4, 6, 8, 10, 12, 14]
1

sage: legendre_symbol(2,31)

1

4.8.1 FEuler9] 7]z 2]
el a,b € Qo tisted,
(a,b))NZ={x€Z:a<z<b}
L a9} bAto o] ALE0] Aol the B A= ojd Y F7to] Qe
H5Eo| g of g 2HslEAS Rz,

Bz 4.3.8. a,bis fejolch. 22]d 9019 F no Hste], F54]
of Lpefhe 2} 77ko] B ko] opapd, theol HE

{o

I!

#((a,0)NZ)=#((a,b+2n)NZ) (mod 2),
#((a,0)NZ)=# ((a —2n,b)NZ) (mod 2).
o LGOI 30 5 3 ohfoks FToID ol B 4ol o
T A A& &1, (a,0) = (=1/2,1/2)0]3L n = —1°]8, #((a,b) N Z) =1
O]L}#(a,b—Z)ﬁZ:OO t}.



Skt n > 002

S

(a,b+2n) = (a,b) U [b,b+ 2n),

4. olaaay

78

—_

[6,b+ 2n)of &2

T

N

o it} 2AY T

S0l +2n—1

[b],[b] +1,..

5= 2n 7fo|t}t. utEhA n > 09l

(a,b—2n) = (a,b) minus [b — 2n,b)

o8

A=
o},

s
=

oF

w5

514

9

o).

% 9l o9} 7kl

357t opma sof &

X1 d
=

St
=

=
5!

— (_1)#(Sﬂ1)

oA

oo ((o-
)

=
=+

3
2

]

L
S

[e}
P
8]
(a
p

©

p<] Hj
Q.
—1 0

)
7} 59

=
L =1

1

2

(

q

1

71%A < 4.3.4 (Euler). p

o}.

q



£ 4=t
A (NS AL SIS 5919 2 TS a2 Lol 35S
gom i 7S B 3,
#(SmI)#(lsm 11) #(Zﬂll>
a a a

CRE

Lo_((2py (3 20\ .. ,(2=Dp t»

a1_<<2a’a)u<2a’a)u U( 2a ’a))’
19=1{1,2,34,....(p—1)/2}oltt. EFH A 542 1T C (0,(p—1)/2+

1/2]0]7] BhE<IE], o] AL
pb < ps _p_p—1 1
a  a 2
oZBE o 2 9t}
p= 4ac+r0]E]' =1

Lo (E 2y (2b—1)r br
2a’ a 2a a 2a ' a

o skt Lk 7o g U e Fe, oS Sl

J =

a
ol AAY, F3te] Z+ & AEo] 29| wj4w+E vHH Aotk BxAd [£3.3
25

v=4# (Zm i]) =#(ZNJ) (mod 2).

mebd] (2) = (<) 73} aole lEgtch % o BEHA p (mod 4]

ol&sitt. wtA] ¢ = p (mod 4a)o]H (%) = (Z)o]\:]-
gtk ¢ = —p (mod 4a)olH 919 AitellA] r& 4a — r2 HIHH Hrf 1
¥ J&= o3 A3 K2 st

K:(Q—L,zl—z)U G- g2y,
2a a 2a a

U(4b—2—(2b1) 4b_’”“>
2a a

aJeER K THo] &4 wiwra Hsia Ae Astit —Jot 2k Bz
3] ]

N—

)_\

#(KNZ)= #< z) (mod 2)

a

g gong oex (2) = (¢)o] 4ysick O

q



01
=
o)
o)}
o]
=
a.
o
w0
)
=
=
o,
]
=N
N2

=

rr
ﬂJ}o\.
-
Ex

Folf. 72]H
(2) ) 1 ifp=4£1 (mod38)
p) |-1 ifp=+43 (mod8)

3% a=20]H @@'S:{a72a,...,~%a}—‘5
(2,4,6,...,p—1}

ojt}. oA S YaE F W polA FH I = (§,p)ell &l 7t= 259
MNEE AlojoE gttt p =8c +r2 =0 W,

e [@.1.7] ngl A WA 2% WA p = ¢ (mod 1)1 7FAsH}. = st
pi} ¢E WSt p > ¢efal 7HYSHAL, p — ¢ = da® EASHAL p = 4da + ¢

ICECEROROIORE
(1)-052)-()-G))

oltt. p = ¢ (mod 4a)o]BE 7| 2A 7] [4.3.40] ©]5}o] (g) - (e)qq_ }
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o|A| p # q (mod 4)2t3l 3F2F I3 H p = —¢ (mod 4)0]EZ p+ ¢ =4a
4= 9tk =W ohgo] At

(5)- (1) -():
71245 k3422 p= —¢ (mod 4)= g) - (

)= (2) (2) = (2) = 10leh ®p= —¢ (mod )= 200} 551 =
S Aol el £ frdee (-1 = 10] =t

it
il

o Ao AL “19] 25| FEo| WEsh th4A SAL o) .
o WA FYL aAT o] FPolH et RPEL 1 AAZE FE
8] GBI o] &L A5olA 0] o AT ok fARE WAL ST 1) e
77k Sk (d L A5e AeiAe okl $Hol ndel 259 63&
Hagit)

HA 49 F(roots of unity)+= (" =1
= UhEsls Rad (2 wdth 9999l o (2 99 9e) n 1A YAZ
(primitive root)o]2 1 22 T no| (" = 12 BHESHE 71 ZHe oFe]
%7} = wjolct.
o8 Sof, — 1 welle] £ WA AATolL, ¢ = VIl wolgo] A
o

A Aol dRbH o=, folo] n € Noj| tfsto], Has

Cn = cos(2m/n) + isin(27/n)
£ Dol n 1A GAjTZoltt (o] AME e = cos(0) + isin(9) ZFE] ot
Sherh). o] O] LhulA|el HE B4 A4 pol SE1919] p WA QAT C = G,
= 73t

SAGE 9j] 4.4.2. Sageol| A= p HA @99 ES AAISH] 95He] CyclotomicField

S ALgRITh (ol TRt HAL 4 p - 13} olto] ThatA] B2 Z
sage: K.<zeta> = CyclotomicField(5)

sage: zeta”5

1

sage: 1/zeta

-zeta"3 - zeta™2 - zeta -

1
A9 4.4.3 (Gauss &). EF 424 pE ISR} o7t A4L o
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£ a9t 284 Gauss golztil
e27ri/pol \—/]_

0.9 IS p7k BAEI] GIEk. WO} pS HlFolo} SIThR, a9t AT
I G S Aol &g, Hoi (o Aol ol gk 2]
AoloAM= ¢ = B AHPAT o (5 A"TE g9 72 de2hd &
itk
SAGE of] 4.4.4. 7}~ -2 AASl= 34 gauss_sumS A5t p=5
off 7F-2 9t g2 B AR

sage: def gauss_sum(a,p):
K.<zeta> = CyclotomicField(p)
return sum(legendre_symbol(n,p) * zeta” (a*n)
e for n in range(1,p))
sage: g2 = gauss_sum(2,5); g2
2¥zeta”3 + 2*zeta”™2 + 1
sage: g2.complex_embedding()
-2.23606797749979 + 3.33066907387547e-16*1
sage: g272
5

A1 g o) APAOR WA FALBZ Y Aokl Se 9

complex_embedding2 ¢ 2] ojH %i#iJUF%mmwm@) HoFE

o 18 15 A37IAR HOlETh g3 — 50| g, — —v/5olok.
2o A S g & 1H O 2 HHSH= SageT = 0|Tt (Figure%}'i)

zeta = CDF (exp(2*pix*I/5))

v = [legendre_symbol(n,5) * zeta”(2#n) for n in range(1,5)]

S = sum([point (tuple(z), pointsize=100) for z in v])

show(S + point(tuple(sum(v)), pointsize=100, rgbcolor=’red’))

Figure {.1]& p = 54 7He2~ 9 o s Q'Q'LHL Jolth. 7k g
G919l 910] HSo] Ao Bu 2 Fo] Hate] et o] ot T}S 7|24
o2 Agkeich 2He = sha 49 apat

A2A 4.4.5 (7492 ). o a7} po] 7} ob] e TS Ao] HE e
of.

e

ot o, ¢ = (, = cos(2n/p) +isin(2n/p) =

=
9l

me

.;"_/\

el

ge = (-1)P=D/2p,

SAGE o 4.4.6. Sages ©]-85t9 p =7 W} p = 13 off o] 7|27}
FdE o= ettt

sage: [gauss_sum(a, 7)°2 for a in range(1,7)]

-7, -7, =7, =7, =7, -T7]

sage: [gauss_sum(a, 13)7°2 for a in range(1,13)]

(13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13]

o] 7242l E FHs] Slstel B @ A Waste
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o
0.75F
* 0.5
0.25F
® -I2 -1I.5 -Il -0I 5
-0.25F
-0.5F
[
-0.75F
o |
FIGURE 4.1. The red dot is the Gauss sum g> for p =5
HZRE 4.4.7. F5 aof Halo], ool YTl
pilcan_ p ifa=0 (mod p),
— "~ 10 otherwise.
n=0
%% Wk a =0 (mod p)ol@ (* = 10|82 Fe Fo| 7o Lt ek
a # 0 (mod p)o|H FA]
o’ —1=(z -1+ +a+1)
2 0851 T & = U8 A (° £ 10] B ( — 1 £ 00] 3, TA
pilé““"* rol_ 17l
n=0 Ca —1 Ca -1
o] et -
Bz 4.4.8. 999 5, yol talel,
—1 .
pz C(:I/’fy)n — p ifz= Y (HlOd p))
o 0 otherwise.
3% 224 LATIN a=0—y2 Fo9 dAct 0

E}_ﬁal 4.4.9. go = OO]E]'



p—1
go=7 <Z> (4.4.1)
olct. wxA e [L1dp] s o

(2) ey - )

© o] AN ZEGAGoI THBR (2/p2) o] W 12, Ul whe
of B2 3 (@.4.1)2 00]ct. O

RZAT 4.4.10. 999 G5 aof tfs}o]

9a = | — ) 91
p

a = 0 (mod p)Q] AL+ HXAD (4492 HE AHSER a £ 0
(mod p)Fal 7}Hgskat. 1 ¥

HEXL Z9 T 7 o a Y lgg
o (A0 2% Ea a#0 (mod p)o|=

o= (3o (5) 0= (5) () st v
)

o W mhA|et S5k 712 W21t (2) € {1}l A RRE dojic,

p—1

> gag-a = (p— 1)(-1)P~V/2g} (4.4.2)
a=0



il
ne.
rir
i
rdt
e

2
lo
b
)

n=0 m—0 p
p—1 p—1 n m .
XX (5)(5)e
p—1 p—1 n m
oltt. 6(n,m)= n=m (mod p)o|H 1 Z1E 2] gFo B
Bz e [LA8p] <lsjA, ko] AReict

2
S ALt} ¢ £ 0 (mod p)o|BZ, (g) — 10] 1, ® 8249 [44.10
2oy 2
a
92 = (p 91 = g3
122 o] 712Aa] 9] g2 = g7 = (—1)P~1/2po] ettt O

4.1 O|AYTY] T

oAl 7h¢-2 g o]-8-st] 4




(p*)@D/2 = (1;*) (mod ¢q)

2

=g <pq) (mod q). (4.4.3)

23] A7 g1 W%} obd e o] FEAS Sfulahe AL RiglA}? ¢

40| olulati AL, e <l g7 — g A

Zoltt. Z[(l& Zo) A+E 2= (o ¥ A= Aol
S

/N

e

N

=

lo &
N

o

=

¢ =p* and p# qolBE F o] g& 2751 (1) = () (mod )& ¢
= F ARG = £10]3 g5 E50|E2 (1= —1 (mod q) <= ¢=2),
(2)sh (2)£ = o 1014 —1ojofopat Hm (1) = (2 )olo. pA)}
o ugel L23E AFg ot

o Aol i AFTE B BAZ A B 24091 A KolAE a £ 0
Q1 BE a,b,c € Ko thoko] o4 ax® + b + ¢ = 09] F sh vhe}

2t
v —b+Vb% — dac
- 2a '



4.5 Al 27l 87

o)Al p7} 4 250\ K = 2/pz 517, el [LITR A1 82 — dac
7V Z/pZoll A FAAFAA] ot dAE & 4 YA, IHER az? +br+c=0
7V Z/pZoll A S E ZE=A] obdAE ¢4 ok 1y Y Sz &
AR} SheetE A4 61 e o] gel s of® AN F4 erer)
=& Z/pZ2o] Y47t b AlFIA] of A E ERlst= AA| ALt A= o]
Aoz o] of BastA| T ott @5]e 4 BHANA 7124
£ olg ke o] Aua] marh

a € Z/pZ7} 00] ok o]t QJoleki ZHHAL WSE p = 3 (mod 4)0] W,

p+1

= v
b=a+ +

WESIOR b= o"T = 00] AF oIt uteby g ASAE g1
ol83ko] pol AF2I50] ThHA]l A|7E <tol b2 AAFE 4= Qe

k2 4.5.1. Schoof [45]E 2o O((v/(|a])*/?*= -log(p))®) AIZF ¢toll a®] A&
o= Aitste daElE2 AR o] Bixl
o) Sjel A g SJule A el ThhA] A17Ee] el S-S ofuc. kst
a7} ARG a7k 2L ) HETFE 2| 5H 0 .

= W pollA e AluZe 45| Be Altste e dieES
aAGTY. GO EIgz R e T Ade 7)o go] 2%
A3k S Age] A Bkt
49l 4.5.2 (2] FEIAY). RE ST L W ¢ o R — S 7P RE
a,b € ROY| tsiA]

e p(ab) = p(a)p(b),

£ WEslW o2 B EEFAA homomorphism of rings)o|a} H-Ec}. F
@A (isomorphism) & AL Hh-391 EFBA ¢ : R - 5& oJulgiet,

rloy

R = (2/vZ)[z)/(2* - a)
2 theat 2ol Aolgith. Ao RAE

R={u+va:u,veZ/pZ}

(u+va)(z + wa) = (uz + awv) + (uw + v2)a
2 Aottt o714 ax RoJA 29 YofFeldt.



Sol4 Holg 3 RE Sageol i thawh o] Aolsha

sage: S.<x> = PolynomialRing(GF(13))
sage: R.<alpha> = S.quotient(x"2 - 3)
sage: (2+3*alpha)x*(1+2*alpha)

Txalpha + 7

bk c7k Z/pZoll A ao] AFZolt Ak (A% bo} o o FL A At
o 5t QAT AF2E B LTSS GRS Si5te] AFE b9} 2
Jefaleh) Tefd A2 f(u+va) = u b ubShgu b va) =u b e o
= MY & 225G f 1 R — Z/pZe} g: R — Z/pZ o] ZAIFT}. o] =
Sl ) 3 25 YPAAY

0:R— Z/pZ x Z/pZ

2 o3ttt o) o go(quva) (u+vb, u+vc) ojt}. A3t WIS Ao
(Z/pZ)* o] A9)9] Y& & AEsto] 4 ol AsAlE 1=

1

02 (1+za)"7 & AWe AT F

u—l—voz:(l—l—za)p%1

£ WSSt u,v € Z/pZE Heth Wef o = 00]‘3q e 25 FA9E A
5}04 72 AL R wrek v £ 001 A, 27F ok A} sk Aled

a2t Zo] mEA 2a o ok u + vbe Z/pZofA ofE Ha
<l ( ~1)/2 ARAZOIRE o ge 0, 1, &2 —loth. WA 2 35
b= —u/v, (1—u)/v, &L (-1 —u)/velt}. = uet vE &7] &,
—ufv, (1-u)/v, T2T (—1—u)/ve] AFEE AL}l a8 AFLAXE
grelstd =
of 4.5.4. o (LI} A%L2 38994 609] AlFLE et flfA o
Bt dEl g p=1 (mod 4)01 Aol Aottt WA FAR 2 = 242
Aeiste] (14 240)192 AL¥ehe (1+24a)194 —15 deth af] A7t
00]B& z =512 (1+451a)'E AKXttt ool (1451a)'9 = 2390 =
u+vaR o] AE7E 00] ofuth Z/389Z0f| A 239 o] ¢ 1530] 22, 69
O Aol 2 o= dle Al A9 fae ot 2

_% 1—u:153 1l-u

v

uhEbA] 1633} —1530] Z/389ZA] 69°] Aol
SAGE o 4.55. 919 AFZLE Fote ¢ 5L SageolA 7+@sty @
7HA dlEes HoEn

sage: def find_sqrt(a, p):
assert (p-1)%4 ==
assert legendre_symbol(a,p) ==
S.<x> = PolynomialRing(GF(p))

rl
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R.<alpha> = S.quotient(x"2 - a)
while True:
z = GF(p) .random_element ()
w = (1 + z*alpha) "~ ((p-1)//2)
(u, v) = (w[0], wl[1])
if v !'= 0: break
if (-u/v)"2 == a: return -u/v
if ((1-u)/v)"2 == a: return (1-u)/v
if ((-1-u)/v)"2 == a: return (-1-u)/v

sage: b = find_sqrt(3,13)

sage: b # random: either 9 or 3
9

sage: b"2

3

sage: b = find_sqrt(3,13)

sage: b # see, it’s random

4

sage: find_sqrt(5,389) # random: either 303 or 86
303

sage: find_sqrt(5,389) # see, it’s random

86

4.6 Exercises

4.1 Calculate the following by hand: (%), (%), (%), and (57')
4.2 Let G be an abelian group, and let n be a positive integer.
(a) Prove that the map ¢ : G — G given by () = z™ is a group
homomorphism.
(b) Prove that the subset H of G of squares of elements of G is a

subgroup.

4.3 Use Theorem to show that for p > 5 prime,

(3)_{ 1 ifp=1,11 (mod 12),

D -1 ifp=5,7 (mod 12).

4.4 (*) Use that (Z/pZ)* is cyclic to give a direct proof that (*73) =1
when p = 1 (mod 3). (Hint: There is an element ¢ € (Z/pZ)* of
order 3. Show that (2¢+1)? = —3.)
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4.5 (*) If p=1 (mod 5), show directly that (g) = 1 by the method of

Exercise (Hint: Let ¢ € (Z/pZ)* be an element of order 5. Show
that (c+c*)? + (c+¢*) —1 =0, etc.)

4.6 (*) Let p be an odd prime. In this exercise, you will prove that (%) =
1 if and only if p = +1 (mod 8).

(a)

()

Prove that
1—¢2 2t
Tr = — s, = —
1+ YT 1y
is a parameterization of the set of solutions to 2% + y?> = 1

(mod p), in the sense that the solutions (x,y) € Z/pZ are in
bijection with the t € Z/pZU{oc} such that 1+¢> 2 0 (mod p).
Here, t = 0o corresponds to the point (—1,0). (Hint: if (21, y1)
is a solution, consider the line y = t(xz + 1) through (z1,y:) and
(—1,0), and solve for x1,y; in terms of ¢.)

Prove that the number of solutions to 2 4+ y* = 1 (mod p) is
p+1ifp=3 (mod4)and p—1if p=1 (mod 4).

Consider the set S of pairs (a,b) € (Z/pZ)* x (Z/pZ)* such that

a+b=1and (;) - (g) = 1. Prove that #S = (p+ 1 — 4)/4
if p=3(mod4) and #5 = (p—1—-4)/4if p = 1 (mod 4).

Conclude that #5S is odd if and only if p = £1 (mod 8).

The map o(a,b) = (b, a) that swaps coordinates is a bijection of

the set S. It has exactly one fixed point if and only if there is
an a € Z/pZ such that 2a = 1 and (%) = 1. Also, prove that
2a = 1 has a solution a € Z/pZ with ( ) = 1 if and only if

()= 5

Finish by showing that ¢ has exactly one fixed point if and only
if #£5 is odd, i.e., if and only if p = £1 (mod 8).

Remark: The method of proof of this exercise can be generalized to
give a proof of the full Quadratic Reciprocity Law.

4.7 How many natural numbers z <

213 satisfy the equation

z2=5 (mod 2'% —1)?

You may assume that 2'3 — 1 is prime.

4.8 Find the natural number z < 97 such that z = 4*® (mod 97). Note
that 97 is prime.
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4.9 In this problem, we will formulate an analog of quadratic reciprocity
for a symbol like (%), but without the restriction that ¢ be a prime.

Suppose n is an odd positive integer, which we factor as Hle pit.
We define the Jacobi symbol ( ) as follows:

a
n

e
(4) =11 <)
e S \p
(a) Give an example to show that (£) = 1 need not imply that a is
a perfect square modulo n.

(b) (*) Let n be odd and a and b be integers. Prove that the following
holds:

i (9) (9) = (%b) (Thus a — (%) induces a homomorphism

from ELZ/nZ)* to {+1}.)
ii. (=)=n (mod 4).

iii. (2) =1ifn==+1 (mod 8) and —1 otherwise.
iv. Assume a is positive and odd. Then (£) = (-1) Sl w (2)

4.10 (*) Prove that for any n € Z, the integer n? + n + 1 does not have
any divisors of the form 6k — 1.
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103993
33102 3.14159265301190260407 . . .
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n|sfAd EA4 o s EESIc) npx|eto g2 ABSE o] 85| {249 LA}
e A4t (5.6/2), A4E F AFse doz A= Ao F8ots A
7oA A (5.778) o] E Y-S upR gt S A= F A EE 23, Ch. X],
[26], 5L §13.3], [30, Ch. 7]o]4 Q15 252 ¢ jojx /]S 7aach
51 Aol
A HE 24 (continued fraction)+
1
ag + I
ay + N 1
a
2 P
oF Zo] AL = F4oltth. o] oAM= a= Aol i > 1Y o a; > 0
o2 AL, E 90 B4 BEL §UY 4 FUT £E ok 850
o ANl AYEE A A7E AR REe $a Fof Wl
Slofutt}. o AOIAL a7} BE 4] 290 717 TS AR St
SeIE 919 ARFE 2T
[ao, ai,ag, .. ]
2 qdskat & &9 _
1.2l =14 = ==
[ ’ ] + 2 2’
1
[3,7,15,1,292] = 3 + T
7+ 1
15 + T
292
1
= 03993 = 3.14159265301190260407 . . .,
33102
1
2,1,2,1,1,4,1,1,6] = 2 + -
1+ , 1
+ o T
1
14+ 1
4+ 1
1+ T
14 =
+ 6
_ 1264
465

= 2.7182795698924731182795698 . . .



o]l A2 m > 0¥ W [ag,a1,...,a,]E2] Ao Tk Ho|oh. HA BE
n < mof| thoto
[ao,ah...,an} == (521)
qn

o] Aotz put ¢ e AFGHOE FOtt

28 F FEED (..., 050 Sl Ol ole] HASE 2T 1)
RHR oz ALgShE 2 x 2 FE (4 0.0 )9t (4n on2s ) ol BEA O wiE
FA2 Zopdn.

RE g, A FZIPIAAY, duse BaE0E A2 2957 9
Sto] darelE [L113S A8t
A9l 5.2.1 (FSHAES). FHdE S (finite continued fraction)+= TS
3} 22 Blolct

1
aop + T
a1 + N i
a
27T 4 aln

ol W Z} a2 Aolal, BE m > 1o s ap, > 00]T.
9] 5.2.2 (LA ES). GBS (simple continued fraction)= R E

Qo] el th 4L Q71 GPtel, The RES B

[aO] = Gy,
1 agar +1
lag,a1] = ap + — = ———,
a a
1 apaias + ag + a2
[a07a17a2]_a0+ - ma +1 .
ag + — 102
a2
I,
1
[a’O?al?'-')an717an]: a07a17"'7an727an71+7
n
1
= ao + —_—
[a1,...,an]

= [ao, [al, .. .,an}].
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SAGE ¢J] 5.2.3. continued_fraction2 &S

rulm

AxtshE sage gh=oltt.

sage: continued_fraction(17/23)

(0, 1, 2, 1, 5]

sage: continued_fraction(e)

2, 1, 2, 1,1, 4,1, 1,6, 1, 1,8, 1,1, 10, 1, 1,
12, 1, 1]

QIeiet 0] QHAE AXFE o] ASH (in bits)& Al SIste] Ao
bits = n2 A8

sage: continued_fraction(e, bits=21)
(2, 1, 2,1, 1, 4, 1, 1, 6]

sage: continued_fraction(e, bits=30)
2, 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8]

o e 4 AL, Ao AEFE VAL AME E & 3T

sage: a = continued_fraction(17/23); a
(o, 1, 2, 1, 5]
sage: a.value()

17/23

sage: b = continued_fraction(6/23); b
[0, 3, 1, 5]

sage: a + b

(1]

e AR5 [ao, ..., an]E S 2ASHAL AT 0, B Feeta HES E

8+ gtk

B9 5.2.4 (REAH). 0< n < mS Q25K no] okl AR [ap. .., ay)
2 AdESF [ag, ..., am]Y nl A BESTH(partial convergent)o|at F2

t}.

-2 <n < mg WSS Z4209] nof| tisto], A p, T g2 T Eol

p—2=VU, p*lzla Po = ao, Pn = GpPn—1 + Pn—2 )
q—2 =1, q-—1 =0, g =1, “tt Gn = GpQn—1 + Gn-2
71279 5.2.5 (F-259)). n <meln> 09 gispo],
[ao,...,an]:p—n
qn



52 FRAARS o7

0,19 W= Agatey. 919] 7] 242

4 n= = 7t o)zt
n— 191 ARgol e P4 -t st 229 thao] 49T

et

(an—l + é) Pn—2 + Pn-3

(an—l + ai”) qn—2 + qn—3

- (an—1an + 1)pp—2 + anpn—3

B (anflan + ]-)an2 + anGn—3
an(@n-1Pn—2 + Pn-3) + Pn_2
an(@n—1Gn—2 + @n—3) + Gn—2

_ GpPp—1 + Pn—2

B GnGn—1 + qn—2

_ Pn

= o

SAGE o 5.2.6. W o7} A48 e, o] RE 2E4UE Qo
2™ c.convergents () & AM&3SHT}.

sage: ¢ = continued_fraction(pi,bits=35); c

[3, 7, 15, 1, 292, 1]

sage: c.convergents()

[3, 22/7, 333/106, 355/113, 103993/33102, 208341/66317]1%104348/33215--tex file 2%

2 55 A 0 2 ISR, GRG0 BEAURE L Aol H A
T4 ZAREECITE 19 AlelA= A4 [3,7,15,1,292,1]9] RE4-Hgk
5o, Fo B0ol ZjoIAE of QE4-0] 14 Hote B ZAgtoIc
AZB 527 n < mel BEn> 004 the 5 4o Feei)
Prln—1— qnPn—1 = (—1)"71, (5.2.2)
Pndn—2 — qnPn—2 = (_1) (7% (523)

Pn DPn-1 — (1)1 1
gn qn—1 4ndn—1
& o Pn—2 _ 71)77, (275



B n =08 F= HORREH 2GSt oA n > 00]2k 7FYskal n—1
W etk APyt el
Prdn—1 = GnPn—1 = (@nPn-1 + Pn—2)qn—1 — (@nGn—1 + Gn—2)Pn—1
= Pn—2Gn—1 — gn—2Pn—1
7(pn—1Qn—2 - pn—2Q71—1)
= (1) = ()

o] Aestal, (B.2.2)0] FHEt A (B.23)9] Tt AL TS A

Pndn—2 — Pn—24n = (anpn—l + pn—Q)Qn—Z - pn—Q(anQn—l + Qn—2)
= an(pn—lQn—Z - pn—QQn—l)

= (=1)"a,
O
32 528, 919 /12420 45L Yz maeE B (5 )9
AYAE (1), (G he2) o] ARAL (—1)a, 0l
SAGE o] 5.2.9. no] AB9] A& W 7jo gtor, 7|zAg 2.7 ddS

SageS o]-3}o] gelstAt,

sage: ¢ = continued_fraction(pi); ¢
(3, 7, 15, 1, 292, 1, 1, 1, 2, 1, 3, 1, 14]
sage: for n in range(-1, len(c)):

print c.pn(n)*c.qn(n-1) - c.gqn(n)*c.pn(n-1),
1—11—11—11—11—11—11—1
sage: for n in range(len(c)):

print c.pn(n)*c.qn(n-2) - c.qn(n)*c.pn(n-2),
3 -7 15 -1292 -11-12-13-114

REYS 5210 (1ML A HEER). B g, anlel S
HEY, p, 9f quis AR 29 Folth Z, po/gu 7] kLSl

3 o5k 0,0 BORE po3t g0 A5AE ANt W pst 0,)
J‘OV\E} d | Pndn—1 — gnPn—1 = (_ ) ag d= 1015} O

tol
SAGE <] 5.2.11. ©t24 2] [(.2.10/2 SageS o]-&35}to] gHoldtt.

sage: ¢ = continued_fraction([1,2,3,4,5])
sage: c.convergents()

[1, 3/2, 10/7, 43/30, 225/157]

sage: [c.pn(n) for n in range(len(c))]
[1, 3, 10, 43, 225]

sage: [c.qn(n) for n in range(len(c))]
[1, 2, 7, 30, 157]



ot
[}
o
o
ra
M
>

99

[G/O, 7am] _"___Z'\_.O]_]_J_, m(l)_. noﬂ EH%}—O:L
Pn
Cn*[an 70’77«]:7
dn
o ¥l A BRaFola o AR5e] Bl2RE n > 0% G a, > 00]
92 71°jel. o] Z7lo] ARL-0] HELUE S| R 2L o st
g 5°1(2,1,2,1,1,4,1,1,6]° FErHdE5S HEstd

2,3,8/3,11/4,19/7,87/32,106/39,193/71, 1264/465

olt}. o] 59 A7t F o & HolA 5] ffste] gz ’*OC‘OHPJ}
OE F2EE & 5 =S, & A Y \ud 2Es A 7

2,3,2.66667,2.75000, 2.71429,2.71875,2.71795,2.71831, 2.71828

LE3 FE2 e AA g2 B G AL, 2E A aE2 ©9ET
7t 4E o] R, HHHo| RES 24| 2 FES GEXFAT IS olEH-
SAGE 9] 5.2.12. 19 5.1} SageE ©]-&oto] A&49] 919 fjd-& & oh &
AE4=2 gRlgh Jdolt}

sage: = continued_fraction([1,1,1,1,1,1,1,1])

c
sage: v = [(i, c.pn(i)/c.qn(i)) for i in range(len(c))]
sage: P = point(v, rgbcolor=(0,0,1), pointsize=40)
sage: L = line(v, rgbcolor=(0.5,0.5,0.5))

sage: L2 = line([(0,c.value()),(len(c)-1,c.value())], \
- thickness=0.5, rgbcolor=(0.7,0,0))

sage: (L+L2+P).show(xmin=0,ymin=1)

a2 Ae Oql—i gt o] A= dntdor Fttth

39 n > 1019 a,& F5o|BE, ¢, Foltt. 7|24 e F2apl oJsted,
n > 209,
n an
Cn — Cp—2 = 0—1)
qnqn—2
o] 4Hstug, A& FHL @%@q
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e
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FIGURE 5.1. Graph of a Continued Fraction

2 BEA} ((1)O|RR, BE s > 0] Boto] car > ean0lh TEEA
» = me Bl Web 1 < mole, o] 1z 4ee] A WA FAo

BH comi1 < Car < €20 HO] GA] 57]' sttt > mo]tﬂ Cory1 <
Comt1 < C2r 7t El=H] GA] Bo|th TabA copyr < coper TESHE A
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5.2.8 HE feE]5o] ¢
7127 5.2.14 (Rl &

F9 A A BT 5 o/belA b > 1 ol ged(a,b) = 1813
A
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7VA AL gl & (11132 H
=b-ag+r1, 0<ri<b
b=r1-a1+r, O0<ryg<mr
Tn—2 =Tpn_1 Gp_1+7Tn, 0<r, <rp_1

Tpn1 ="Tp - ay + 0.



-aan}

= [ag, a1, . -

a/b: ap +7“1/b= a0+1/(b/r1),
@
b

b/ri =ai +ra/r1 = a1 +1/(r1/r2),
r1/re = ag +13/r2 = az + 1/(r2/73),

Trn—1/Tn = Qn.
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1
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2 & 5 o flet Z2 oz Ap 2o A= 4 ao, a1, a2, .-
Z 2 AE LA A3 A (continued fraction process)o|gtil

o 53.1. x = 3o FAELIFE H45A; AH 2 =2+ 20|B&E g =2,
to=30Ith ® o =5 =1+ 30182 a1 = 1, t; = zolch. 2@ & =2
O|BE, ay =2, 1, = 00] Ho] o] FAL Bt} o] ARSTHHozRY §
o] A4
§47[2,1,ﬂ
3
£ dert
o 5.3.2. z = /50w
-1
P ]
2
o|B & gy =1and ty = %‘/50]11}. A= A=R=]
1 2 —2-26 1+6
to —1++5 -4 27
dEBR a =1, 4 = V55 Ao} ue3 wgog BE nof o
A a, = 18 Qo] oo WA A Jeth BE 537 e (wer

ol EiEre) 2 HolA Prt.

1 1
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SAGE 9] 5.3.3. 9 S5 o SageAAtTr LAt

sage: def cf(bits):
x = (1 + sqrt(RealField(bits)(5))) / 2
... return continued_fraction(x)
sage: cf(10)
(1, 1, 1, 1, 1,
sage: cf(30)
(1, 1, 1, 1, 1,
1, 1, 1]
sage: cf(50)
(1, 1, 1, 1, 1,
1, 1, 1, 1, 1,
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Hm

of 5.3.4. x = e = 2.71828182. . .0]at 1 s}A}. AR ZA.S ALg5H

)

ao,ar,as, ... =2,1,2,1,1,4,1,1,6,1,1,8,1,1,10, .. .
E 2=t dE 50 ap = 2+ 9] AFFEC|H 28 W & FHPOWU(S,
TAGE THEH), 1/0.718... = 1.3922.. 0] HBE & q; = 1ot} 15 W
S FAA+E WEEH 1/0. 3922 = 2.5496... B2 ay = 20|t} 5.4
Ao A ex= TfiElo] Ittt ARTE 7}7”—% Hola| 1l gt
ef] Ao oAl WA HE4g2
[ao, a1, as, as,as,a5] = 3 = 2.71875
eid],
87
— —e| = 0.000468
‘32 ¢
ol oJu|of| A e0] & g2 ZAFZEO]T}. 0.000468 . .. < 1/322 = 0.000976 . ..
3e BHla 2= gl o 2 Ae F3110] A7HE HolFi 3 oo]d}.
m = 3.14159265358979 .. .ok & ABLINAH S AL B} I3H «
o] &=
ag, a1, as, ... =3,7,15,1,292,1,1,1,2,1,3,1,14, ...

olch. Ag d o] RESYEL et Ao,
22 333 355 103993

3. % T
77106 113" 33102
B2 OIE® 7] & fe4 TAREUH, oI E
103993
= 3.14159265301
33102

zz«jaﬂ?vgo ool AN AL mE Y
A ks A% et 9188 AsT sk mit
72 5] o] At o1l i) el oo & 2 Ao FIgs
7o) 4G B FEL ol Pa) 17 wtei.

TN A an 0] O EE BE nof gt
L= [a()valv"'van“i»tn}

7t #Oo]wx_ [a/Oaa/la"waTui]o]E]-'

N
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oX,
it}
L
)
!



104 5. AR

T AGHS ARSI 2 = ag +to = ag + 1/(1/tp)°] B2 n = 0°]H F
FAZE ARt FRHA HAZEn — 10 oA -,
T = |ap,a a !
- 0, Ly .-y n—17tn_1
= [a07a17~-~7an717an+tn]
1

= |:a07a1;"-7an17a‘n7tn:| .
9] o] = Wape} k9t Zo Zk7} ne we BERe o] F WA PAI9 T
WA WA YRS Holzrh 0

39 5.3.6 (A5 F3). ag, a1, F59] #E0]12, n > 10| a, >0
¢ 5 = [ag, a1,...a,)0]2F22 SFH, lim c,©]
n—oo

T 44 mary 242 2E o] Ao o oo, . 0] BRSOl
webs 7242 B2l SsH, B BES 0,5 $231

o, AR T—Eréé, Cont1 5 E‘riaio}u} Tt ofyat = s}s)
s AR BEPAES BF oot Ao 20, dagas T
il

A HESSURE 2T e} 2 2T Wl o0 — 2}
o = limy, 00 Con1 7F B EABIAL, o < agolth. 7|24 2] [B.2.700 254
1 1
|can — can—1] = < —0

Qon - @on—1 _ 2n(2n —1)
olnR, ap = a7} 3T O
oA FAEF9] G

[ag,a1,...] = lim c,.
n—oo

o= Hejgt.
o 5.3.7. 2 = v 712130 91°] o€ Ao % Z 53044

4
9, 00l 7] il A BHAolehil sl nol B4E ]
c1 = 3.1428571 ..., c3 = 3.1415929. .., c5 = 3.1415926. ..
S0 2 no] okl ST}, W] n o] AlolT
Co = 3.1415094 .., ¢4 = 3.1415926 . .., cg = 3.1415926 . ..

3} ol ghol @Ak AX WA ol Pt
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rO|w

%E] 5.3.8. /é.]#g—’] TE o, a1,0a2, . . 'g' n Z 1(1)_] _JD—'E‘ noﬂ Eﬁgy/(_] Ay > 0
ojtt. 0E L} & BE F+:nol tote] e, = [ag,ay, ... a,] ©]2} 3. 18]
¥ lim c,o] EXjo}7] fJet BRFEZHE 3 an o] Pilol= Zojot).

398 71+ 3 an 0] WA limy, s o0 ¢, 0] EASEE AT Bl ok
w}gFe] 292 (52, Ch. 2, Thin. 6,104 2 5 91
;g%\— QN% 12—1 ]}\‘1 q—2 = 13 qd—1 = 07 j—‘j/]-—]_—’- n > OO]%
n = GnQn—1 + Gn—2
o2 oI HE4Re] R EL £l s 33 B 2
ol 4 i e e 1)0] SV AL . e ahe
Yoo @] HAYSHH {gngn-1}0] FEHE TiHES HolH %—E—E}W
Z= nofl iste]
Qn = QnQn—1 + qn—2
= GnQn—1 + Gn—2Qn—3 + qn—4
= anQn-1+ an—2qn-3 + ap—4Gn-—5+ qn—s
= anQn-1+ an—2q@n-3+ -+ az2q1 + Qo

o], &% nof oA,
Gn = @nQn—1 + an—2qn-3+- -+ aiqo +q-1

o1tk n > 00 a, > 09|92 {g,} & Z7}A0]e}. whebA i > 001 g; > 1
Cle} o AL groh Shgh 1] A1 A8o1, Hogl e

anan+an—2+"'+a2

n 2 Qp +Ap_2 + -+ a1

WO S a,0] WA Taz, 1} Sazs 50 HolE b waigiet,
22 §6] FEASE {gn}ol {qznﬂ}z Ho| & s HH]-oHO]:oh:]—
J%Eﬂ {Qn ’19_‘ %7}¢§O]EE {qnqn_l} O]‘EHE H]'/\]-o]—]:]—

o] 5.3.9. n>2¥4 W q, = m olg} skat. BT o5t Y a,

2 uagic meby 32 FIS ofstel, 984 [ng.01,a5.. 12 ST
o] dB4L ol gl 43t} g8 So, e P52 FsHE 10000

T

A AL RE o]50] 48 ANAS el ofdrh.
[ag, a1, ..., ag999] = 0.5750039671012225425930 .

ol
[ao, Aiy..., aloooo] = 0.7169153932917378550424 . . ..



106 5. A84
B2 5.3.10. U7 ol ARLTYO] Jofo] UL (23 T2 Bah)cad
T_F,_"#\— [a07a17a2>"'] —’VI &Pﬂ]’ 17_——_7-#

38 TheF fretstd A D*OP noﬂxﬂ t, = 00] H1, o] ul& B xAe]
o] Avfolc}. Bq AR sely, B el I ofshed,

1
x=lap,a1,...,0n, —|
tn
o2 &4 2, AZYARII oot chas et
" pn+pn 1
T = t"
i .
*'Qn-ﬂlnq
tn
wrabA, Bk ¢, = [ag, a1, ..., an]012FH,
Pn
T—cCp=x— —
dn

#Pndn + Pn1dn — 7-Pndn — Pndn-1
an (iqn + anl)
_ Pn-1Gn — Paldn—1
an (iqn + Qn71>
(="
an (iqn + anl)

o] HlE g,
1
|z — el = -
dn (ZQn + anl)
1
<
qn(an+1qn + anl)
1 1
= < — 0

Gn * Qn+1 n(n + 1)

2 goh 919 BEANAE a,0] £ BEF R, wetA 1, < 1
]

e
(o
HU
[y
N
‘ —
C,

Lolg
o2 e g A8 B.3.100] SEagollA Eelgt Aoltt
&34 5.3.11 (A=252 9). a,a1,...0] FTHALZFTE FoJoll x =
lag,a1,...] € RoJ2}1l &fxF. Z2|H HE moj tffs]o,
Pm 1
‘ CGm| Gm Gme



72749 5.3.12. 27} fEl5o]d, FES BN e £ ag,an....
seirdolr.

Mo

& o Aot gheF [b17~-~ab7n] = 1o]H, m = 1, by = 1] H&=], ]+
)+ 18] ARS [ + 12 FE A0lBR, $219 AT 2SN

Lo 24 oefif) ehert, detl b b > 101 S
= 1/[b17'~'7bm]—% 01\:411_:‘1:}' o] —T"]'ch,—%
T S Bl i 4 °

'L Q1S oX o
Jo A R 4> fu

6—/] —E'— %[2 172711]—747171767~~~] /\]3}’@"’/} 01317]' 1737151 %—Eg
Sol([[1A%), e £99 AL 7]t RaaRss e, 0o
) FRARLS UEn2 of 2ol ide SRl

okt
rr g

o el Se el It 38 Aol ae As gl Bl 3
E3 Hermite®] 32 971 W@ Zlolt (HIFHE). o] AR5 Bee

o EINAE S At 3 288 of A e o W

Aere] ol ol g

5.4.1 8]

WA co] QLSS ok FE G2 A BT @k 2,1,2,1,1,4,..] g4
z 2 M55 57] $15te] 59 {auln > 0}2

(1,0,1,1,2,1,1,4,...,2(n — 1),1,1,...,]

FA AT 2 QAo (o] @O g FoME n > 1oJH Fi K a,
7HESHAIRE, o] Ho A& FA| o] S WAl a1 = 05 A=
) dofl ofsf| Fo7l AZ42 FEFH A ER e Ihdet &%
& T pit ¢ A s ARESHE that 2t

T3n = T3n—1 + T3p—2
T3n—1 = T3n—2 + T3n—3
Tgn—2 = 2(n — 1)r3p—3 + rznp_a.

9219 3 WA BHE 919 A A HIIAS ran, 7505, Tano¥ EFHL
A9 A o= Folt Aoltk. WA 9] A HozRE e A4S

rr
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re
r4m

TABLE 5.1. Convergents

n [0]1 2 3 4
x, [1]3 19 193 2721
yo | 1]1 7 71 1001
| on/yn | 1]3]2714... [ 2.71830... [ 2.7182817... | --- |

P,

T3n = T3n—1 + T3n—2
= (7“3”,2 + r3n—3) + (2(n — 1)7‘3n73 + 7“3“,4)
= (2(n — D)rgp—3 4+ ran—a + r3n—3) + (2(n — 1)ran—3 + r3n—s)
= (4n — 3)r3n_3 + 2ran_q.

w4

T3n—3 = 273p—7 + (4n — T)r3n_g.
A AR Aol A 2r3,_4E 2ATH7] 16+ 2r3,— 4 E THA] A EH th-S3} 2ot

2r3n—4 = 2(r3p—5 + T3n—6)
=2((2(n — 2)r3n—6 + r3n—7) + T30n—6)
= (477’ - 6)r3n76 + 2T3n77

o] A& A WA A 9] 23, 4o, 12T T WA Ao A 273, 72 3 HA Ao
tidstd ¢-27t ez she Aoty

r3n = 2(2n — 1)r3n—3 + r3n—6

o
=

T = Pan, Yo = Gsn O 2 OISHA ST £9) 3n-FE]
2 Od =

A
n = e
So] 4zt 7;33 s T /Y= %TC' =3to R Ftdth 4 {2},
{yn}2 n > 291 2= nofl st oF Hofl A &2 HakA
zn=202n—1)zp_1+ 2n—2 (n>2) (5.4.1)
= TSI (9 202 2,014 g HIAIRITH) o] & 2 Z S M
Ak (A F Fap =1 a1 = 3,0 = 1 = 19 I5L Do) ABZ2 R
A4 Aites d& %l% ) IR ZF DA A 0431 FEe lens,



5.4 0] AXZ 109
5.4.3 #HH HE 95
2n>

_{T_Cg TO;T17T2a" .

o= Aol dpgo] £Eoltt Ty, Th 9] 2 v+ 2

1
Toz/ eldt =e—1,
0

1
Ty :/ t(t — 1)e'dt
0

= _/1((;5 — 1)+ t)e'dt
0

1 1 1
+2/ etdt
0 0

—(t—1)e'| —te
=—1l-e+2e—-1)=e-3

0

(V& u = Ut — 1), dv = fdiOR 7 BBARE 87T T 4

S A 0, 120406 w7} A4 034 1904 09] s1o] Attel i
A ol n > 191 7,9 A% ZEHct) AR Ty = yoe — a0

T e a1 ahe 13 o 4ieh oA T, o] 8] ) L 494

grEgehd, Aol gste] T, = yue - v,0] AUTS 974 B 5 ek,
S8 T, v, 4% 2E AT WEFS Kol Alo]e.

- -
1
"t —-1)"
Tn:/ el =" eldt
0 n!

o /1 R e VA Gl Vi
o (n—1)!

B 1 tn—Q(t _ 1)71 tn_l(t _ 1)n—1
_/0 ( -2 " o)
tnfl(ti 1)7171 tn(tf 1)77,72 .
-0 (m_2) )edt
—onT,_, +/ P D"E o o1 et
0

J-:

+n

(n —2)!
1 n—1 n—1 1 n—2 n—2
"t —1) : / At —1) "
=2nT,,_ 2 — e'dt — e'dt
min-1 /0 m_2 ") Ty ¢

= QHTn,1 + 2(n — ]-)Tnfl + Tn,Q
=22n—1)Th—1 + Ty—o.
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i

181—51;7 T = yYne — ;[;nO]E]- ?tH

1
tn(t—1)"

lim - " eldt =0,

n—oo Jg n!
ojlmg

lim 2 = lim (e— ") =e.
olt}. wabA z,/y,0] eol Ao, T AL [2,1,2,1,1,4,1,1,...]% eo
Sgict

o] Ho] ZHHi-g AutslslH RBE 24l n € Nof| tiste] e!/7 0] AR 57}

1, (n—1),1,1, (30 —1),1,1, bn—1), 1,1, (Tn —1),.. ]

55 ol 2

o] Ao &t RateBAL o]z} R4S Holth o]} a]set o] xpHh
Ao o1 S Sleleey Aol o A At A ek ho
95 T aFpazlo] felset AT} Bl mEr ol AR ele] Rt 2
22 SBUTHE ALY ZRL Hohe YRR ol TUZE {4 k=
(finiteness argument)S Zgtch. A5 2= =g o= $a7) Pale
Holz] il E Q7A€ 37_4} ol 7lef iAo AE59] dETE
A )

Aol 5.5.1 (o]x} FE4). o]z} B4 (quadratic irrational)+« A7}
2491 ol7f gl e] Ralsole elnlgit.

oA Sl (1+VB)/2k 0|zl 5otk
1++5
2

l‘ﬁ, _{>.

=}
Ty

=[1,1,1,..]

2L 715k V2 o dESE[1,2,2,2,2,2,.. ], V3899] dESE
(19,1,2,1,1,1,1,2,1,38,1,2,1,1,1,1,2,1,38, .. ]
o]q—' [17 271717 ]" 17 271738]% Ooj—?:].a] 74]—5—‘\—%7}-?

SAGE o] 5.5.2. Sage’® o|g5to] V3802] G2 o Adsld the 7} 2k,
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sage: def cf_sqrt_d(d, bits):
x = sqrt(RealField(bits) (d))
... return continued_fraction(x)
sage: cf_sqrt_d(389,50)
(19, 1, 2, 1, 1, 1,1, 2, 1, 38, 1, 2, 1, 1, 1, 1, 2, 1, 38, 2]
sage: cf_sqrt_d(389,100)
(19, 1, 2, 1,1, 1,1, 2, 1,38, 1, 2,1, 1,1, 1, 2, 1, 38,
1, 2,1,1,1,1,2,1,38, 1, 2,1, 1, 1,1, 2,1, 38, 1,

-
(£3AE ). 8B4 (periodic continued fraction)+= &

Ap = Ap+h

= A4 Wt EA5tE 85 [ao, a1, - .-, an, - JOITE O]F b F
71 2o A8 B 49 F7](period of the continued fraction)z}il
].

o 5.54. &AE [1,2,1,2,..] = [1,2]= o|® gholl 57
1
1,2]=1+ i ,
2+ :
14
I
2
+ 14 ..

1+ 1+ I G
o = _— —_— = =
9 1 2a0+1 20+1 2a+1
_|_ .

«Q
7} Aggith wheba 202 — 2a— 1 = 00| B2

14++/3

o =
2

oltt.
Ad 5.5.5 (+=&AEF] EA). Rt dEso) £ oEo]7] 9o &
BFEZE o]xFFe]F YEYlE dEoltt
33 (=) d&F

a07a17-~-aanaan+la---7an+h]



112

o
re

)= P

=T

o] =gttt al 5hAk 1 8|W « = [ant1, ange, .- ]2t FOH
o = [an+17 -+ nth, O[]

7t Agstrz, 7124 B.2.50] o5t

_ OPnih + Pn+h—1
Qfn+h + dn+h—1

webd ol A%57} G149 o4 o] sza ekttt 1)

[ao,al, .. ] = [ao,al, N ,G,»,“OZ]

:a0+

—_

o)1l q; = BF AS40]

L
«
oz, B2rol 325ks #35t ¥ §HESHH 9 A2 c+da
TEc+da(c¢deQa

s o] AYRES) Tol HBEZ [ag,a1,...]E Q
QoA g eJE o]2} th &@4 Sflo]ct
71242 p.3. 122 HE B Rart ot g e olyBR a ¢
Qoltt.
(=) a € R7} o34
ac® +ba+c=0 (5.5.1)
£ WEste Falgata skt & a,b, ¢ € ZO] 3 a # 00t} [ag, ay, .. .]O] o
o] A&+ o,
T = [an, Gntt, -,
2l F o,

a = [a07a17'-- ;an717’r’n]

2 GEGT 0|4 r, 52 Uehe 4 9k 50| fIARUL
dere LU ABID, B2 U+ A S50l R
iy

[@0y -y Ane1,Tn] = [A0y -+ yAne1,Cny -y Qpph—1, Tnth)
=1[ag, -+, Qn_1,0n, -, Qpth—1,"n)
[aO; ;An—1,0n, - - 7an+h—laana---7an+h—1arn+h]
[ao, s Ay — 1,an,...,an+h_1]
£ gt

w2bd r, 52 Uehd 5 Qe 50l 7t 7 #olzke ARt Hold Hrt

_ PUn TnPn—1 +pn—2
dn T'ndn—1 + qn—2
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o|m2, oF 0|74 EEI)e] A 1,2 ol 34
Apr? 4+ Bury +Cp =0
= &St ol W A, B, Cn2 o33 £t
A, = api_l + bpn—1qn—1 + CQEL_M
By = 2apy—1pn—2 + b(pn—1qn—2 + Pn—2qn—1) + 2¢Gn—1qn—2,
Cr = app_y + bpn—2Gn—2 + cqs _,.
QA XA A, Bp,Cp € Z0111, C,, = Ay, 18|31
BEL —4A,Cp = (b2 —dac)(pp-1qn-2 — Qn—lpn—2)2 = b? — 4ac

dndn—1

1 1
|aqn71 _pnfl‘ < — <
qn qn—1

=0 ) (5] < 10]@A]

7} H 3, WA (agp-1 = po1 = 52

Pn—1= QQn—1 +

ok 4,0 o] A2 s,

5 \? 5 )
+b|ag,1+ Gn—1+cq, 1
gn—1 dn—1
2

= (aa® +ba+c)g?_, +2aad +a ;5 +bd

n—1

dn—1

il

ul e
U=

rol

An=a (aqn1 +

52
|A,| = [2aa0 + a—— + bS] < 2|aal + |a] + |b].

n—1
ol&= A A0l 23 F3HY] S AT 4 S HojErh &,
|Cn| = |An—1‘ ) |Bn| = \/b2 (CLC - Ancn)
o|Bg A 4o A4 (AannaCn)O] AL & Qe dE= 719 7HeA
Ul POBR, o[58 A%E e of7} kA9 A2 UEPE £,k A
=
o

Tf o) 7, whahA 14ﬂ7} ALt (919 [23, Thm. 177, pg.144-145]
2 gol Zustglrt) O

Mo ﬁ



14 5 AR
5.5.2 1z} g2 o] o Hox

A9] 5.5.6 (W2 &). 43 $(algebraic number)E= thdA] f € Q[z]
9] &jjo]ct.

Open Problem 5.5.7. fj~%] = V/29] dELZE ohdstA] QAo a).

Aake hew 2ok
[1,3,1,5,1,1,4,1,1,8,1,14,1,10,2,1,4,12,2,3,2,1,3,4,1,1,2, 14,
3,12,1,15,3,1,4,534,1,1,5,1,1,.. ]

£ A7 obzle off SR M (pattom)& 27 ool st 4
o @0 & 4 9loelabs AN Zol S4lrt. Langi} Trotter ([35)

S
Fx)E V20 dBLo we FES EAZ 07 BASIY =T 159 Ayt
V2= Eo]gH “unusual”) AEST FEHIS /\V\]'O]'—‘:ﬂ Jev 1 % [36]9]
Aokt 134 98 4 U8 AT



Khintchine ([26], pg. 59] )

106302 71F02] 17 B4 0] AR B Yhotol
27k A QRS el FHE LS FAE ol
HAEE Tl A ek ] @A7HA o]} 0]9]9] 1A} Hh
%) 520] gitiarol tfaf eejzl AFdo] glcke AL A HghThe
Aol Fulgeh. AAo] o] ARSE] 7} Fo| FAYAE BE
of. Qubg o2 2apRet 2 o5 50] AEAE ofF of gt
el qla A @A L Argolc.

Richard Guy ([19, pg. 260]%=x)

G ARSY] FE5o] §A7F ofd 32 o] WA = &
AstErE? RE I9 43 49 BB E(partial quotients)-<

{AF ok

Baumi} Sweeti= Richard Guy2] A2l Q& & A K9]o|A <] tf4=4
F2 U S G FATE]. (A K= 9471 F 710 Al FofollA ¥4 1/x
9] Laurent g752] A Fa((1/2)) At} &, K9] ¥4+ xof ¥k bt
1/zof| Tt HF49] 3to|rt.) 152 AR5 E FE9] 247t f8st
KSlo)A 9] 32k tf4=4] dAk 29k, & AR49] 59| A7t FAHA
22 32 o]/g9] oY A YAaEe U

k7|

o s =

56 -FElg Q146
of §2]me] TAES o WAL ALK B3, 1 2157 BAIA o
Wi Aohar shat o= AEstA 11 gh& Atk flsko], A4 7oA 9
TIN5 #e A2, 771+ 3] & 47 2 4 7] "'l (oF &),
2 AT PHE ofyth XA 2 UL 11 ALY dedReE AL
Skal, ofF & FE 5ol v 7] Ao AebA 1 g Aia ol = Altste
Zojot. 11 Adt AR o g 2be FAet RRE Zh= fe4E I, ol
T, Ao e BE2 /e, 94 ¥oBg2, 87t F5alA; b=
frelaete Ade] 77k geoltt.

oAGA FelE A G=A] o At AR o2 dwEnh 2zt
k= fFelae 2ot

x = 9495/3847 = 2.46815700545879906420587470756433584611385 . . ..

-

ZAZES 2.4681570054587990648 1 519, 0] £=0] Gl B2 th.S v} 7t
2,2,7,2,1,5,1,1,1,1,1,1,328210621945,2,1,1,1,. . ]

2 s 4 grk

=43 ok

o
>

9495

2,2,7,2,1,5,1,1,1,1,1,1] = -—.
[7777775777777] 3847



il QAAEE 919] 2] A FRAA ©of
B 715 2RI & YUOATE § 38470]A] 109] §l5=7F 38460] L2, 1/38472
ZF717} 384691 +8ha427} Hh(Exercise {7 &x).
ol A= & A A< el Fhe e 585 K7 98] f(x) € Z[x]
AHofie ot A9 Fel shE 7HAl= At el thdA]ol2tal ZHskAt
el WY OR 7Y Al o] TARgES 78 5 AL, T DRSS
== o83t el TARE ot 5 Al i dste a7 HeAE
Hfel5 dll n/de, nd e ZE M2 AR FOW, n
d 2 3Aao] ASE etk AHE ol 83 % otk Tt
185t ™ fo] Aaadat o] AlE e-Eslisiorst=1|
20| B8] E =9 e ol TS A8l
HHA, R o] I RS ol8she e o] ATt vR
w27 n/d— & o]l gl
L f = 3847x 14808904z + 36527265211 5}t el o] M-S

ot, zoE f9] sf2tal 75kt o2 A
f(zn)

LTn+l = Tp — f’(:v )
n

= WHEHH 2, 0] fo] 1 sfjo] LAbgkolghE Zo] wE o oIt 2o = 0
o A} 2w

x1 = 2.466574501394566404103909378,
To = 2.468157004807401923043166846.
1} 299 ARG 247t o Eh
2,2,6,1,47,2,1,4,3,1,5,8,2, 3
[2,2,7,2,1,5,1,1,1,1,1,1,103,8,1,2,3,.. ].
129 AESEE 103 Qo)A A=,
2,2,7,2,1,5,1,1,1,1,1,1]

o
== E]_-—]_—,-
38479

~—

omb

g
4
-

Ly
U
il

I e e [ I‘lr‘
O fr E oy
=
e
30
2
o
42

)
O

e —

— ox °->‘3 r
=
<ol gy o2k
il o Mo
EH

2

12

O

f

< =
d)
0

W or

oo & N rr
62 5%
i jo T

jg:zwa'

LRIl

o]
-
N

)

2 Q) AToIH 9495/38470] 1, foll tidste] fo] frals o)L She1gt
% 9k
SAGE o 5.6.1. SAGEE o-§5}0] 91¢] A4+& @k w7 Newtono] 2

TRz
sage: def newton_root(f, iterates=2, x0=0, prec=53):
x = RealField(prec) (x0)

R = PolynomialRing(ZZ, ’x’)
f = R()
g = f.derivative()

for i in range(iterates):
x=x - f(x)/gkx)
return x
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oF2 Newton®] WHE-& run k1, 1 W2 3o AESE AR

sage: a = newton_root(3847xx"2 - 14808904x*x + 36527265); a
2.46815700480740

sage: cf = continued_fraction(a); cf

(2, 2, 7,2,1, 5,1, 1,1, 1, 1, 1, 103, 8, 1, 2, 3]

dEsE At Wil I g ARt

sage: ¢ = cf[:12]; ¢

2, 2, 7,2,1,5,1,1, 1,1, 1, 1]
sage: c.value()

9495/3847

o] o] WS Holq7] AT AE4| E TE F7HO| FaT $8L
aolste, aF 4520 ofd Aol ofE Ao s 2t
S50) A0 2 TAIEE olgdtel 28 Talol ¥ v, felA nolE
QRS o] o] A4k Tekod] A4 Sge .

57 % ABHY G

o] ol R4S Sgslo] g 4 S THD.
e 5.7.1. %] F= nol £ AF<2] gho] H7] gt HaFLEEHAE

o] 2R304 p = 3 (mod 4)S TFESH= no] 44> o4 po] |47
#¢1 A ojrt.
w2 2 Y] 5 AEEt 5 = 12 4+ 2°&= F AlFg5o] FolAw, 72

1‘3*1 T 20012 302 Lol A, 92 Lol 44 o*ou; e
FE 20018 7 AESS Fol ohirt (BhehA 2418302 el
= FalEr

A

SAGE 9] 5.7.2. Sage-s AFg3t0] 2017 B2 nol
28 12 dEF1, & 13 HL a2+ = no|
T2 AT

sage: def sum_of_two_squares_naive(n):
for i in range(int(sqrt(n))):
if is_square(n - i"2):
return i, (Integer(n-i~2)).sqrt()
return "s is not a sum of two squares"’n

e Al A9 S B2 AgUTE

sage: sum_of_two_squares_naive(23)
’23 is not a sum of two squares’
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sage: sum_of_two_squares_naive(389)
(10, 17)

sage: sum_of_two_squares_naive(2007)
’2007 is not a sum of two squares’
sage: sum_of_two_squares_naive(2008)
’2008 is not a sum of two squares’
sage: sum_of_two_squares_naive(2009)

(28, 35)

sage: 2872 + 3572

2009

sage: sum_of_two_squares_naive(2%374%5x7"2%13)
(189, 693)

9] 5.7.3 (Primitive). A% nol & ABHE] & n = 2 + 2ol 4 29} 7}
A2 A0|HA primitive T o|2t1 STt

22 5.7.4. Y00 p=3 (mod 4)¢] = p2 L0 A, n prim-
ztwe oM = Ao glo 2 mEE o~ gt

33 A% nol ashyrt AR 20lWA n=2? +y70l 1, pi= n®] AOJ9 45
of Eh_ &t2;. 199

pla?+y?,  ged(z,y) =1

olBZ pfatptys WEICE ¥ Z/pZi Ao|RE, A 2?2 + 4?2 =0
(mod p)& y?2 Y= 4 91, I1#H (2/y)? = —1 (mod p) o] Aegict. o

2] —10] ¥ polA] A 47} HB& Legendre 25 (21)& +10] Hojof
st} 2eie] 724 e 210 olshd
“1) _Cpe-ne
(5)-co

Qe (51) =12 (p—1)/201 &%, Z, p=1 (mod 99} FAolck. O

g 5.7.1°] F9 (=). p= p =3 (mod 4)& WESI= 4258, r2 p" | n
ojuf prt{ n}l E4r0]aL, n = 2% + yolEtal 71 0}1} d= gcd(ﬂC y)E}?’L
ShH,

r=ds’, y=dy, IHI n=dn

(Z‘/)Q 4 (y/)Q — n/

o "t &, n'2 AE 29 F Alg59 &o] "ot ro] EpolE
RE @S We $7F gloBg, p|n/olojobt gt} W B
oJste] ged(a’,y’) > 10]ojopgt SR E, no] & AF4o] Fo
9-2]9] 7}-& moltt. 0

fru

bm"ﬁ?]
i
) PN
M=o
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il
L
27

ST 2SS o\ WA ning o 2 ety
p=3 (mod 4)3] &% oF47} Qi 4eolch. 12w

(=7 + 1) (23 + 93) = (z122 — y192)° + (2192 + 2201)° (5.7.1)
o] /g§ste, &+ A *#94 o] & 111—%#94 JFelBR, nyo] BE
&g T F 5 AF9] S =124+ 12028 p=1
(mod 4)]1 &5 p7t = 1%1—3—491 S HolH %E—%}E}.

BzAE 5.7.5. z € R, n e NoJi, Hzz] noJsto]mH A

59 ¢0] AR [ag,ar,.. 12 A2} A F3IIR) olsted, 7k mol
g

o
dm - dm+1
o dm 1>Qm+1o]—]—q0:101‘j§7Qm§n<Qm+la Eﬂ———'T]'
= mo] ZAEAL, 52 28] QB4 §GRA nol 2o Byt Ak,
FAro] Aol ¢ = o2 G Hrk. ARo] B9

Pm 1 1
r——| < <
dm dm * dm+1 dm - (n + 1)
o] 4Rlstm e § — z—mi gjst et 0

pol A Aot =,

: H r ez
H
o] A5t 2 = —1 (mod p)& WE3Jt n = [/p), z = =-z E =g
w2 758 A, 7|oFRS: 27h EAste] 0.< b < \/pe}
_C — g < 1 < !
p bl bn+1) byp

E TSR c = rb+ paR EOH,
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ojlm=z

0<b®+c®<2p
£ dtt. 2dY c=7b (mod p)o]|BE,

V4= 4+ =0*(1+7r*) =0 (mod p)

1 el 2pEeh 22 g5 FolA pol HigE pHolBR 0¥ + ¢ = pE
et O
#2576 BTl SBo2RH 4019 p=1 (mod )8 F AF42]
Hom BAY 4 ik BLHY ITAEL 9L 4 9
SAGE o 5.7.7. Sage@} A m%— 0] 25tH p = 1 (mod 4)Q1 &5 p
s = AFeo gox FAOE e gaeine gert oA 3
THoRTH didEe AT
sage: def sum_of_two_squares(p):
p = Integer(p)
assert p%4 == 1, "p must be 1 modulo 4"
r = Mod(-1,p).sqrt().1ift (O
v = continued_fraction(-r/p)
n = floor(sqrt(p))
for x in v.convergents():
¢ = r*x.denominator() + p*x.numerator()
if -n <= ¢ and c <= n:
return (abs(x.denominator()),abs(c))
o= o= o] &al2lEE o-83tel =1 (mod 4)91 2 WA 10 A8l 205

T AT gor 20

sage: p = next_prime(next_prime(10710))
sage: sum_of_two_squares(p)
(55913, 82908)

7+

9] Ae BAHOE £ . 3% n
59 olgatul p2 £ AlF4o oz Bdsh: o 4 27 Fant.

i

sage: sum_of_two_squares_naive(p)
(565913, 82908)

H.8 Exercises

5.1 If ¢;, = pn/gn is the nth convergent of [ag,a1,...,a,] and ag > 0,

show that
Pn

Pn—1

[anaan—17~'~aa1;a0]::



5.2

5.3

5.4
5.5

5.6

5.8 Exercises 121

and
qn
[an,anfl,...,QQ,al] = .
dn—1
_ 1
(Hint: In the first case, notice that Prn_ _ an + Pn—2 _ an+ )
Pn—-1 Pn—1 pn7_2

Show that every nonzero rational number can be represented in ex-

actly two ways by a finite simple continued fraction. (For example, 2
can be represented by [1,1] and [2], and 1/3 by [0, 3] and [0, 2,1].)

Evaluate the infinite continued fraction [2, 1,2, 1].

Determine the infinite continued fraction of 1+27\/ﬁ

Let ap € R and a4, ..., a, and b be positive real numbers. Prove that
[ag, a1, ..., an + b] < [ag,a1,...,an]
if and only if n is odd.

(*) Extend the method presented in the text to show that the con-
tinued fraction expansion of e!/* is

h,(k-1),1,1, (3k—1),1,1, (5k—1), 1, 1, (Tk—1),.. ]
for all £ € N.

(a) Compute pg, ps, qo, and g3 for the above continued fraction.
Your answers should be in terms of k.

(b) Condense three steps of the recurrence for the numerators and
denominators of the above continued fraction. That is, produce
a simple recurrence for rs, in terms of r3,_3 and r3,_g whose
coefficients are polynomials in n and k.

(c) Define a sequence of real numbers by

1 YR (k) (kt — 1),

i. Compute Ty(k), and verify that it equals goe’* — po.
ii. Compute Ty (k), and verify that it equals gze'/* — ps.
iii. Integrate T, (k) by parts twice in succession, as in Sec-
tion[5.4] and verify that T,,(k), T,,—1(k), and T,,—2(k) satisfy
the recurrence produced in part [6b] for n > 2.

(d) Conclude that the continued fraction
M, (k—1),1,1, 3k —1),1, 1, (5k — 1), 1, 1, (Tk — 1),...]

represents el/k,
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5.7

5.8

5.9

5.10

5.11

5. AR

Let d be an integer that is coprime to 10. Prove that the decimal
expansion of é has a period equal to the order of 10 modulo d. (Hint:
For every positive integer r, we have =5 = >,,-; 107™™.)

Find a positive integer that has at least three different representations
as the sum of two squares, disregarding signs and the order of the
summands.

Show that if a natural number n is the sum of two rational squares
it is also the sum of two integer squares.

(*) Let p be an odd prime. Show that p = 1,3 (mod 8) if and only
if p can be written as p = 2?4 2y? for some choice of integers = and y.

Prove that of any four consecutive integers, at least one is not repre-
sentable as a sum of two squares.
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o
A
Iy

FIGURE 6.1. The elliptic curve y? = 2> — 52 4+ 4 over R

6.1 A9
9] 6.1.1 (F9ZA). 2] K9] QT4 (elliptic curve)L 4]
V=24 ar+b

oz oy 2Molck o, a,b € KO T —16(4a® + 270) # 00]ch.

Z7A —16(4a® + 270%) # 02 E o] ¥ (singular points)o] gl
2710t} AL 250 BB 1A SR BAGIAL ofF BEH X
olt}. (Exercise |6)1| 2F%).

SAGE ¢j] 6.1.2. EllipticCurve W o2 G244 Q QoA g2 AS
AyAsta a1 a9

sage: E = EllipticCurve([-5, 4])

sage: E

Elliptic Curve defined by y™2 = x"3 - b*x + 4

over Rational Field

sage: P = E.plot(thickness=4,rgbcolor=(0.1,0.7,0.1))
sage: P.show(figsize=[4,6])

AB3PIAE A4S A5Rastr]9ste], (A e FTAS THE] $
sto] GatA] QoA 9] EFAT AL o] &gt} u}~ Sage FEL 9147} 379
43| QoA o] et ML A, 162004 AT AHE AE
Uehf ot

™Y o

—

o
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sage: E = EllipticCurve(GF(37), [1,0])

sage: E

Elliptic Curve defined by y™2 = x"3 + x over
Finite Field of size 37

sage: E.plot(pointsize=45)

35k ° °®
30p ° % °
° °
) ° ° °
°
20- ®
° ]
15f- °
o ° b o R
° ° °
o °
° %o
- 5 10 15 20 25 30 35

FIGURE 6.2. The elliptic curve y* = z® + z over Z/37Z

Il A K919 EEA B A5 35U 422 he 0%
g Ag

E(K)={(z,y) e K x K :y?> = 2® + ax + b} U{O}

el opilE T8 AALHA Helske D Fhek o714 Ok ek Qe
How Azksie Bef] 14 B 434 2/372 glol4e] 2 = o + 28
BESHE AEZ TAE] b, Bael g H O TAHoR I

1o

1

ZE 6.1.3. A K| ®7} 2019 (F, KA 141 = 00]9), 4919 a,b € K
o thste] —16(4a® + 27b%) € K= g4 0olth. uhebA, o) [6.1.1p] 5t
KJolA o] et Ae EAfskA] ehett B850 39 A9 fARE A7
TAgghet. 4l S22t ohet 22 Feo] 4

v? + arzy + asy = 2° + aox® + asx + ag,



B
o1

AT 6.2.1 (BHITH F G4, PPy € B(K)Y ), o] F1e5e A

WA 4 R= P+ P, € B(K)E Adg

y? =2 +az + bo 2 AolE A K9je] ehhmAolt. AA B(K) 9]
A4t +2 Ao},

L [Is P, = 07 Wk Py = O0]®l R = P2 %1, W P, = O0]d
R=Pi o 53 opth T%A O (s,y) = PE 2
°]

o], R = 0% &1 upAc}.

(322 +a)/(2y1) if P, =P,
(y1 —y2)/(x1 — x2) otherwise.

2. [Negatives] TeF z1 = 220]1 y; = —yp

3. [Compute A] A = {

=1
o

4.@%m%e&m}13@]%=(V—xrﬂm—MB—Wﬂﬂﬂﬂq
x3 =N — 11—z R O] a8, v =y — Az, 0|t}

A BIA Pr = Prol® g # 00]ck. 1131 o 1 eAolA Bt
%1& Zo]7] wolct.
B2 6.2.2. ULV FIH A4k +1= Y7 B(K)o] F580] O
ol optli 7%Z Zr

o=z AsjHsto] 47
Zkststo] WAk P+ P Pyat RS AU A Lol E9‘r ”Wr R
] 2 = EHE Z

2

A
“n o
|

23.ﬂ%%ﬁyz:a§—5x+4QS%WWﬂmH&LE%@

P = (1,09 Q = (0,2)2 H3it}. & P+ PE A4tst=g|, B2 o] ghe 73t

EHA A 09ld], Sageo| A= (0:1:0)& UEPATE 22112 P+Q+Q+Q+Q
Aret=dl, 1 32 soh& A2 A

sage: E = EllipticCurve([-5,4])
sage: P = E([1,0]1); Q = E([0,2])
sage: P + Q
3:4:1)
sage: P + P
O :1:0

sage: P+ Q+Q+Q+Q
(350497/351649 : 16920528/208527857 : 1)

TA4Ee] 7151 A2 o BEYoHA 617 flste] ths 712 A 2 E AN
o},



6.2 Bt & 2 127

FIGURE 6.3. The Group Law: (1,0) + (0,2) = (3,4) on y* = 2® — 5z + 4

712739 6.2.4 (7IoHH FAM AOl). P = (vi,y:), @ = 1,2+ HEFY
=12 +ax + b9 F Fo|il xy # xy BT SR L P1L1L Py & A=
ek X dojok. Tely L& E9F P Py 2o geka] o F

Q= (/\2—£U1—£L'2, )\xg—l—u),

oA o BFdTh B A = (y1 —y2)/ (21 — 32), v = y1 — Azy.
T P BE Avs A4 L] A2 y =y + (v — xp)Aolnh o] A
y? = 2® + ax + bol| tQJstH

(y1 + (. — 21)N)? = 2° + ax +b.
SHE f() = 2% — Na? £ = 0BE £ 4 ], 03T FEFL
QshA] oo ug AEFsIATt. Pt PoE LN ES HO|BR, 213} 24
4 fo] solck. WetA fE (z— o))(x — 2)2 Uhiro] HolA|nE,
T Sz — )2 2 5 93, AMSHA xy + 22 + 23 = A27} Aok ot
7]’ ZZ]'O]'EHE r3 = A2 — T — Tor deth E LQ’] ﬂiiyf—ﬁ
(3 — z1)A = Az3 + v& D=ttt O

<

v
&l‘

ot
Il

$—E\Fll‘ilﬂr§i
= —V.LruE

(o]
+§g

<
=

12 6238 FRYne Ae 17t oz i Aol 3eld 07} g5
Q& Tlsh, Ue A3 ma g el Adde Holt Aol
OARRH (r,y)+ (z,—y) = O BE QAL FA ZATI} 5 P} Py
o £AE HRHEE o F A4S AUt AL FUstoR wehgE oA
Yt

%



ml3
3
?0
_O'L
&

lolur RI1x=x) =4 =3 4
(free abelian group)?l divisorw-of thgh S|
Sl G B A0 o et o
ol HolA Al ¥ A ”101 /o371 stA|gt o] & £15t]

°h4W§€H]%JhﬂAﬂﬂﬁOHlﬂZLJJEEE%]MQQDE
Ayershct.

o 71

SAGE < 6.2.5. th2 Sage AoA= &12lE [6.2.0& o]&3to], fa]5A|
Q9 etdFd3e] dolel Al A Py, Pa, P37}, Pi, Pa, Py, Py + P>, Po + P3
7} ot ©t 21 5ol opetH, At A& wEE-S Helth W78 7]
dAsE RS WA Aojgto 2 o]2Y-S 4=t

MUy
> 9
.
=
X,
rH
ol

min:EE

O loorr 2o O [ e
™ ot
_O,L
M s
s,
Flo
3 %

sage: R.<x1l,y1,x2,y2,x3,y3,a,b> = QQ[]

z; 7 HEofob & 25 A olsta 11 574%% o= ol @H(factor ring)
Q & AOFT Y@L F4H Z2 HH Z/nZE AYSE A3 S5
. Z/nZOWL ZoAet TA s 2 ARt nZe] YasS 008
Bt o] o2 Aol 9tk

sage: rels = [y172 - (x17°3 + a*xl + b),

y2°2 - (x273 + a*x2 + b),
y3°2 - (%373 + a*x3 + b)]

sage: Q = R.quotient(rels)

BE o] thErty 7Pty # Ag 3

sage: def op(P1,P2):
xl,yl = P1; x2,y2 = P2
= (y1 - y2)/(x1 - x2); nu = yl - lam*xl
x3 = lam™2 - x1 - x2; y3 = -lam*x3 - nu
return (x3, y3)

o

o},

Al A& Aolstal, P+ (P, + P3)9} (P
1

sage: P1 = (x1,y1); P2 = (x2,y2); P3 = (x3,y3)

sage: Z = op(P1, op(P2,P3)); W = op(op(P1,P2),P3)
sage: (Q(Z[O].numerator()*W[0].denominator() -

. Z[0] .denominator () *W[0] .numerator())) ==
True



6.3 EFITAL ol 83 A5 Q5K 129

sage: (Q(Z[1] .numerator()*W[1].denominator() -
- Z[1] .denominator () *W[1] .numerator())) ==
True

o] 71 3 A =R

6.3 EHIAHES o]&e F9] 4=l
1987 Hendrik Lenstra7} AHE ol4Biol: 743 gl gYa
o

A ECME 2705k 87124Q] =2 [32]& RSt Lenstra®] 1
[, 81V 4], [15} §VIIL5], [ , §10.3]°1 = 47 =] o] 3l

Lenstra®] 4ilg52 A4 No| “FHA7]9
(medium-sized)” 9] Ql+& ZH=t| _qﬂi]- o] 9]
ok 59 S 7)E 1004 40 2S5 Abe] 9] 4
£ 9ugtt. ECM 92 RSA Eﬂ"a ol

Sfskerlel v ol §E AL AT (LI3E 2%

il 5.5 bpg SOl el T o
oF# 2 “number field sieve” oA AAZ ¢l gk
ste majel 2o) A58 ALl AR £,
ECMg F@sh=tle w2 44 Zasit H. Lenstra

l

mlo}m“

6.3.1 Pollard9] (p —1)-2HH

Lenstra®] 'H7A-2 o] Hoj A A7l5t2 1l 5= Pollard 9] (p—1)-H o] Fd=
ol ghE o Ak,

9] 6.3.1 (Power Smooth). B 0] o}, ko] G4 noln =[[pf'2
olBaE uf, RE iof tfsto] pf < BE WESHH n: B-power smooth
o2 Qe

A& 59],30=2-3.5= B =5,7%2 5H B-power smooth¢]Z|q} 150 =
2 -3 - 5%%= 5-power smoothi= o}t} (B = 25-power smooth= ).
Pollard®] p— 1 57} B 924l T2 ot e] 52 o] gohelw et

¢t318] 5 6.3.2 (Least Common Multiple of First B Integers). ,‘:’, o oF
o % BE AHsle] BrAe] RE ofe] HAEe] HAguiE Fobe
dare]Eolt.

Ol

L [Sewe] 4% 50 250E Fenhe A2 YT (28
olg3te] p < B BE 45850 BE PS thEC
2. [Multiply] [],¢ pUng(B)Jé A As} Sht.

e CTR
i
1%

%94 m=1lem(1,2,...,B)olg} A 1

i)

ord,(m) = max({ord,(n) : 1

IN
3
IN
|
©]
=
[}

B}) =

p(P")
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olgt =O0H pr2 p" < BE WEStE= 7Y E po] AFAlFelth p" < B <
prHiolna, r = [log,(B)|ol .

SAGE <] 6.3.3. €185 [6.3.22 Sageo|A F+F3t B = 100€ wf 9]
o] G253 Iedt dugES olgoto] HaFulas FRiTh ofgfolA
log,(B)E WEA A4tsl7] $15+e] math.logE AHE-3tTt.

sage: def lcm_upto(B):

return prod([p~int(math.log(B)/math.log(p))
e for p in prime_range(B+1)])
sage: lcm_upto(1072)
69720375229712477164533808935312303556800
sage: LCM([1..1072])
69720375229712477164533808935312303556800

Qo A dualE[6.3.2 SageolA] B =109 uf oF 127} At
o1 217} QARSI 42 47} NOJeF ol N9 Slvlle oo
Zt7] S1sto] th3t 2ol Pollard 9| (p—1)--H-& AHgeteh. WA, 6 284S
QSR AT o] A4 BE Alch 1213 NO| A5 o p5o] p- 1
o] B-power smooth7} H‘— p7} EAgtcta 7 st :I_E{Eﬂ oioF 1K 2
& a7} pE ol 2] ghow, A2 2.1.200] 2|5}

a?” ' =1 (mod p)

E‘r m=1em(1,2,3,...,B)S & =131, p—19] B-power smooth

o] gt 1en e
plged(@™ —1,N)>1

o] JYTE. T ged(a™ — 1,N) < NoJR, ged(a™ — 1, N)= N vl 413
oFrolet. 'ef ged(a™ — 1, N) = NOJ, £4-0] Mo & st No| RE
oF% "ol a™ = 1 (mod ¢)& WETTE. o] o)L 910) BAZ, | Z2 B
g Hﬂ*o}z, Pl ale R G HeEIslel, M A A4 o
No| T2 40 ABAE M" AeAAE SAST, 13 gl ASRH
Ng MO ulFo] Az, o YAES FHE ohe 3} 2.

ad1EE 6.3.4 (PollardE’J p—1 ‘ﬂ"ﬂ). ;
o, o] &alelEE No| H|IAY ofp g5 2= A g Bt (p | g9
AgpEp-— 10] B-power smooth?l A4 714 7154 0] )
1. [Compute lem] &1 2]E 6.3.2& AFEol] m =lem(1,2,...,B)& A
P
2. [Initialize] o = 22 =L



3. [Power and gcd] = a™ — 1 (mod N)9} g = ged(z, N)Z ALt}

1. [Finished?] 99} g7} 15 N obU]®, g2 Z2st o}Alch

5. [Try Again?] 9teF (& E9°]) a < 100]2HH a+ 12 ¥ T, oA

Bo= 7hth. 124 9Fowl oA

BE 143 5 412 5[6.3.42, No| p—10] B-power smoothel A5 p&
LHrol 2 W, Ng $F Jg-rafighet. ti2ka o2 10158 10 + 10000AH0]
o] 7ol A oF 15%2] 44 pato] p—10] 10%-power smootho]tt. whehA] o]
Heo] 49 85%= B = 10°¢ wf Pollard 'H 22 15-281420] A4okg
22 5 gt (Exercise {0 ). o}71 4= SUTAS ol &3 o152 o)2
sl 12} stE & Pollard ¥ o o]} EA6tA = oF

the o5& Pollard (p — 1)-44- AP3tct.
9] 6.3.5. ©] oA Pollard W2 ¢hHs}
Zt. B = 5% #-& Pollard9] p —
lem(1,2,3,4,5) = 605 A4I6tL, a =

g
2

i

a

260 1 =23416 (mod 5917)

9}
ged(290 — 1,5917) = ged(3416,5917) = 61

£ ALtstd, 59179 of 612 2 4= Utk
9] 6.3.6. o] doflAe BE ¥ & 44 wejtth. N = 7791679 QI+E
T5t7] 915k, B =5, a = 22 Ak, 12 m = 60|t}
260 — 1 =710980 (mod 779167)
o|B & ged(290 — 1,779167) = 1o|th. B = 152 oW
m =lem(1,2,...,15) = 360360

7h =,

2360360 _ 1 = 584876 (mod 779167),

A=k
gcd (2309360 1 N) = 2003

£ Axgto 24 7791679] oF4 20032 =t}
6.3.7. o] oA o] Ze H4 BE ALEFITE N = 43310|1 B = 7
2, m =lem(1,2,...,7) = 4200|t}. &

2420 _1=0 (mod 4331),

ged(2420 — 1,4331) = 43310]| B2 43319] 914k o1x] Raolcy. 1 E BE 5
2 v}, Pollard®] Wilo] T22 ehdict. =,

200 1 =1464 (mod 4331),
ged (260 —1,4331) = 610] 22 43312 o]A| 1B &= Qlrt.
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o 6.3.8. o] oAM= a =28F Hot= AHE d= 7 AT, a=30=
1—7]—-‘—_:0].\:]-]\[—1870]]1“ B—15§7]'6]]— m:lcm17’ 715):
3603602 AAFSHTE a = 22 A3)5HH

2360360 _ 1 =0 (mod 187),
ged (2360360 ) = 70]DE 1879] oF42 Az = Hattt o|A ¢ = 3

187
o8 PollardJ HT"?Q% 185}
3360360 _ 1 =66 (mod 187),

ged (3360360 _ 1.187) = 110]t}. whabA] 1878 112 irojAth =, 187 =
11-179o]t}.

SAGE o 6.3.9. Sageo] A Pollard®] (p— )% AL 0] o] 5}of
919 mE AL ST,

sage: def pollard(N, B=10"5, stop=10):
= prod([p~int(math.log(B)/math.log(p))
for p in prime_range(B+1)])
for a in [2..stop]:
= (Mod(a,N)"m - 1).1ift()

if x == 0: continue

g = ged(x, N)

if g !'=1or g !=N: return g
ce return 1
sage: pollard(5917,5)
61
sage: pollard(779167,5)

sage: pollard(779167,15)
2003
sage: pollard(4331,7)

sage: pollard(4331,5)
61
sage: pollard(187, 15, 2)

sage: pollard(187, 15)
11

¢l Z**B%F_’%i’@ﬂr.]\bpqoF’-pf?)rqt’“*oh_ p—1%g—12 Et
B-power smooth” t}. 1219 Pollard®] (p—1)-HI'H-2 25
o172 & 7Hs/do ,B=2002 &3 N =59-101 =

= T
k&z

I
£ R
mlm_\;
o
2ot

5959
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2t 7F4%h) 59 — 1 = 2-29% 101 — 1 = 4 - 25% B-power smooth=
Js slols x}, =lem(1,2,3,...,20) = 2327925602 A4 &

2™ —1=5944 (mod N)

S ged(2 — 1, N) = 18 ARSIEAR N9 o8 BAE 2o

flellA AA sl A= p = 590]& p = 101°]%, p — 1°] 20-power
smooth”} ofu 7] W &of gAY stct. 18t} p—2 = 3-19% 20-power smooth
7} FtH Lenstra®] ECM2 9|47} p — 191 (Z/pZ)* S Z/pZ Yo~ 2] et

ZAo] qAIg) eIl T71E, AP 247t ofd 4 s < 257
o]o-]
AN )

H#E(Z/pZ)=p+1+ts

o] Al dHA et ([, §V.1]. E, s7F T 4= e B @ A= B
o] AA EAfol= A & 74% Ql+=d], “complex multiplication theory”
< AHgoto] gl 4= qlth Al E , 9reF E7} Z,/59Z.9) ol A

y2:x3—|—x+54

g ehlR Aol HES s Bomu B(Z/5E)E 9471 5T
o LTRAL B 4 GTh s < 158 WEY 1] 594 1455 Fol A= FHE
o] Ao = 5-power smooth¢l =50| 1477} SojgjonZ2 gfgardoz
2 S o] AN o FATE L 5 Aok o S0l 60 - 59+ 1402
5-power smootho]1l 70 = 59 4 1 4 10-2 7-power smootho]|tT}.

6.3.3 Lenstra2] EFZ4 Q125 4
&2 E 6.3.10 (BFETA 2o ). ‘?l—’F—"‘i—ﬁH
g A2 B2 2y o] dugEL N o
””ﬂo}‘ﬁ “Fail”& Eiﬂ. Clasg

1. [Compute lem] &1 2|5 [6.3.2/2 AH&5te] m = lem(1,2,..., B)& A
A}o]—]:]—

2. [Choose Random Elliptic Curve] 4a® + 27 € (Z/NZ)*2 W=E5H= |
S 4 a € Z/NZZE AERith. T2 P = (0,1)2 BS54 Z/NZ
9] y? = 2% + ax + 12] T FHo|th

3. [Compute Multiple] ¢35 2.3.13} et 9] Aktol #-g5}o
mPE ALFst AL A Leotet. gheF of@ HojlA 11 o] oka At
glow, A7 2)E[6.2.19 Step B Ukt of@ o] —.—57} Nt A
2 27} o A oISk, o o] 29 No| e

oPgolet A% SjulstnE ATl Eoreg ALET BeF g7} A
ofgoldl ¢g& EEjtrt. whof R BHI7F Nit A2 4o]H “Fail”-&
zag

_ @l BT A9 ¢ eS| st Polluae) (p— 1)
Hel Ak ol 88 & §19lH THe BT AL Adste] 2 2 wEd 4

oFo] 34 Nt Ao}
e AEg A

1
=
5y
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St} Pollard®] (p — 1)- el A @ 22 2 (Z/NZ) )X A4S sllof
Sh=dl, ECMoA &= B2 et E9] #<l E(Z/NZ)E Aleg 4= Sl
el A ARl Z/pZS1°] E(Z/NZ)°] 949] o= p+1-t0]al o] wf
[t] < 2y/polal A 71 ‘?:4-?49] E% t7F A dolutE &, p+1—t7} B-power
smooth7} =¥ A1 2] [6.3.10= A=z 252 7|35 et
6.3.4 A
2 9] AlS 71A5HA|
y2 =23 +tar+1

2 EO0W P =(0,1)2 @4 Bred349] Holo.

Bt HH-E AFESte] N = 5959 & QIES|gtct. mS A4tsto] 2
Aoz AH

m = lem(1,2,...,20) = 232792560 = 11011110000000100001111100004

oltt. o] 1 e v o AW OE 4 Aolth. WA, a = 12012 A2 A5t
T, Z/5959Z 919] 42 = 25+12010+15 Tejgict. A e S[6.2.10) Q= P+
PE 5l= AL o] 85l i € B = {4,5,6,7,8,13,21, 22, 23, 24, 26, 27}
of tiste] 2. P = 2'-(0,1) B AXSItE ApH o2 o] Aute] ojH o
ANF = 5959 A= ’\7} O}L F7F B YEhA] 94%t7] wigel N
2 Qe s1A Batth ThE a = 3808 ALsher] Aol of@
ol P = (2051,5273)°t Q = (637, 1292) osHA EHoh A4b g Fo
(Z/5959Z) A A = (y1 —y2)/ (21 —22) & AXYSHOFSH=T, 21 — 72 = 1414
o] ged(1414,5959) = 1010] B8 © o|A} A4S ot 427} glc}. wlebd o
Ho] 2@k 59509] o4 1012 Zrohditt.
SAGE o] 6.3.11. Saged] EFIH-L 0] 83} Ql2Ha] <]
o] o]gst] flofA Aget oo}t E &2 Ay

=
sage: def ecm(N, B=10"3, trials=10):
= prod([p~int(math.log(B)/math.log(p))
for p in prime_range(B+1)])
R = Integers(N)
# Make Sage think that R is a field:
R.is_field = lambda : True
for _ in range(trials):
while True:
= R.random_element ()
if gcd(4*a.lift()"3 + 27, N) == 1: break
try:
m * EllipticCurve([a, 1])([0,1])
except ZeroDivisionError, msg:
# msg: "Inverse of <int> does not exist"

ull
o

Fdstn
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return gcd(Integer(str(msg).split()[2]), N)
R return 1
sage: set_random_seed(2)
sage: ecm(5959, B=20)
101
sage: ecm(next_prime(10720)*next_prime(10°7), B=10"3)
10000019

1
%) Aol 3 9N o] Slsjol, N A2 G L el
Yol P2 o Aasele BRI

f(Z/NZ)" — (Z/p1Z)" x --- x (Z/p,2)"

o] AR}, Pollard®] WS AT U, a € (Z/NZ)'E Aeio}
< AAtstar, 29 & gcd( — 1, N)& A4kt o] ged= A

1 (mod p;)= TEsh= pioll 9o UrolZltt. Pollarde] WS 919] 5
RS ool AL RNt f(a) = (ar,....a)etT SH. 1]
(a*,...,a™) = f(a™)o]| L, gcd( -1,N) & UsxEpE=ad” =1 (mod
£ THERhth e 2.1.20 1 ol pigZ, m = lem(l,...,B)Yd o, p;

g ol ||

o

| =
S
—

o] B-power smooth‘ﬂ Et A pj £ Z3oht

$219] Sl No| 2ol 1 4eln UF e Bolp %
£ Aohke Aol ol Nol $359 e EZ/ND)E Aol
St 22y o] o] UMz RRo A=, ukA] E(Z/NZ)o] 9n]7} Q=
ZAAY o711, Aoz a4 = Lenstraﬂ- Pollarde] H'H Ato]o] HAE
At o9t £d Aol SR 2 FAAY

E(Z/NZ) — E(Z/p\Z) x --- x BE(Z/p,Z)”

7} tjAlsk=g], o] o = 2% +ar 4+ 102 Ao, Pollarde] 4}
TS e b L (Dot A Selet. 2o} BN TS B

Sorris AR e SJotel BYAL 9ol 0 SHE ALGSGL. B0
ABol Ao ES TR U, mPE ANSI L Ao}, et $-2]9)

At ] g2 old A Qoll diatel £(Q)e] i % izt 0] s, el
Ne| g WS At

EFSAS AT Eof o]-&ote= otolr o= 1980t FHtof Neil Koblitz
o} Victor Millerof] oJafjA] 585402 AQtE| Q). o] HoA&= (Z/pZ)*H
Aol 9134 AHg-5HE Diffie-Hellman 371719 GAIE 482 4708
1% & ElGamal Efg2A 5 & *=3ict.
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o

31X
I S

54 1 Diffie- Hellman_J EF£] ___71,—/< H] 2]

1. Michael™} Nikita A5 p, Z/pZS) 9] EFAT AT T H P e
E(Z/pZ)E &7 A= gtct.

2. Michaelt= m-g =8 A€st mPE A4St
3. Nikitax= n< & Asto] nPE Kt
4. W)= Pl o] 2 Michacls} Nikitagro] A2E 4 9lck.

]/‘]_il_"xﬂ% =2 A2 A2 nmPE ANE o gk (24113.2.2

_O|L
2
Iy

&5, E(Z/pZ)ollM 9] o= 132 A= (Z/pZ)*
2

A ae
o] ot T B8 o ofYE Aol BHow A Ak
o

(E}2A o] At= 1BA 9

6.4.2 FElGamel 9}o2} C]x]El Aot 7]

o] AoA= “Digital Rights Management” (DRM) system-2 70 FAFE 3f
7] Beale Screamer®] =522 2t x5l gL A Qo)A & ZH=6l= ElGamal
o] el Ayt

DRMoJ A ARERF A0 BRI 9] A2 ofh2a} et

p = 785963102379428822376694789446897396207498568951

y? = 23 + 317689081251325503476317476413827693272746955927
+ 79052896607878758718120572025718535432100651934.

44 po) 160702 EA
89ABCDEF012345672718281831415926141424F7.
SEL

#E(k) = 785963102379428822376693024881714957612686157429
ol &+ E(k)= A/d¢e]

= (771507216262649826170648268565579889907769254176,
390157510246556628525279459266514995562533196655)

Q1 &golot.
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© 7] 9] %J-¢9] Nikita®} Michael> 150] #9L ggg| AEZ 17} 914
oFe Ho= O AY ok g7 AT Nikitarh 119] AFE o] DRM
AZEOIE JIAET o, 7H<17]

n = 670805031139910513517527207693060456300217054473,

o] A Eo] H|EQ} ot Z7Ztof <o]Qltt. Nikita’} Juno Reactor?] s|E<
juno.wmaE AF35}7] §I5te], Nikita= JIHUOR 11 S0 = PMito]
Eof H&3t & 487129 fioE HUH 1 U#o]|E+= Nikita 7} AH8-H
e o Tﬂr—ciE 5 UEE St @Y 27} juno.wmal] a2 SISk
8o1S AFel] g,

O}Eﬂoﬂ/‘ﬂ GA =R ARG T2 T E(k)olA ElGamal F717] &

22 o]-gsto] ABHE T Nikita= |4 1149] AFEH Y-S juno. WmaJ
o%% Eikeivd %’4—}"4 /\}*‘l“ o Qlek. 12y T117F juno.wma®t AME-H

A8 Michael?} 2§ o, AYAHA T Michael 2] 74“15101]/\1‘— Nikita
9] /\}_Qr{g o] 25512 ¢Fot juno.wmaE 52 571 §lt}. ©]-F+= Michael
o B Nikitad] FFE ] A7 (Yol A AT B5 n)E 2] 2]
o Zofl Michael €] @%Eﬂ: AHEH TS GH%@-} o gih

o|A] ElGamal Y S A|AE 2HA|5] A ste] 1L sh=t], ©] ElGamal ¢f2+=

E(Z/pZ)o A & A=} ElGamal ¢S E o2 AH5}7] $]5te] Nikita
7h A 2deA Bl wAAE dastet 4 °1E%, ElGamal ¢f%
AAE oBA FER=A dE S0 APttt Nikita= 4 p, Z/pZH 9]
Et2M E, 18|31 H B e E(Z/pZ)E A"Yst & p, £,718]11 BE 3%
oh & 71149 H[Y7] n% FA= AYsto] nBE F/iRICE 12| 1149
37M71%= (p, E, B,nB)o]t}.

Michael©] Nikitao|7] B WM x]E &S slst Aok 7FA e}, wheF
a “ﬂ*ﬂﬂﬂ et 4] A P € E(Z/pZ)= Fdgo] Hchd MlchaelE
Ao r g RASR AHelo] B(Z/pZ) rBSk P + r(nB)S AT &
(rB,P + r(nB))7} P9 goRoltt. o] A4S ES d=o17] ¢sto lelta
+ Y9 HE7] n& 7HA AL rBE nHlste] n(rB) = r(nB)E A4t &
P +r(nB)o|A o] gk-& A

P=P+r(nB)—r(nB)

Y
@rgll,
”ufﬂ

7 (Z/pZ) A& up7ER & ElGamal ¢35 AAS TS 4= 9l

Sy

—~

Z/pz )*

2 oopr| 2 thA] Eote, Nikitad] Mg el e ¢ iﬁ}% npelo]ct.
wele £ A (rB, P +r(nB))& Egkohed], rBot P+ r(nB)e

t}

o

|
T

N

rB = (179671003218315746385026655733086044982194424660,
697834385359686368249301282675141830935176314718);
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P + r(nB) = (137851038548264467372645158093004000343639118915,
110848589228676224057229230223580815024224875699).

Nikita®] ZAFE7} juno.wmas AT wff, H|U 7]
n = 670805031139910513517527207693060456300217054473

ol HEg]of Zo] ez

n(rB) = (328901393518732637577115650601768681044040715701
586947838087815993601350565488788846203887988162).

2 AR o] &L P+ r(nB)olA WA

P = (14489646124220757767,
669337780373284096274895136618194604469696830074).

E gotlitt. z-AE <l 144896461242207577677} juno .wma ] #=2 Sl A5t
£ 7]°lt.

ThoF NikitaZ} 119 9] AZE oA A EE= 7o17] ng otttd PE 4
S 907, juno.wma] AEE shAako] Michaeld} 7] Sore B¢ 4
Beale Screamers o] ¢S A AS 1@ W NikitaZ} ng dopdl S,
P WAL, o] ALE Ulete] ABE o] nol AFE] 9o
R sk o8 opc.

SAGE ¢j 6.4.2. Sageo]|A] t}-& ol & §ict.

sage: p = 785963102379428822376694789446897396207498568951

sage: E = EllipticCurve(GF(p), \
[317689081251325503476317476413827693272746955927,
79052896607878758718120572025718535432100651934])

sage: E.cardinality()

785963102379428822376693024881714957612686157429

sage: E.cardinality().is_prime()

True

sage: B = E([
771507216262649826170648268565579889907769254176,

R 390157510246556628525279459266514995562533196655] )

sage: n=670805031139910513517527207693060456300217054473

sage: r=70674630913457179596452846564371866229568459543

sage: P = E([14489646124220757767,

.. 669337780373284096274895136618194604469696830074] )

sage: encrypt = (r*B, P + r*(n*B))

sage: encrypt[1] - n*encrypt[0] == # decrypting works

True

il
R
st

O

3
o

]

m&"

;2
rr

oBng



0.4.9 EFEIF otz £
£A 6.4.3 (EFLdxA olAt2 1 BA|). E7} Z/pZ9 o] etz Aolal P €
E(2/pz)= B9] Aolt. P9 4 Q7F Fo13S o, ehg=A otz &
Al (elliptic curve discrete log problem)= nP = Q& WEsle= n € Z&
Foh= BAJoIct.

A5 5o, A Z/TZHYol A FAHA y? =23+ +1 22 HFo|u etd=Al
ES ztehat. e E B

S

E(Z/7Z) = {07 (27 2)’ (07 1), (O’ 6)’ (27 5)}

el %i7} 57H?l :17_"011:]' ‘?J—Q‘}: P = (272)7 Q = (076)01%, 3P = QO]—E—IE
n = 30] o|AFRIFA 9] Fo|rt.

E(Z/pZ)9] 9157} polAY, p £ 10]AY, &2 Aods] 22 2459 &
o|f, E9] oA20FAE FAT 4 e WHo] =, o] Ao HE
Hojuu g A=kttt Ju = gt Hopdo] gls dAAE we7] 9
Sto] BF A& AFE St A-foll= #E(Z/pZ)E X 0= AL 4 Q=
Zlo] 4Fs] F8sttt #E(Z/pZ)E AAtcls et a5 Z42ke] gt
x € Z/pZol H5to] 23 + ax + b7} ¥ poll A M7t = A9E BF Ale
Zlolth. 18y o] W p7t oo AR ERE 10l & A9 e €14
= "ot} t48)s| &, Schoof, Elkies, 18|31 Atkin B89, #F(Z/pZ)E
(pe] Ao e]Eoh= Tt AZite)E&H o2 Ahtst= dalg59]
ZAHA T o] daleEk 2] o] HelE HolA

3

el STAIR, T2l A9Ee] (3718 7201 )
w2 ‘index calculus attacks”2}1l E&]= dubz <l &
o] e} 34 o= "index calculus attack” 2} -F-AFRH 0]
T e dES dHA A vk A=A E(Z/pZ)oA 9] o4tz

BAL (2/pZ) oA 9] o2 1RA KT WA o o2e AXY Helth &
BTl olol B 2L S 2e 520 MO XS0 (Z/pZ)”

—~

of 719 F FERCHs ATHe S-S E FTAAS AR S
Awoka 90w, o] A Eo] U rasiAEolA BT oA S
T2k Ao

2o B

(BT YT ETE e AR o 2L ) F7h

o A, 187 o AL b= (bandwidth) S g}, o]
2ol FAA], 24 AFE, AULE 71, oF2 x| 53 2
2 AltE EHEo] 4S5 E FIY &+ Uoh E 5&40] Fa7
Ao deE HFAor AT 4 = it 7

Certicomo] 7] 15t SR otz =4 242] H4

2o o)X
2 2 9lth 1 % shb, 2004 49, Z/pZ 0] EFOT A 7]

are 957
AZEH), o] wf A% pi 1098 EGIck. 3 WA vs12 SR AL p7] 131 1]
E 249 o] Z/pz$]e] ST AT} BT o] 9, 1 e =AEA A



140 6. E}

o
A
Iy

FIGURE 6.4. Louis J. Mordell

44 163 H|Eo|t}. Certicom [7]o] A 163-H|E A EA = Aoz E
AP27Hs e ZA =L Fgt

6.5 Se59lo149] ez
B+ Q 919 sredaAdoltt. th22 o E(Q)oll =t obF Fa 't Aelojth.

47 6.5.1 (Mordell). 2 B(Q)= #8119 iz 45 wolch. =, 57
7He] & P, ..., Ps € E(Q)o] EXJ5Fo] E(Q)2] H& Folny P+ +ngPs
|2 LFEIHL] o] o ny,...n, € Zo]C}.

Mordell9] 2] g E(Q)E AMNT & =715 d&ske A
AUtk 4714 At A2 opilE E(Q)E AAshe £ 919
Py, ..., P;g Fol= Aot A4 E(Q)E +ol= “descent” 2Fil
AZ ] HEol uck. ([14, 13, A8]%E ). o] “descent” HHio]
Aolah Tt 2o] WA o} ofRE ZHaAL B o
7F BE JAEC] dist] & S AdS S0t A2 AeEelAe
a3t msid EAF9 stol™ (Clay 4ot AF49] Wintda] 4
5}1491) Birch®} Swinnerton-Dyer 713 WASHA] e3tE]|of Qlch
o2} g2 ofE FAH= 02 Fol 2l FAlo] (o] THELS R 52
AolEE HE2 4 M=) fEa de 7= A ohdAE
Holtt.
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G7} o7 uff GO WYX EH(torsion subgroup) Gior = 75 Y45 2
£ G2l 45 795 Gol Yol £t Q 79GS0, FQ
o] BB E(Qorts A2l [5I) 2lsto] fahzolct (Exercise [ 23

e Wi SR B o BB Ao S 2
S0 B(z/pZ)7}k $USHHE AALE olgsiel B(Qhut $TTUE U

[=})
~—

>

Stk AE 5] B7} 4 = o — 50+ 402 AR, B(Quer =
{Oq(l 0} % 2/227 AU B(Qurt o8 Fefelol oA 2o
o]

39 6.5.2 (Mazur, 1976). B7} Q9]9] EFIZH0]W E(Q)ors THE 15
o] 25 5] shpot FF ok,

Z/nZ n <10 82 n=12),
Z/27 x Z/2n n < 4.

SAGE ] 6.5.3. ©] oo A= BHdIAE9] BAARETSS 7ot ZF AS
ot#f o] &4 T(a,b)2] EHEL c,d € Z9H], o] EHEL 3 =2° +a
9] torsion -‘?‘—T.‘?_—TT_L Z/cZ x Z/dZ—— o] stct.

sage: T = lambda v: EllipticCurve(v

e ) .torsion_subgroup() .invariants()
sage: T([-5,4])
(2,)

sage: T([-43,166])
(7,)

sage: T([-4,0])

(2, 2)
sage: T([-1386747, 368636886])
(2, 8)

6.5 B(Q) #=

) o (factor group) £(Q)/E(Q)uor S8 719] €142 445 2fopal
Folog, Heg A% o] EAlste] 27k Bdolt). o] r& E(Q)0] 42
(rank)et B2t} o2 S0 £ 7by? = o® — 5o + 402 H o5l egR4lo]
2, B(Q)/E(Qort (0,2)2 A4 A B % 9lek

SAGE o] 6.5.4. SageS o]-851o] BFATA 2 = o +-aw+b0] YA S TR},
obefiol] A olshs e r(a,b)= Qglo] BT YA Z orelzct.

sage: r = lambda v: EllipticCurve(v).rank()
sage: r([-5,4])

1

sage: r([0,1])

0
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sage: r([-3024, 46224])

2
sage: r([-112, 400])
3
sage: r([-102627, 12560670])
4
2 Rl oW 5% Sobels] SokA] QAW hrRo] 223 14
olck.
4 6.5.5. Yoo 2 7] Y27} Hie Q9] BelFdo] ZAgil.
A7 7HF 2 A, Aol 2801 o2 A, the B4 |2
olct.

Yy 4oy +y=2° — 2°—

20067762415575526585033208209338542750930230312178956502x+
344816117950305564670329856903907203748559443593191803612.. . .
..66008296291939448732243429

o] o= FHE thgte] Noam Elkies7} 20063 5 o] ¥HASHII T}

9] 6. 5 6 (R5r). Fol obd =l nof deizgko] Al He} Zol7t fel
2} HA o 2 JetUHA §84 ng @54 (congruent num-
ber)a}_ﬂ Hart 2219 Ao @S, a,b,c € QS THS A WAl

a?+v: = &2
1
§ab = n
o] 843l ne 7HAH ng &4 (congruent number)e}il F-ET}.

ol o), 62 7He 71 % e Fojr} 77t 3, 49 H7HztR o] WA
0B 62 PEolth ° B SN 51 Waaolth A o] Lot
221372, 20/3, 41/691 AZH42Fedo) Wlole). Wete] ST = QAT
1,2, 3, 4 G547} ofT). THSL 507HA] 9] g5 20| B2 ot

5,6,7,13,14, 15, 20, 21, 22, 23, 24, 28,29, 30, 31, 34, 37, 38, 39, 41, 45, 46, 47.

BE ool7} Lty mebd HetsA
B ng GEL o AS FEE 5
= n =3 (mod 8)21 noj —\J:ZHO]'Z]E il y
9 =3 (mod 8)°]t}.
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247 6.5.9 (5501 FATA). ne fejpolrt. Lalw thg = Hgh
ASF BAfolo] I T BA7} EA s}

[e)
o]
=
3 ab 2, 12 2
(a,b,c) € Q° : Py =ma +b%=c";

B= {(:r,y) € Q?: ¢y =2 —n’z, with y;é()}
of uf e THAIE L F ez FoHl.

nb
be)=|(—
R Hc)
n? — x? 2xn 24z
g(xvy) = y T T
Y Y
o] 712429 T2 A5t = AT, o] Zﬂoﬂ/ﬂ% S5t 2 AT
@ el 712 thot A 4je] s
n#0d o, E,2 y* = 2% — n?z2 oW gdTdolrt.
71247 6.5.10 (55 BY)). £/ no] ghso]7] gt BaFLzs
2 En,(Q)of y # 091 o] sprf EAffsk= Zlo]t).
3 nol et A2 Foo oste] 71 =742 [6.5.9¢9] ot A7F A9
o] oht}. 7|24l 590l ofstel W A% WF Bt Arfel thgoln
Fago] At =

o] 65.11. n = 52 =2 I8HA E,& ¢ = 23 — 25202 HoEz,
_ k3 ]

(~4,-6) € E,(Q9& 13 % 9k o]A] 1242 (59 A the
B5E olgste] st HZAZIEL Btk
25—-16 —40 25+ 16 3 20 41
g(74’76): y bl - Sy o v A .
—6 —6 —6 2 3 6
12 FFORA, BHo] 59 HZHnG o] A We| Lol ik 2 A

il
N zAe B5Ie @4 golle y # 09 E,(Q)°] RE Hol g2 48T 5
oIt} eFelel G4l A4S o] gat 2(—4,—6) = (1681/144,62279/1728)
)

1519 4920 3344161
2(—4,-6)) = [ — -
9(2(=4,-6)) < 4927 1519’ 747348)

2 4S5 Qirk o] )7} vhe A of| .

9] 6.5.12. n =109, E12 y?> =23 —z 02 HJoHr}. 1
2 gY92A e y;A 091 o] gir}t. Exercise [6][11] 2.
SAGE 4] 6.5.13. B4 n& F11, EAet= A<, %@01 nl 7
Zh= A717Y o] A o] Zolrt Hl= A o] G848 (a,b,0)

ZA5}HA] ¥ o™ False & £25}= Sage &4 congE LSt

Y557} ohim

rlo

I

olE

s,

e >
1%
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sage: def cong(n):
G = EllipticCurve([-n~2,0]) .gens()
if len(G) == 0: return False
x,¥,_ = G[0]
ce return ((n"2-x72)/y,-2*x*n/y, (n~2+x"2)/y)
sage: cong(6)
(3, 4, 5
sage: cong(5)
(3/2, 20/3, 41/6)
sage: cong(1)
False
sage: cong(13)
(323/30, 780/323, 106921/9690)
sage: (323/30 * 780/323)/2
13
sage: (323/30)7°2 + (780/323)°2 == (106921/9690) "2
True

7 6.5.14 (2543 WL AZGE). WoFno] g0l A o] Lol7}h
al5=o] WAl WH]o] no] iz Xz} §7}go] ks go] EAfz.

ol Aol ot TP b=tk ey E,(Q)9 57t 1 9asl
E"E‘?@@- En(Q)tor7]' En Q tor — {Oa (07 0)7 (n’ 0)7 (_nv 0)}?:}'% OJT;L—SI'EX]—
et 289 71246590 WY B BE At 9157 Ftoltt. ahebA

£ Relgo] H1 uebd AR Rardgolt

Tunnell2 (4] e1&3H) Birch®} Swinnerton-Dyer 714 0] A4 no] &5
2] ofd 25 2AE ¢ Q= 4l HHo] EAoh=s A W 2sty &

Yokt Tunnell®] 7] WS 7 o] Fej= A7)t
o

#{(a,b,c) €Z3:4a®> + b + 82 = g:cis even}

:#{(a,b,c):4a2+b2+802:g:cis odd}

o]k, BloF no] AJF4: STt Gl B, no] FEol] AT HaE
2rge
#{(a,b,c) 1202+ b2 +82 =n:cis even}
:#{(a,b,c):2a2+b2+802:n:cis odd}
ol

Birch¢} Swinnerton-Dyer 7Fd o] tisf 714 [6.5.15¢] 3 HaFe =45
A= TEF2 LA Q). o o AefolZl st fiof verd &
o Tk e e FESTF ot A ZHE YT
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ol (o3| mshd A
7Ha [6.5.150°] & Hgo] 2717F Z oW, no| FEFUS Hol= Aol o]
WFS 8L 0 o 24 ABAE E.(Q)2 94E ZFHolof sh=t,
o] BEo] of}F Zo] gl A7t Wag 507 a4 El BHolt) Grosseh
Zagier([20]) 2] 21712 Q1 A4 Yo 2 Z-9+= HAE AT o4 3] sfjof &
] al fe)

o] .
&E&52F 7HA [6.5. 1501 tialiAl= of = & 2 ojxl Ao 2 ezl R9E
5}7] & A4Sttt Birch®} Swinnerton-Dyer 732 2| 9]
Math Institute)2] WutExta] £4] 59| 5lito]ct. (see [8)

6.6 Exercises

6.1 Write down an equation y? = 23 + ax + b over a field K such that
—16(4a®+27b%) = 0. Precisely what goes wrong when trying to endow
the set E(K) = {(z,y) € K x K : y?> = 23 + ax + b} U {O} with a
group structure?

6.2 One rational solution to the equation y? = 23 — 2 is (3,5). Find a
rational solution with 2 # 3 by drawing the tangent line to (3,5) and
computing the second point of intersection.

6.3 Let E be the elliptic curve over the finite field K = Z/5Z defined by
the equation

V=2 +r+1

(a) List all 9 elements of E(K).
(b) What is the structure of E(K), as a product of cyclic groups?

6.4 Let E be the elliptic curve defined by the equation y? = 2% 4 1. For
each prime p > 5, let N, be the cardinality of the group E(Z/pZ)
of points on this curve having coordinates in Z/pZ. For example, we
have that N5 = 67N7 = 127N11 = 12,N13 = 12,N17 = 18,N19 =
12,, Nog = 24, and Nyg = 30 (you do not have to prove this).

(a) For the set of primes satisfying p = 2 (mod 3), can you see a
pattern for the values of N,7 Make a general conjecture for the
value of N, when p =2 (mod 3).

(b) (*) Prove your conjecture.

6.5 Let E be an elliptic curve over the real numbers R. Prove that E(R)
is not a finitely generated abelian group.

6.6 (*) Suppose G is a finitely generated abelian group. Prove that the
subgroup Gy, of elements of finite order in G is finite.
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6.7 Suppose y? = 22 +ax+b with a,b € Q defines an elliptic curve. Show
that there is another equation Y? = X3 + AX + B with A,B € Z
whose solutions are in bijection with the solutions to y? = 2®+ax+b.

6.8 Suppose a, b, c are relatively prime integers with a? + b% = ¢2. Then
there exist integers x and y with > y such that ¢ = 22 + y? and
either @ = 22 — y2, b = 2zy or a = 2zy, b = 22 — y2.

6.9 (*) Fermat’s Last Theorem for exponent 4 asserts that any solution
to the equation z# + y* = 2* with =, y, 2 € Z satisfies zyz = 0. Prove
Fermat’s Last Theorem for exponent 4, as follows.

(a) Show that if the equation x2? + y* = 2* has no integer solutions
with zyz # 0, then Fermat’s Last Theorem for exponent 4 is
true.

(b) Prove that 2+ y* = 2% has no integer solutions with zyz # 0 as
follows. Suppose n? +k* = m? is a solution with m > 0 minimal
among all solutions. Show that there exists a solution with m
smaller using Exercise (consider two cases).

6.10 This problem requires a computer.

(a) Show that the set of numbers 59 + 1 £ s for s < 15 contains 14
numbers that are B-power smooth for B = 20.

(b) Find the proportion of primes p in the interval from 10'? and
10'2 + 1000 such that p — 1 is B = 10° power smooth.

6.11 (*) Prove that 1 is not a congruent number by showing that the
elliptic curve y? = 2% — z has no rational solutions except (0,41) and
(0,0), as follows:

(a) Write y = £ and x = £, where p, ¢, r, s are all positive integers
and ged(p, q) = ged(r,s) = 1. Prove that s | ¢, so ¢ = sk for
some k € Z.

(b) Prove that s = k2, and substitute to see that p? = r3 — rk*.

(c) Prove that r is a perfect square by supposing that there is a
prime ¢ such that ordy(r) is odd, and analyzing ord, of both
sides of p? = 3 — rk*.

6

(d) Write r = m?, and substitute to see that p? = m® —m?2k*. Prove

that m | p.

(e) Divide through by m? and deduce a contradiction to Exer-

cise [601
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This is page 149
Printer: Opaque this

Answers and Hints

e Chapter 1. Prime Numbers

They are 2,3,5,7,11,13,17,19, 23,29, 31, 37, 41, 43, 47, 53, 59,
61,67,71,73,79,83,89,97.

Bl Emulate the proof of Proposition [1.2.5

e Chapter 2. The Ring of Integers Modulo n

They are 5, 13, 3, and 8.
Bl For example, x = 22, y = —309.

[ Hint: Use the binomial theorem and prove that if » > 1, then p
divides (P).

[l For example, S; = {0,1,2,3,4,5,6}, So = {1,3,5,7,9,11,13},
S3 ={0,2,4,6,8,10,12}, and Sy = {2,3,5,7,11,13,29}. In each
we find S; by listing the first seven numbers satisfying the ith
condition, then adjust the last number if necessary so that the
reductions will be distinct modulo 7.

8l An integer is divisible by 5 if and only if the last digits is 0 or 5.
An integer is divisible by 9 if and only if the sum of the digits
is divisible by 9. An integer is divisible by 11 if and only if the
alternating sum of the digits is divisible by 11.
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Hint for part (a): Use the divisibility rule you found in Exer-
cise [1I8

71
3

As explained on page we know that Z/nZ is a ring for any n.
Thus to show that Z/pZ is a field it suffices to show that every
nonzero element @ € Z/pZ has an inverse. Lift a to an element
a € Z, and set b = p in Proposition Because p is prime,
ged(a, p) = 1, so there exists z, y such that az+py = 1. Reducing
this equality modulo p proves that @ has an inverse z (mod p).
Alternatively, one could argue just like after Definition [2.1.16]
that @™ = 1 for some m, so some power of @ is the inverse of @.

302

Only for n = 1,2. If n > 2, then n is either divisible by an
odd prime p or 4. If 4 | n, then 2¢ — 2¢~1 divides ((n) for some
e > 2,50 ¢(n) is even. If an odd p divides n, then the even
number p¢ — p¢~t divides ¢(n) for some e > 1.

The map 1 is a homomorphism since both reduction maps
Z/mnZ — Z/mZ and Z/mnZ — Z/nZ

are homomorphisms. It is injective because if a € Z is such that
¥(a) = 0, then m | a and n | a, so mn | a (since m and n are
coprime), so a = 0 (mod mn). The cardinality of Z/mnZ is mn
and the cardinality of the product Z/mZ x Z/nZ is also mn,
so 1 must be an isomorphism. The units (Z/mnZ)* are thus in
bijection with the units (Z/mZ)* x (Z/nZ)*.

For the second part of the exercise, let g = ged(m,n) and set
a = mn/g. Then a Z 0 (mod mn), but m | a and n | a, so

aker(v).

We express the question as a system of linear equations modulo
various numbers, and use the Chinese remainder theorem. Let
x be the number of books. The problem asserts that

Applying CRT to the first pair of equations, we find that x = 20
(mod 42). Applying CRT to this equation and the third, we find
that = 146 (mod 210). Since 146 is not divisible by 4, we add
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multiples of 210 to 146 until we find the first = that is divisible
by 4. The first multiple works, and we find that the aspiring
mathematicians have 356 math books.

Note that p = 3 works, since 11 = 32 + 2 is prime. Now suppose
p # 3 is any prime such that p and p? + 2 are both prime.
We must have p = 1 (mod 3) or p = 2 (mod 3). Then p? =

(mod 3), so p?> +2 =0 (mod 3). Since p? + 2 is prime, we must
have p?+2 = 3, so p = 1, a contradiction as p is assumed prime.

For (a) n = 1,2, see solution to Exercise For (b), yes there
are many such examples. For example, m = 2, n = 4.

By repeated application of multiplicativity and Equation (2.2.2))
on page we see that if n = [[, p;* is the prime factorization
of n, then

o) =[] —pi ") = Hp?"l JJwi - .

7

(3

1, 6, 29, 34

Let g = ged(12n+1,30n+2). Then g | 30n+2—2-(12n+1) = 6n.
For the same reason, g also divides 12n+1—2- (6n) = 1, so
g =1, as claimed.

There is no primitive root modulo 8, since (Z/8Z)* has order
4, but every element of (Z/8Z)* has order 2. Prove that if ¢ is
a primitive root modulo 2", for n > 3, then the reduction of ¢
mod 8 is a primitive root, a contradiction.

2 is a primitive root modulo 125.

Let [T~ p{* be the prime factorization of n. Slightly generaliz-
ing Exercise we see that

(Z/nZ)* = H(Z/pjiZ)*.

Thus (Z/nZ)* is cyclic if and only if the product (Z/p;'Z)* is
cyclic. If 8 | n, then there is no chance (Z/nZ)* is cyclic, so
assume 8 { n. Then by Exercise each group (Z/p{'Z)* is
itself cyclic. A product of cyclic groups is cyclic if and only the
orders of the factors in the product are coprime (this follows from
Exercise 2J[16). Thus (Z/nZ)* is cyclic if and only if the numbers
pi(p; — 1), for ¢ = 1,...,m are pairwise coprime. Since p; — 1 is
even, there can be at most one odd prime in the factorization of
n, and we see that (Z/nZ)* is cyclic if and only if n is an odd
prime power, twice an odd prime power, or n = 4.
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e Chapter 3. Public-Key Cryptography

il

il
Bl

The best case is that each letter is A. Then the question is to find
the largest n such that 1+ 27+ --- 427" < 10%°. By computing
log,7(10%9), we see that 273 < 10?0 and 27'% > 10%°. Thus
n < 13, and since 1+27+---4+27""1 < 27" and 22713 < 10%°,
it follows that n = 13.

This is not secure, since it is just equivalent to a “Ceaser Ci-
pher,” that is a permutation of the letters of the alphabet, which
is well-known to be easily broken using a frequency analysis.

If we can compute the polynomial
f = (@=p)(z—q)(x—r) = 2~ (p+q+r)2*+(pg+pr+qr)z—pgr,
then we can factor n by finding the roots of f, for example,
using Newton’s method (or Cardona’s formula for the roots of a
cubic). Because p, ¢, r, are distinct odd primes, we have
p(n)=@-1(g-1r—1) =pgr—(pg+pr+qr)+p+q+r,
and
o(n) =1+ (p+q+r)+(pg+pr+qr)+pgr

Since we know n, p(n), and o(n), we know

on)=1-n=(p+q+7)+(pq+pr+qr), and

e(n) —n=(p+q+r)=(pg+pr+aqr).

We can thus compute both p + ¢ + r and pq + pr + gqr, hence
deduce f and find p, g, r.

e Chapter 4. Quadratic Reciprocity

They are all 1, —1, 0, and 1.

By Proposition |4.3.4] the value of (%) depends only on the re-

duction £p (mod 12). List enough primes p such that +p reduce
to 1,5,7,11 modulo 12 and verify that the asserted formula holds
for each of them.

Since p = 213 — 1 is prime, there are either two solutions or no
solutions to #2 = 5 (mod p), and we can decide which using
quadratic reciprocity. We have

<2> _ (—1)@-/26-D)2 (g) _ (g) ’

so there are two solutions if and only if p = 2'3 —1 is =1 mod 5.
In fact, p =1 (mod 5), so there are two solutions.
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We have 4%® = 296, By Euler’s Theorem, 2% =1, so 2 = 1.

For (a), take a = 19 and n = 20. We found this example us-
ing the Chinese remainder theorem applied to 4 (mod 5) and 3
(mod 4), and used that (33) = (£) - (42) = (=1)(=1) =1, yet
19 is not a square modulo either 5 or 4, so is certainly not a

square modulo 20.

[0l Hint: First reduce to the case that 6k — 1 is prime, by using
that if p and ¢ are primes not of the form 6k — 1, then neither
is their product. If p = 6k — 1 divides n? + n + 1, it divides
4n? +4n +4 = (2n + 1)2 + 3, so —3 is a quadratic residue
modulo p. Now use quadratic reciprocity to show that —3 is not
a quadratic residue modulo p.

e Chapter 5. Continued Fractions

Suppose n = z? +y?, with 2,y € Q. Let d be such that dz,dy €
Z. Then d?n = (dx)? + (dy)? is a sum of two integer squares, so
by Theorem if p| d?n and p =3 (mod 4), then ord,(d*n)
is even. We have ord,(d?n) is even if and only if ord,(n) is even,
so Theorem [5.7.1] implies that n is also a sum of two squares.

[[Il The squares modulo 8 are 0, 1, 4, so a sum of two squares reduces
modulo 8 to one of 0,1, 2,4, or 5. Four consecutive integers that
are sums of squares would reduce to four consecutive integers in
the set {0,1,2,4,5}, which is impossible.

e Chapter 6. Elliptic Curves

The second point of intersection is (129/100, 383/1000).

Bl The group is cyclic of order 9, generated by (4, 2). The elements
of F(K) are

{0,(4,2),(3,4),(2,4),(0,4),(0,1),(2,1),(3,1), (4,3)}.

[ In part (a), the pattern is that N, = p + 1. For part (b), a hint
is that when p = 2 (mod 3), the map x — 22 on (Z/pZ)* is an
automorphism, so = — 3 + 1 is a bijection. Now use what you
learned about squares in Z/pZ from Chapter

For all sufficiently large real z, the equation v = 2% + ax + b
has a real solution y. Thus, the group F(R) is not countable,
since R is not countable. But any finitely generated group is
countable.
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In a course on abstract algebra, one often proves the nontrivial
fact that every subgroup of a finitely generated abelian group
is finitely generated. In particular, the torsion subgroup Gy, is
finitely generated. However, a finitely generated abelian torsion
group is finite.

[ Hint: Multiply both sides of 4> = z® + ax + b by a power of a
common denominator, and “absorb” powers into = and y.

Bl Hint: see Exercise M6l



References

1]

[2]

[ACD+99] K. Aardal, S. Cavallar, B. Dodson, A. Lenstra, W. Lioen,
P. L. Montgomery, B. Murphy, J. Gilchrist, G. Guillerm, P. Leyland,
J. Marchand, F. Morain, A. Muffett, C.&C. Putnam, and P. Zim-
mermann, Factorization of a 512-bit RSA key using the Number Field
Sieve, http://www.loria.fr/ zimmerma/records/RSA155 (1999).

W. R. Alford, Andrew Granville, and Carl Pomerance, There are in-
finitely many Carmichael numbers, Ann. of Math. (2) 139 (1994), no.
3, 703-722. MR 95k:11114

M. Agrawal, N. Kayal, and N. Saxena, PRIMES is in P, to appear in
Annals of Math.,
http://www.cse.iitk.ac.in/users/manindra/primality.ps (2002).

Leonard E. Baum and Melvin M. Sweet, Continued fractions of alge-
braic power series in characteristic 2, Ann. of Math. (2) 103 (1976),
no. 3, 593-610. MR 53 #13127

D. M. Burton, Elementary Number Theory, second ed., W. C. Brown
Publishers, Dubuque, IA; 1989. MR, 90e:11001

C. Caldwell, The Largest Known Primes,
http://www.utm.edu/research/primes/largest.html. 156 References

Certicom, The certicom ECC challenge, http://www.certicom.com/
index.php?action=res,ecc challenge.

This is page 155
Printer: Opaque this



156

8]

[9]

[10]

[16]

[17]

[18]

[19]

References

Clay  Mathematics  Institute,  Millennium  prize  problems,
http://www.claymath.org/millennium prize problems/.

H. Cohn, A short proof of the continued fraction expansion of e,
http://research.microsoft.com/ cohn/publications.html.

H. Cohen, A Course in Computational Algebraic Number Theory,
Graduate Texts in Mathematics, vol. 138, Springer-Verlag, Berlin,
1993. MR 94i:11105

John H. Conway, The Sensual (Quadratic) Form, Carus Mathematical
Monographs, vol. 26, Mathematical Association of America, Wash-
ington, DC, 1997, With the assistance of Francis Y. C. Fung. MR
98k:11035

R. Crandall and C. Pomerance, Prime Numbers, Springer-Verlag, New
York, 2001, A computational perspective. MR 2002a:11007

J. E. Cremona, mwrank (computer software),
http://www.maths.nott.ac.uk/personal /jec/ftp/progs/.

, Algorithms for modular elliptic curves, second ed., Cambridge
University Press, Cambridge, 1997.

H. Davenport, The Higher Arithmetic, seventh ed., Cambridge Univer-
sity Press, Cambridge, 1999, An introduction to the theory of numbers,
Chapter VIII by J. H. Davenport. MR 2000k:11002

W. Diffie and M. E. Hellman, New directions in cryptography, IEEE
Trans. Information Theory IT-22 (1976), no. 6, 644-654. MR 55
#10141

Leonhard Euler, An essay on continued fractions, Math. Systems The-
ory 18 (1985), no. 4, 295-328, Translated from the Latin by B. F.
Wyman and M. F. Wyman. MR 87d:01011b

A. Frohlich and M. J. Taylor, Algebraic Number Theory, Cambridge
University Press, Cambridge, 1993. MR 94d:11078

R. K. Guy, Unsolved Problems in Number Theory, second ed.,
Springer-Verlag, New York, 1994, Unsolved Problems in Intuitive
Mathematics, I. MR 96e:11002

B. Gross and D. Zagier, Heegner points and derivatives of L- series,
Invent. Math. 84 (1986), no. 2, 225-320. MR 87j:11057 References 157

R. Hartshorne, Algebraic Geometry, Springer-Verlag, New York, 1977,
Graduate Texts in Mathematics, No. 52.



[22]

[23]

[24]

[28]

References 157

C. Hooley, On Artin’s conjecture, J. Reine Angew. Math. 225 (1967),
209-220. MR 34 #7445

G. H. Hardy and E. M. Wright, An Introduction to the Theory of
Numbers, fifth ed., The Clarendon Press Oxford University Press, New
York, 1979. MR 81i:10002

IBM, IBM’s Test-Tube Quantum Computer Makes History,
http://www.research.ibm.com/resources/news/ 20011219  quan-
tum.shtml.

K. Ireland and M. Rosen, A Classical Introduction to Modern Number
Theory, second ed., Springer-Verlag, New York, 1990. MR 92e:11001

A. Ya. Khintchine, Continued fractions, Translated by Peter Wynn,
P. Noordhoff Ltd., Groningen, 1963. MR 28 #5038

Donald E. Knuth, The Art of Computer Programming, third ed.,
Addison-Wesley Publishing Co., Reading, Mass.-London- Amsterdam,
1997, Volume 1: Fundamental algorithms, Addison- Wesley Series in
Computer Science and Information Processing.

__, The Art of Computer Programming. Vol. 2, second ed., Addison-
Wesley Publishing Co., Reading, Mass., 1998, Seminumerical algo-
rithms, Addison-Wesley Series in Computer Science and Information
Processing. MR 83i:68003

N. Koblitz, Introduction to Elliptic Curves and Modular Forms, Grad-
uate Texts in Mathematics, vol. 97, Springer-Verlag, New York, 1984.
MR 86¢:11040

D. N. Lehmer, List of Primes Numbers from 1 to 10;006;721, Carnegie
Institution Washington, D.C. (1914).

F. Lemmermeyer, Proofs of the Quadratic Reciprocity Law,
http://www.rzuser.uni-heidelberg.de/ hb3/rchrono.html.

H. W. Lenstra, Jr., Factoring integers with elliptic curves, Ann. of
Math. (2) 126 (1987), no. 3, 649-673. MR 89g:11125

A. K. Lenstra and H. W. Lenstra, Jr. (eds.), The Development of
the Number Field Sieve, Lecture Notes in Mathematics, vol. 1554,
Springer-Verlag, Berlin, 1993. MR 96m:11116 158 References

Vandersypen L. M., Steffen M., Breyta G., Yannoni C. S., Sherwood
M. H., and Chuang I. L., Ezperimental realization of Shor’s quan-
tum factoring algorithm using nuclear magnetic resonance, Nature 414
(2001), no. 6866, 883-837.



158

[35]

[36]

[40]

[41]

References

S. Lang and H. Trotter, Continued fractions for some algebraic num-
bers, J. Reine Angew. Math. 255 (1972), 112-134; addendum, ibid. 267
(1974), 219-220; MR 50 #2086. MR 46 #5258

, Addendum to: Continued fractions for some algebraic numbers

(J. Reine Angew. Math. 255 (1972), 112-134), J. Reine Angew. Math.
267 (1974), 219-220. MR 50 #2086

P. Moree, A note on Artin’s conjecture, Simon Stevin 67 (1993), no.
3-4, 255-257. MR 95e:11106

B. Mazur and W. Stein, What is Riemann’s Hypothesis?, 2008, In
preparation.

I. Niven, H. S. Zuckerman, and H. L. Montgomery, An Introduction to
the Theory of Numbers, fifth ed., John Wiley & Sons Inc., New York,
1991. MR 91i:11001

C. D. Olds, The Simple Continued Fraction Expression of e, Amer.
Math. Monthly 77 (1970), 968-974.

O. Perron, Die Lehre von den Kettenbruchen. Dritte, verbesserte
und erweiterte Au . Bd. II. Analytisch-funktionentheoretische Ketten-
bruche, B. G. Teubner Verlagsgesellschaft, Stuttgart, 1957. MR 19,25¢

RSA, The New RSA Factoring Challenge,
http://www.rsasecurity.com /rsalabs/challenges/factoring.

R. L. Rivest, A. Shamir, and L. Adleman, A method for obtaining dig-
ital signatures and public-key cryptosystems, Comm. ACM 21 (1978),
no. 2, 120-126. MR, 83m:94003

Sage, Free Open Source Mathematical Software (Version 3.0.4), 2008,
http://www.sagemath.org.

R. Schoof, Elliptic curves over finite fields and the computation of
square Toots mod p, Mathematics of Computation 44 (1985), no. 170,
483-494.

P. W. Shor, Polynomial-time algorithms for prime factorization and
discrete logarithms on a quantum computer, STAM J. Comput. 26
(1997), no. 5, 1484-1509. MR, 98i:11108 References 159

V. Shoup, A Computational Introduction to Number Theory and Alge-
bra, Cambridge University Press, Cambridge, 2005. MR MR2151586
(2006g:11003)



[48]

[49]

[50]

[51]

References 159

J. H. Silverman, The arithmetic of elliptic curves, Graduate Texts
in Mathematics, vol. 106, Springer-Verlag, New York, 1986. MR
87g:11070

S. Singh, The Code Book: The Science of Secrecy from Ancient Eqypt
to Quantum Cryptography, Doubleday, 1999.

N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences,
http://www.research.att.com/ njas/sequences,/.

J. H. Silverman and J. Tate, Rational points on elliptic curves, Un-
dergraduate Texts in Mathematics, Springer-Verlag, New York, 1992.
MR 93g:11003

H. S. Wall, Analytic Theory of Continued Fractions, D. Van Nostrand
Company, Inc., New York, N. Y., 1948. MR 10,32d

E. W. Weisstein, RSA-576 Factored,
http://mathworld.wolfram.com/news/2003-12-05/rsa/ .

A. J. Wiles, The Birch and Swinnerton-Dyer Conjecture,
http://www.claymath.org/prize problems/birchsd.htm.

D. Zagier, The first 50 million prime numbers,
http://modular.fas.harvard.edu/scans/papers/zagier/.



160 References



Index

B-power smooth, 129
[x], 62

Z/nZ, 21

a9t b= n =, 22
co] AR%, 103

algebraic number, 114
algorithm
ng A5Rashs %54
dYE, 64
Least Common Multiple of
First B Integers, 129
Miller-Rabin®] A4~ T4,
38
Pollard®] p — 1 9, 130
AEAFAL, 35
WAl &a18]E (division
algorithm), 5
Hn g, 34
A4 (Prime Sieve), 12
HAE, 44
oMo g 2 ®7| 35

161

FT=e yH A A, 30
Fg-oF4 ALt 5
R A4, 126
RS Qla-2of B, 133
FHE F2YE dads,
34
Artin, 44

Artin’s conjecture, 44

binary, writing number in, 35

cancellation proposition, 23
Carmichael 4=, 37
Certicom challenges, 140
Chinese remainder theorem, 29
commutative ring, 22
complete set of residues, 24
composite, 2
compute
continued fraction, 101
ged, b



162 INDEX

greatest common divisor, 4
inverse modulo n, 32
powers modulo n, 32, 35
square roots mod p, 86-89
congruences, 22
congruent number
157 is, 143
all <50 are, 142
and arithmetic progression,
143
and elliptic curves, 143
problem, 142
why called congruent, 143
congruent number criterion
proposition, 144
congruent numbers and elliptic
curves proposition, 144
conjecture
Artin, 44
continued fraction, 94122
algorithm, 101
convergents, 99
every rational number has,
100
of /2, 114
of v/2, 110
of e, 103, 107
of algebraic number, 115
of finite length, 95
of higher degree number,
114
of quadratic irrational, 110
partial convergents of, 96
periodic, 111
recognizing rational
numbers, 115
continued fraction convergence
theorem, 105
continued fraction existence
theorem, 106
continued fraction limit theorem,
104
continued fraction procedure,
107

convergence of continued
fraction proposition,
106
convergents
partial, 99
convergents in lowest terms
corollary, 98
corollary
convergents in lowest terms,
98
cryptography, 13
using elliptic curves, 135
cryptosystem
Diffie-Hellman, 50, 51
ElGamal, 136, 137
RSA, 56-66
cyclic group, 40

decryption key proposition, 57
density of primes, 15
deterministic primality test, 39
Diffie-Hellman cryptosystem, 50,
51

on elliptic curve, 136
Dirichlet theorem, 14
discrete log problem, 52, 53

difficulty of, 53

on elliptic curve, 136

on elliptic curve, 139
divisibility by 3 proposition, 23
divisibility tests, 23
division algorithm, 5

ECM, 129
ElGamal cryptosystem, 136, 137
elliptic curve, 124
and congruent numbers, 143
cryptography, 135
Diffie-Hellman, 136
discrete log problem, 136,
139
factorization, 129, 133



group structure, 126
rank, 142
rational points on, 140
torsion subgroup, 141
elliptic curve group law theorem,
126
equivalence relation
congruence modulo n, 22
Euclid, 2
Euclid theorem, 7
Euclid’s theorem
on divisibility, 7
Euler, 73
phi function, 22, 26, 31
is multiplicative, 31
Euler proposition, 78
Euler’s criterion proposition, 74
Euler’s theorem, 25, 27
group-theoretic
interpretation, 27
Euler?] 71 x4, 77
extended Euclidean algorithm,
34
extended Euclidean proposition,
32

factorization
and breaking RSA, 61, 63
difficulty of, 8
Pollard’s (p — 1)-method,
129-132
quantum, 8
using elliptic curves, 129
field, 23
of integers modulo p, 23, 46
finite continued fraction, 95
finite field, 23
floor, 101
fundamental theorem of
arithmetic, 3, 7, 10

Gauss, 16, 69, 72, 73, 75

INDEX 163

Gauss sum, 82
Gauss sum proposition, 82
Gauss 9, 82
GaussQ] HZAH, 75
ged, 3
ged algorithm, 5
Generalized Riemann
Hypothesis, 44
geometric group law proposition,
126
graph
of group law, 127
greatest common divisor, 3
group, 22
(Z/mZ)*, 27
of units, 22
structure of elliptic curve,
126
group homomorphism, 64
group law
illustrated, 127

Hadamard, 16

Hooley, 44

how convergents converge
proposition, 99

infinitely many primes
proposition, 14
infinitely many primes theorem,
11
infinitely many triangles
theorem, 145
injective, 64
integers, 2
factor, 7
factor uniquely, 3, 10
modulo n, 22
invertible element, 24

joke, 12



164 INDEX

kernel, 64

Lagrange, 28
Lang, 114
largest known
elliptic curve rank, 142
prime, 13
value of m(x), 16
Legendre Symbol (Legendre
73), 70
Legendre symbol of 2
proposition, 80
Legendre £ 3 (Legendre
Symbol), 70
Lenstra, 12, 129-133
lift, 23
linear equations modulo n, 23
long division proposition, 4

man in the middle attack, 56
Mazur theorem, 141
Mersenne prime, 40
Michael, 56, 136, 137
modular arithmetic

and linear equations, 23

order of element, 25
Mordell, 140
Mordell theorem, 140
multiplicative

functions, 31
multiplicative of Euler’s function

proposition, 31

natural numbers, 2

Nikita, 61, 136, 137

normal, 47

notation, vi

number of primitive roots
proposition, 44

one-way function, 56

open problem
congruent numbers, 142
decide if congruent number,
143
fast integer factorization, 8
order, 25
of element, 25

partial convergents, 96
partial convergents proposition,
96
period continued fraction
theorem, 111
periodic continued fraction, 111
@ function, 22
phi function
is multiplicative, 31
Pollard’s (p — 1)-method,
129-132
polynomials
over Z/pZ, 41
power smooth, 129
powering algorithm, 35
primality test
deterministic, 39
Miller-Rabin, 38
probabilistic, 32
pseudoprime, 37
prime, 2
prime factorization proposition,
7
prime number theorem, 11, 16
primes, 2
density of, 15
infinitely many, 11
largest known, 13
Mersenne, 13
of form 4z — 1, 14
of form ax + b, 13
of the form 6x — 1, 19
sequence of, 11
testing for, 37
primitive, 118



representation, 118
primitive root
existence, 42
mod power of two, 40
primitive root mod prime powers
theorem, 43
primitive root of unity, 81
primitive root theorem, 43
proposition
cancellation, 23
congruent number criterion,
144
congruent numbers and
elliptic curves, 144
convergence of continued
fraction, 106
decryption key, 57
divisibility by 3, 23
Euler, 78
Euler’s criterion, 74
extended Euclidean, 32
Gauss sum, 82
geometric group law, 126
how convergents converge,
99
infinitely many primes, 14
Legendre symbol of 2, 80
long division, 4
multiplicative of Euler’s
function, 31
number of primitive roots,
44
partial convergents, 96
prime factorization, 7
rational continued fractions,
100
root bound, 41
solvability, 25
units, 24
Wilson, 28
oolzie) )%, 74
Pseudoprimality theorem, 37
pseudoprime), 37

INDEX 165

quadratic irrational
continued fraction of, 110
quadratic nonresidue
(o]2HH] Y4 e), 70
quadratic reciprocity, 69
elementary proof, 81
Gauss sums proof, 81
quadratic reciprocity theorem,
72
quadratic residue (©]x}J o), 70
quantum computer, 8, 53

rank, 142
rational continued fractions
proposition, 100
rational point, 140
recognizing rational numbers,
115
reduction modulo n, 23
Riemann Hypothesis, 18
Riemann Hypothesis, 11, 15
bound on 7(z), 18
ring, 22
root bound proposition, 41
root of unity, 81
primitive, 81
RSA cryptosystem, 56-66
RSA-155, 9
RSA-576, 8

sagecode
gauss_sum, 82
continued_fraction, 96
CRT, 31
CRT list, 31
CyclotomicField, 82
def, 40
EllipticCurve, 126
euler_pi(), 27
factor(), 8
find_sqrt, 89
ged(,), 6



166 INDEX

is_prime(), 3
legendre_symbol, 70, 71
len(), 13
len(n.str(2)), 10
Mod(x, n), 27
multiplicative_order(), 26
ndigits(), 13
next_prime(), 63
plot, 19
prime_pi(), 16
prime_range(), 3
primitive_root, 41
root(), 41
xged, 34
crepAgele, 41
oJojghqlE, 88, 128
2ol o], 23
salt, 58
Shor, 8, 53
smooth, 129
solvability proposition, 25
square roots
how to find mod p, 86-89
squares
sum of two, 117
subgroup, 64

sum of two squares theorem, 117

sums of two squares, 117
surjective, 64

table
comparing 7(z) to
x/(log(x) — 1), 17
values of m(x), 16
when 5 a square mod p, 72
The Man, 56
theorem
Chinese remainder, 29
continued fraction
convergence, 105

continued fraction existence,

106

continued fraction limit, 104

Dirichlet, 14

elliptic curve group law, 126

Euclid, 7

Euler’s, 25, 27

infinitely many primes, 11

infinitely many triangles,
145

Magzur, 141

Mordell, 140

of Dirichlet, 11

of Wilson, 28

period continued fraction,
111

prime number, 16

primitive root, 43

primitive root mod prime
powers, 43

Pseudoprimality, 37

quadratic reciprocity, 72

sum of two squares, 117

unique factorization, 3

A &4, 106

torsion subgroup, 141
Trotter, 114

unique factorization theorem, 3
unit, 24
unit group, 22
units
of Z/pZ are cyclic, 40
roots of unity, 81
units proposition, 24

Vallée Poussin, 16

Wilson proposition, 28
Wilson’s theorem, 28
wjdtn (integers)

Hon, 22

Zagier, 143



7+ Y (invertible element, unit),
24
7te-~0] HzAE, 75
7}8kgH(commutative ring), 22
FA9H (multiplicative
function), 31
717](public key), 57
T =5 JA S (group
homomorphism), 64
(group), 22, 22
= £, 126
QHH L (torsion subgroup),
141

rd

E

rr
&
%)

L o 52

7t (polynomial time), 8
njective), 64

<=(simple continued
fraction), 95

e L&
M 2 o {4
e N
m=

L
4o

X 0 10 (o, 10

o, 81
3, 81
3fj(roots of unity), 81
(algebraic number),
114
(equivalence relation)
(mod n), 22
(isomorphism), 87
k), 141
(Riemann Hypothesis),
11, 15, 18
240
Z=(Mersenne prime),

10 1o >

I

off  Srflrl
v 4o o

ry
)

i

f

1

ol

)
>
B 0210

a.

—~
—

N
—_
m>~

2 & oY of

[ jru

2N e
l~> l~>

13

1] 32 = A
WHE 491524, 8
A<4=(order), 25

Hn

H n A =(integers modulo n), 22
W g ZoF

=] A

Z9F(reduction modulo n),
23
HEH(subgroup), 64
H B 2= (partial convergent), 96

INDEX 167

B4 (partial convergents), 96
% (block), 59

i 4z

b
.

2ats] i} 11
A4 (primes)
density of, 15
Mersenne, 13
A4 A2 (prime number
theorem), 11
(prime), 2
U (density of primes),
15

b b
2 4

1o

El:] ]’\_ \__"—l"7 105

gt (cyclic group), 40

2+od B4 (periodic continued
fraction, 111

2+o1 B 4= (periodic continued
fraction), 111

¢ 2] &(algorithm), 4

o}%: cryptosystem©. 2, 50

oF<=(divisor), 2

FAFE| (quantum computer),

8
F2+ A FE| (quantum computer),

M H —l>

F24, 96, 99
fref42], 100
AE L =3 theorem, 106
A-E4=(continued fraction), 94
/29], 114
of finite length, 95
of higher degree number,
114
of quadratic irrational, 110
23 111
g% AXs], 115
ABE LA A (continued
fraction process), 102



168 INDEX

B 4=9] 7] (period of the
continued fraction),
111
QA7 o] 7|Z proposition, 74
23 (lift), 23
&7 o) o 5 g (complete set of
residues), 24
HAE, 81
YA (primitive root), 81
A A2 (primitive root), 40
A4(order), 42
F2l% Q451 115
A4 (pseudoprime), 37
§2= Ae)
scpobio] 4, T
L5t E 2 finite continued
fraction, 95
G5t B <=(finite continued
fraction), 95
o] A2 71 7A| (discrete log
problem), 52, 53
o|lZIHo g2 4 »7], 35
o]z} Fa]4=(quadratic
irrational), 110
o] 22 2] 4= (quadratic irrational)
continued fraction of, 110
0] 2}H] %) of (quadratic
nonresidue), 70
o|aHF S A (quadratic
reciprocity)
elementary proof, 75
o]z} o
7He~ o 5, 81
o]x}e) o] (quadratic residue), 70
o]2}9) of (quadratic residue), 70

e
QlaH3) (factorization), 8

factorization .2 7}7], 8
Adt 2|97, 44
A Sh4=(one-way function),
56
Z Ab(surjective), 64

A por 3
79 (coding), 58

Bt o]At2 7 B4, 139

EF2- A (elliptic curve), 124
cryptography, 135
Diffie-Hellman, 136
rational points on, 140
o, 126
R FEE, 141
QlH 3], 129, 133

¥ =oto] Q-2 o, 62

57F A7t =le ¥ p, 72

A, 142
4 2
(kernel), 64



	..
	....
	..
	.....
	.... .
	Exercises

	. n .... ..
	. n ..
	.... ... ..
	... .. . ..... .. ...
	.. ...
	(Z/pZ)*. ..
	Exercises

	... ..
	...
	Diffie-Hellman. .. .. 
	RSA ..
	RSA ....
	Exercises

	......
	......
	Euler. ..
	....... . .. ..
	... .. ... .... ... ..
	... ..
	Exercises

	...
	..
	.....
	.....
	e. ...
	.. ...
	... .... 
	. .... .
	Exercises

	....
	..
	..... . ..
	..... ... ... ....
	.... ..
	....... ....
	Exercises

	Answers and Hints
	References

